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REVIEW OF SOME FACTS, 
DEFINITIONS AND METHODS 


1.1 Numbers, variables and functions 
1.11 Numbers 


When we speak of a ‘number’, our meaning depends on the stage 
which we have reached in the study of mathematics. In early arith- 
metic we are concerned with the ‘natural numbers’ 1, 2,3,..., to- 
gether with the number 0; later we deal with fractions or ‘rational 
numbers’, and learn how to express a given fraction as a decimal 
(either terminating or recurring) and conversely. When the need has 
arisen in algebra, we meet ‘signed numbers’ like +2, —5, —2. 

However, we soon find that these types of number are not adequate 
for all mathematical purposes. For example, the theorem of Pytha- 
goras shows that a right-angled isosceles triangle whose equal sides 
are of unit length has hypotenuse of length x units, where 2? = 2. It 
is easy to prove (see below) that x cannot be a rational number; so 
that, in particular, it cannot be expressed as a decimal which ter- 
minates or recurs. The length of the hypotenuse therefore corresponds 
to a new kind of number, which is denoted by ,/2 and called an 
‘irrational number’. 


Suppose that the number 2 satisfying x? = 2 were rational; then it could be 
written in the form x = p/q where p, q are natural numbers. Without loss of 
generality we may assume that the fraction p/g is already in its lowest terms, 
ie. that p and q have no common factor. Then p2/q? = 2, so that p? = 297, and 
hence p? is even (i.e. divisible by 2). Therefore p must be even, say p = 2r. Thus 
4r? = 297, g? = 2r?, and by the same argument, g must be even, say g = 2s. 
This shows that p, g have the common factor 2, contradicting the hypothesis. 
Hence x cannot be expressed in the form p/q, i.e. it is not a rational number. 

It is helpful to represent numbers geometrically. Take a line (for 
convenience drawn ‘horizontally’ across the page) and a point O on it. 
Starting from O, there are two directions in which we could proceed 
along the line; let us agree (as in all graphical work) to take the right- 
hand one as positive. Choose a point J on this part, and let OJ be taken 
as the unit of length. Then all rational numbers can be represented 
uniquely by points of the line. Our remarks above about ./2 can now 
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be expressed as follows: if we construct a right-angled triangle with 
sides of length OJ, and lay off its hypotenuse along the line in fig. 1, 
with one end at O, then the other end will not fall on any point of the 
line which has already been labelled with a rational number. In other 
words, although every rational number can be represented by a point 
of the line, not every point on the line corresponds to a rational number. 
To complete the correspondence between points and numbers we have 
to admit irrational numbers (i.e. those that are not rational). 


O I 
ET Te a eS eee en 
3 2 24 0 $21 2 3 
Fig. 1 


The term ‘irrational number’ includes all numbers like /2, 45, ... 
(called surds) which arise from the need to solve equations like x? = 2, 
x3 = 5,... whose solutions cannot be expressed rationally. However, 
it includes more than these: the number 7, met at an early stage as the 
length of the circumference of a circle with unit diameter, and accepted 
on trust, is an example of an irrational number which is not a surd 
(this can be proved, but not easily); others will be met in this book. 
In practice the existence of irrational numbers causes no difficulty if 
we are able to obtain approximations as near to them as we please by 
means of rational numbers. For example, the square root process can 
be used to express ,/2 approximately as a decimal to as many places 
as required; experiments with circular objects show that 7 lies between 
3-14 and 3-15, and later theoretical work enables us (12.74) to obtain 
a decimal approximation as accurate as we please. It is easy to see that 
between any two rational numbers there lies another rational number, 
and therefore infinitely many rational numbers; and it can be shown 
(but not here) that between any two rational numbers lies also an 
irrational one. Thus the ‘rational points’ of the line are packed in- 
definitely closely, yet ‘between’ any two of these lies an ‘irrational 
point’. 

All the sorts of number mentioned above are included under the 
title real number;} so that by ‘number’ we may mean 

(i) integers (the numbers 0, +1, + 2, ...); 

(ii) rattonal numbers (those which can be expressed in the form p/q 
where p, g are integers and g + 0; the integers are included, since any 
integer can be written p/1); 


+ The reason for this curious name will appear in 13.12. 
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(ili) irrational numbers (these consist of all the real numbers which 
are not rational, e.g. ./2, 35,3 —./6, 7). 

Weshall not attempt to discuss further the concept of ‘real number’, 
a matter for a book on the foundations of mathematics. Here we shall 
be concerned with developing the subject from approximately the 
stage which the reader has attained prior to beginning General Degree 
work. So we continue to use numbers with the confidence which we 
have shown in the past, noting the types of number mentioned in 
(i)—(iii) above (especially the need for type (iii)), to which we shall refer 
in the sequel. 


1.12 Constants and variables 


In algebra, letters are used to denote unspecified numbers. When 
using them we learn to think of some (called constants) as representing 
the same number throughout the work, while others (called variables) 
are regarded as successively representing many numbers (possibly in 
some limited range). In some contexts the variables may be restricted 
to take integral values only, or rational values only; in others they may 
range over the real numbers. 

All the values of x for which a < x < b form what is called a closed 
interval. It would be represented in fig. 1 by the segment between a 
and 6, end-points included. When the end-points are excluded, we 
obtain the open interval a < x < b. 


1.13 Functions 


Throughout mathematical work we meet the situation of one 
variable being dependent on another. For example, in the kine- 
matics of straight line motion, the distance moved may depend on the 
time; in a graph of y against x, the ordinate y depends on the abscissa 2; 
the volume of a gas depends on the pressure to which it is subjected. 
In all cases we understand that, when a definite value for one variable 
is assigned, then one or more definite values for the other are deter- 
mined. We do not imply that every assignment of the first variable 
must give rise to a value of the other; thus there is no pressure which 
will produce a negative volume. The choice may therefore be re- 
stricted to those values for which the variable to be calculated has 
a meaning. 

The variable whose value we choose to select is called the indepen- 
dent variable, and the one whose value or values are determined 
thereby is called the dependent variable. The relation is expressed by 
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saying that the dependent variable is a function of the independent 
variable. If x is the independent and y the dependent variable, the 
reader will know that we write this general relationship as y = f(z). 
Thus f(z) denotes some (unspecified) variable whose value depends 
on that of x, much in the way that x denotes some (unspecified) 
number. When we need to consider more than one function of z in the 
same piece of work, we naturally use different functional symbols 
such as g(x), F(x), (x), ete. 

Although elementary work is concerned with functions of one 
independent variable, yet many examples arise in which several 
independent variables are present. For instance, the volume of a right 
circular cone depends on both the radius and the height. In general, 
if x, y,2,... are independent variables and w depends on them, we 
write u = f(x, y, 2, ...) to express this functional relationship. 

In elementary work the relationship between dependent and in- 
dependent variables is almost always expressed by a mathematical 
formula (valid perhaps over a limited range). However, the general 
concept of ‘function’ is wider than that of ‘formula’; all that is 
necessary is a rule to relate the two variables. Thus one could define 
y as a function of x as follows: 


if x is prime, then y = 0; if x is not prime, then y = 1. 


Further, a function may need more than one formula to specify it; 
e.g. the function whose graph is shown in fig. 2 would have to be 
denier ee y=0 if «>1 orif x<-l, 
y=l+a if -l1<2<0, 


y=1-a if O<a<l. 


Fig. 2 


In this book we shall be concerned only with functions expressible by 
one or more mathematical formulae. 
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1.14 The function |x| 


The symbol |z|, called the modulus, absolute value, or numerical 
value of x, denotes the value of x regardless of sign. Thus 


x if x20, 
|x| = 
—x if x<0. 


Its graph is shown in ea: 3. The 
properties 


[zy] = |x| .|y| 


and = =| = et fl (y + 0) Fig. 3 


are easily verified. 
The important result : 
e le+ul < lel + [ul (i) 


(sometimes called the triangle inequality, for a reason which will be 
clear in 13.33) can also be verified from the above definition.+ For 
if both x and y are positive, each side reduces to x+y; if both are 
negative, each side is —x—y; if x, y have opposite signs, say x < 0 
and y > 0, then |x+y| < |x| +|y|. 

By writing x—y instead of x, it follows from (i) that 


|(e—y) +y| < |x—y|+ ly], 
80 |x—y| > |2| —|y]- 
By interchanging x and y, and noting that |y—a| = |x—y], we get 
|t—y| > |y|—lel- 
These two results can be combined to give 
|e—y| > |lx|—|yI]. | (ii) 
Replacing y by —y in (ii) and noting that |—y| = |y| gives 
|e +y| > ||z|—Iy|- 
Finally, by applying (i) twice we have 
Jjv+y+2| < [2] +|y] + Ie]; 
and there are similar extensions for any number of variables. 


y+ A neater proof is given in 1.21, ex. (iv). 
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1.2 Simple inequalities 
1.21 Fundamental results 


In elementary mathematics much prominence is given to equations, 
but in more advanced work inequalities (statements that one number 
is greater or less than another) become of increasing importance. 
Some have just been given in 1.14. We state here some principles for 
manipulating inequalities; many of these are analogous to those for 
equations, but there are important distinctions which should be 
noticed. 

The relation a > b (a is greater than 6) is equivalent to the statement 
that a—b is positive. We can interpret a < 6 (a is less than 6) to mean 
either that 6 > a or that a—b is negative. The following results are 
given for >; similar ones can be formulated for <. 

I. Ifa>b, thna+x>b+«x for any number x. (‘We can add or 
subtract the same number on both sides of an inequality.’) For 


(a+x)—(b+x) =a—b = positive number because a > b. 


CoroLuary. A term can be transferred from one side of an inequality 
to the other provided that its sign 1s changed. 

For example, if a+b > c+d, then subtraction of 6 from both sides 
gives a >c+d—b. 

II. Ifa > b, then ax z bx according as x z 0. 

For ax—bx = (a—b)x which is positive if 2 is positive, and is 
negative if x is negative. 

Corouiary II (a). Ifa > 6 > 0, then 1fa < 1/6. 

Take x = 1/ab in II. 

CoroLLary IT (6). Ifa, > 6, > 0 forr = 1,2,...,n, then 


4 Mg ++ An > 6b... Bp. 


(‘Inequalities between positive numbers can be multiplied.’) For, 
successive applications of IT give 


1 Ag Qg .-. An > 01 AgMg... An > b,bgg...A, > ... > bb... dy. 


Corotuary II (c). If a>b > 0, then a” = b” according as n 2 0 
(where n is rational, and a”/2 denotes the positive qth root of a” in the 
case when n is the fraction p/q with g even). 

Proof. If n is a positive integer, the result follows from Corollary 
II (b) by putting a, = a, b, = 6 for each r. 
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If n is a positive rational number p/q, then we have a > 614; 
for aV@ < b¥2 would imply a < b, by applying to this the case just 
considered, with n = g. Hence (a¥2)? > (b¥4)?, 

If n is a negative rational number —p/q, then since 1/b > 1/a by 
Corollary II (a), we can apply the above to this inequality with index 
+ p/q to give the result. 

The above corollaries may be false if some or all of the numbers are 
negative. This is easily verified by numerical examples. 

III. Ifa>b6 and c>d, then a+c>b+d. (‘Inequalities can be 
added.’) For 

(a+c)—(b+d) = (a—b)+(c—d) = positive number. 
Observe that 

(a) inequalities cannot be subtracted: a > b and c > d do not imply 
a—c>b—d; for (a—c)—(b—d) = (a—b)—(c—d), which may be 
negative; 

(6) inequalities cannot be divided: a > b and c > d do not necessarily 
imply a/c > b/d; e.g. take a = 4,6 = 38,c=2,d=1. 


Examples 
(i) Ifa <b+c anda, b, c are positive, prove 


a s b a Cc 
l+a914+0 l4+ce 
1 1 
We have ae 
a b+ce 
] 


>’ 


b+c¢ 
l+a 1+6+c 
—_ > ° 
a b+c 
a b+e b Cc b c 


1 
80 2 1l+->1+ 
a 


1.6. 


= ee — —_ 


l+a 1+b+c i+b40' 14b+0 ~ 146 Ipc" 
(ii) If a1, a9, ...,@_ are positive numbers whose sum is s, then 
(1+a,)(1+a,)...(l+a,) > 1+s. 
For (1+4,)(1+a,) = 1+(a,+4,)+a,4, > 1+(a,+4,); 
hence (1 +.) (1 +g) (1 +45) > {1+ (a, +4)} (1 +45) > 14+ (a, +0, +45) 


as in the previous step; and so on. 
In particular, taking a, = a, = ... = a, = a, we obtain 


(1+a)" >1l+na (a> 0, n = positive integer), 


a result sometimes called Bernoulli’s inequality. 


8 FACTS, DEFINITIONS AND METHODS [1.22 
(iii) With the notation of ex. (ii), 
(1—a,)(1—a,)...(1—a@,) < 


l+s° 
For (1—a,)(1+a,) = 1-a@ <1, 
so 1—a, < 1/(1+4a,), and the result follows from ex. (ii). 
(iv) Prove that |x+y| < |x| +]y|. 
From the definition of |x| (1.14) it follows immediately that 


—|z] <a < |e]. 


Similarly —lyl <y<lyl. 
Adding these, —(|x|+|y]) <2+y < [2] +|y]. 
Therefore ljx+y| < |x| + yl. 


1.22 Arithmetic, geometric, and harmonic means 
In this section all letters denote positive numbers. 


(1) Given two positive numbers a, b, write 


2ab 
as | as pepe cia 
A=t(a+b), G (ab), H Tae 


Then A, G, H are called the arithmetic, geometric, and harmonic means 
of a and b. We shall prove that 


Az>G, where equality occurs only if a = b. 
For (Ja —./b)? > 0, with = only when a = b; hence 
a+b—2,/(ab)>0, ie. AZBG. 


Since 1/H is the arithmetic mean of 1/a and 1/b, the preceding result 
with a, b replaced by 1/a, 1/6 shows that G > H. 


Examples 
If a, b, c are not all equal, prove that 
. (i) a?+6?+c? > be+ca+ab; 
(ii) 2(a3 + 63+ c3) > bc(b+c)+ca(c+a)+ab(a+b). 


Since 6?+c? > 2be, etc., result (i) follows by adding. The relation is >, 
not >, because in at least one of the three separate inequalities the relation is 
certainly >. Alternatively, 


a+624+¢2—be—ca—ab = 4{(b —c)? + (c—a)?+(a—b)?*} > 0. 


Also 6?+4¢?—be = be, so b? +3 > be(b+c) on multiplying both sides by b +c. 
Adding the three such results gives (ii), with > for the same reason as before. 
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(2) More generally, if a,,a,,...,a,, are all positive, 


_ A +Agt... +A, 


A is their arithmetic mean 


and G = 7(a,a,...a,) is their geometric mean. 
It is still true that A > G, with equality occurring only when 
ay = oN S10 = An: 


This it the ‘theorem of the means’; the following proof was given by 
Cauchy. 
By direct calculation, 


Applying this type of result twice, 


a 2 2 a 4 
asst (8E2)" (C048 « (tabereeea) 


? 
with = occurring in the first place if a, = a, and a, = a,, and in the 
second place if a,+a, =a,+a,. Hence, unless a, = a, = a3 = a4, we 


have 
Ay + My + Mg + Ay) * 


Similarly, if n is a power of 2, we can prove step by step that, 
unless all a’s are equal, 


A, +QA,+...+A,\” 
rs : 


Ay Ag ..- An < ( (i) 
If n is not a power of 2, then it lies between two consecutive powers 
of 2, say 21 <n < 2”, Put k = (a, +a,+...+4,)/n, and apply (i) to 


the numbers @,, d., ...,a@, together with the 2”— numbers k: 


Oy +0y 4... +d, +(2"—N) A" = 12", 


By Dy... By kh < | oe 


? 


ott t it tay" 


i.e. By Ay... Oy < hk” = ( 
n 


giving G < A. 
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Examples 


(iii) Prove 9a?b®c? < (be +ca+ ab) (a*+b4+c*) if a, b, c are not all equal. 
By the theorem of the means applied to bc, ca, ab, 
4(be+ca+ab) > ¥(bc.ca.ab) = 3(a*b*c*), 
By the same theorem applied to a4, b4, c4, 
4(a4 + b4+c4) > J(atbc4). 
Multiplying, the result follows. 


(iv) If 2x+ 5y = 3 and x > 0, find the greatest value of zy. 
If x > 0 and y > 0, we can apply the theorem to the five positive numbers 
$a, $x, ¥a, Sy, Sy, getting 
Vt(8x)? (By)} < $(2a+ by) = 3 
unless 37 = $y, in which case < is replaced by =. Hence, provided that x > 0 
and y > 0, the greatest value of (x)* ($y)? is (#)5, and that of zy? is 


(8)° (8)? (8)? = 3°/(5". 2). 


If x > 0 and y < 0, zy? takes the same set of values as when y > 0. Hence 
the required greatest value is 3°/(5’.2). It occurs when $x = 8y; this together 
with 2x + 5y = 3 gives x = 3%, y = o&. 


Exercise 1(a) 
1 Find for what values of x 


22+1 


1 1 
$ii- 22 aioe Pag | eee 
(i) -2< ase < (11) 5a 


2 —3° 

2 Ifa, b are unequal positive numbers, prove the following: 

(i) a—a* > a-*—a- (a + 1). [Consider left-hand side minus right-hand 
side. | 

(ii) am+"4.5™+" > a™b" + a"b™, m and n being positive integers. 

3 The two sets a,,d9,...,@n; b;,b9,...,0, of positive numbers are such that 


m <i< M (r= 1,2,...,7). Prove that 
rT 


4 Ifl<r<n, prove r(n+1—r) 2>n, and deduce that (n!)? > n". 

5 Ifa> 0 and nisa positive integer, prove (l—a)" < 1/(1+na). [Use 1.21, 
ex. (ili).] 

In nos. 6, 7, Ay, Ag, «++» An are positive numbers whose sum is 8. 

6 If 0<a,<1 (r=1,2,...,n), prove (l—a,)(1—a,)...(l—a@,) > 1—s. 
[Method of 1.21, ex. (ii).] 

7 If s <1, prove (1+a,)(1+a,)...(1+a,) < 1/(1—s). [1.21, ex. (iii); use 
no. 6.] 

8 Prove a4+b4 > 2a%b*, ~at+b*+c!+d‘ > 4abed, 


and (a2 + b2)2 + (c? + d2)? > 2(ab + cd). 


! 
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Also prove at+b4+ct > b%c? 4 ca? + ab? > abc(a+b+c). 
; be ca ab 
P ——+——_+-—— < b+c). 
9 Prove pies ee ae 4(a+b+c) 


[(6+c)? > 4be, so be/(b+c) < }(b+c).] 
10 (i) Prove (y+z)(z+x) (x+y) > 8xyz, where 2, y, z are positive. 
(ii) Ifa, b, c are the sides of a triangle, prove that 
abe > (b+ c—a)(e+a—b)(a+b—c). 
11 Ifa > Oandb > 0, prove that the least value of ax + b/x for x > 0is 2,/(ab). 
12 (i) Ifz, y are positive, and m, n are positive integers, prove 
amy” my 
(wty)mt * (m+nymrn 
(ii) If p, g are positive integers, prove 
pg? 
(page 
[For (i), apply A > G to the m numbers x/m together with the n numbers y/n.] 


13 If w, x, y, z are all positive and w+x+y+z= 1, prove wryz’ < 1/1728 
and find the values of w, x, y, z for which equality is obtained. 


14 Find the greatest positive value of x?y3z4 when 
(i) w?+y?+z22=]; (ii) 23 +2y8 +323 = 1, 


[(i) Consider xty*z° and take 


sin2? 9 cos?20 < 


a, = a, = 32", dg =, =a,= hy*, Gg=... = a, = fe] 


*15 Prove that the length of the shortest line which can be drawn to bisect 
the area of triangle ABC is ,/(2bc) .sin $A, where A is the smallest angle. 


1.3 Quadratic functions and quadratic inequalities 


1.31 Sign of a quadratic function 


We consider the quadratic function y = az?+br+c. The reader 
will be familiar with the general method of solving the corresponding 
quadratic equation Ree 
by ‘completing the square’, and will know how the sign of b?—4ac 
decides the nature of the roots. The expression b? — 4ac is called the 
discriminant of the quadratic equation and also of the quadratic 
function. 

(a) If 6? > 4ac, the equation y = 0 has distinct roots, say « and £ 
where a < /, and hence 

y = a(x —a) (x—f). 
Thus y will be positive for some values of x, zero for a = wand x = f, 
and negative for others. For example, if a > 0, then y > 0 for those 
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values of « which give the factors the same sign, viz. x < a or2z > B; 
and y < 0 when the factors have opposite signs, ie. when a < x < £. 
Similar results can be stated when a < 0. 


(b) If b? = 4ac, then 


since 
hence 
Fig. 5 
Therefore y is zero when x = —b/2a, and has the same sign as a for 


all other values of z. 
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c) If b? < 4ac, then 
(c) 


Ose € 
Fp ene 
a a a 


leg: b:\2 ne b? 
~\*" oa) Ta 402 
on completing the square, so 


pollens, ® 


Both terms in the outer bracket are positive, the first being zero 
when x = —6/2a; hence the contents of this bracket are always 
positive. Therefore y has the same sign as a for all values of x. 


y y 


Fig. 6 
If the quadratic expression ax? + ba +c is positive for all values of z, 
it is said to be positive definite. The work under (c) shows that 
ifa > Oand b? < 4ac, then ax? + bx +c is positive definite. 


The two conditions imply c > 0, since a and 6? are positive. Similarly 
the two conditions c > 0, b? < 4ac imply a > 0. Hence the two sets 
of conditions are equivalent. Conversely, 


af ax* + ba +c is positive definite, then a > 0, b? < 4ac, andc > 0. 
For since az? + ba+c > 0 for all values of x, the equation 
ax*+br+c=0 


has no roots; hence 6? < 4ac. When x = 0, the hypothesis gives c > 0. 
These conditions imply a > 0, as above. 
If the expression az? + ba +c is negative for all values of x, it is said 
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to be negative definite. The reader should show that equivalent necessary 
and sufficient conditions for negative definiteness are 


a<0, b2<4ac or 0b? < 4ac, c< 0. 


1.32 Cauchy’s inequality 


If we are given two sets a1, d9,...,An3 0,,59,...,6, each of nm numbers (not 
necessarily positive), we shall prove that 
(a,b, +Ggbg+...+anbn)? < (af+az+...+a2) (b2+02+...+02) (ii) 
ay Ae an 
unless —=—S>..SE-, 
bb, bn 
in which case there is = instead of <. 
Consider the expression 
y = (a, 2+6,)? + (Aqu + bg)? +... + (Ane +5y)?. (iii) 
For all xz, y > 0; and we can have y = 0 only if there is an x such that 
a,x+6, = 0 for each r = I, 2,...,n, i.e. if 
Qa 4g yy | 


hear meee 


It is then easily verified that the two sides of (ii) are equal. 
Excluding this case, we have (after expanding the brackets in (iii) and 
rearranging) that for all a, 
(a2 +ae+...+a2) x24 2(a,b) +... +Gnbn) e+ (bE+...+62) > 0; 
i.e. this quadratic expression is positive definite. Hence by the converse result 
in 1.31, 
= A(ay by +1. +yby)® < 4a? +... +a?) (b2-+... +2), 


which gives the result stated. 


Exercise 1(b) 


Find for what values of x the following expressions are positive. 


1 2Qa?—72+3. 2 2-2-3722. 3 3a? —2a+4+ 5. 
4 402+ 47+1. 5 (#*+2) (v?-1). 6 (x—1)(x—2) (x—83). 
(x—1) (w—2) 
_1)2/2_ 3 2.2 Acti 
7 («—1)?(38—2). 8 x2 —32?-27+3. GE iaes: 


10 Find for what values of x the function x? — 6x+ 7 lies between + 1. 

11 Find the greatest value of 4+ 2% — 3z?, and the least value of 2”? — 32+ 1. 

12 Use equation (i) of 1.31 to prove that (1) if a > 0, then y has a least value, 
viz. (4ac—b?)/4a; (ii) if a < 0, then y has a greatest value, viz. (4ac— b*)/4a; 
(iii) in either case this value is attained when x = — b/2a. 

13 Prove that the quadratic equation 

(a? + b?) 2? + 2(a? + 62+ c?)a+(b2 +c?) = 0 

always has roots. 
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14 If a>b6> 0, prove that x(2—a) = A(x—b) has roots for any A. Can these 


roots ever be equal? 

15 Find the values of A for which the expression 

5a? + 8a + 14+ A(x? + 102+ 7) 

is a perfect square. Hence find constants A, B, C, D, p, q such that 
52+ 8a2+14 = A(x—p)?+B(x—q)? and 274+102+7 = C(x—p)?+ D(a—q)?. 
*16 Prove (a? + 62+ 0¢?)? < (a+b+c) (a? +6? +c) whena, b,c are not all equal. 
[Apply Cauchy’s inequality to the sets at, bt, ct; af, b¥, cf.) 
*17 ‘If 2?+m?+n? = 1andl”?+m?+n’2 = 1, prove —1 <ll’+mm’+nn’ <1. 


1.4 Graphs 


To fix ideas in a problem it is frequently helpful to sketch a graph 
of the function concerned; thus in 1.31 we used sketch-graphs to 
illustrate the behaviour of a quadratic function. The reader will 
already be familiar with the general forms of graphs representing 
such simple functions as x*, 23, 1/2 and the trigonometric functions. 
In this section we propose to illustrate some considerations which are 
useful in graph-sketching. 


1.41 Examples 
(i) Sketch the graph of _ 
anes 
There is one value of y for each value of x. Since y = 0 when and only when 
x = 0, the graph cuts the axes only at the origin. 


Fig. 7 


If we change the signs of both x and y, the equation is essentially unaltered; 
hence the graph is ‘symmetrical about the origin O’. 

When z is large, y = x/x? = 1/x, and this becomes small when x increases. 
If x is large and positive, y is small and positive, so that the graph approaches 
Oa from above. Similarly, when z is large and negative, the graph approaches 
Ox from below. 
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It can be shown that the value of y is never numerically greater than }. 
For by considering 1/y and applying the theorem of the means, we have when 


x > 0 that 
] ] 1 
—-=2+-2>2 /|xx-] = 2, 
y 2x x 


with = only when « = I/z, ic. x= 1. Hence y < 3, and y = } when x= 1. 
When « < 0, the symmetry about O shows that y > — 4, with y = — 4 only when 
x = —1. The graph therefore lies between the lines y = +}. 

(11) Sketch the graph of ee 


ge 2" 
There is one value of y for each value of x except 2 = 2: there is no point 
on the graph corresponding to x = 2. 
The graph cuts the y-axis where x = 0, and then y = 3. It cuts the z-axis 
where y = 0, and then x = 1. 


Fig. 8 


When «x has values near to 2 but just less than 2, the denominator is small and 
negative, and the numerator is positive; hence y is large and negative. Similarly, 
when z is just greater than 2, yis large and positive. This indicates the behaviour 
near the line x = 2. 

When z is large, y = x/x = 1; and 

x—l 1 
—] =——--1=—.. 
= z—2 2—2 
Thus for x large and positive, y—1 is small but positive; and for x large and 
negative, y— 1 is small but negative. The graph therefore approaches the line 
y = 1 as shown (fig. 8). 


(iii) Sketch the graph of x 


There is one value of y for each x except x = + 1: the graph has no points 
corresponding to these values. Writing 
x 


I (1) (@+1)’ 
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we see that when ~ is just less than + 1, 
_ number near + 1 
~ (small negative number) (number near + 2) 


y 


= large negative number. 


Similarly, when x is just greater than +1, y is large and positive. The neigh- 
bourhood of 2 = —1 can be discussed similarly. 
If we now apply considerations illustrated in exs. (i), (ii), we obtain fig. 9. 


Fig. 9 


Remarks 


(a) In ex. (ii), the lines x = 2 and y = 1 are each approached indefinitely 
closely by the curve, yet are never crossed or even reached. They are called 
asymptotest of the curve. In ex. (i) the x-axis is an asymptote; for although the 
curve does actually cross it at O, it also approaches Ox indefinitely closely 
(without meeting it) as x becomes large (positive or negative). Similarly, in 
ex. (111) the lines x = +1 and Ox are asymptotes. The essential property of an 
asymptote is that, as we recede along it, the curve approaches it indefinitely 
closely yet never reaches it; whether the curve may cross the asymptote at a 
‘finite’ point is immaterial. 

(8) The graph in ex. (i) illustrates that the function can take values only in 
the interval —4 < y < 4, whatever value x may have. Those in exs. (ii), (iii) 
show that the function can take any value whatever, with the exception of 
y = 1 in ex. (ii). We may enquire whether these properties could have been 
discovered without first sketching the graphs. 


(iv) Find the range of possible values of 
3a? +2 
2a% — Qa 41’ 
and use this information to assist in sketching the graph. 
If k is a possible value, then the equation 
k= 3a? + 2 
2x2 —Qe41’ 
ft See 18.12(2) for a general definition. 


2 GPMI 
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i.e. (2k — 3) 2? — 2ka+(k—2) = 0, 

must have roots (possibly coincident).t Hence, applying the condition 
ON eaae 4k? > 4(2k— 3) (k—2), 

i.e. k? > 2k? -—7k+6, 

i.e. 0 > k?8—7k+6 = (k—1) (k—6). 


This product will be zero if k = 1 or 6, and will be negative if and only if the 
factors k—1, k—6 have opposite signs, i.e. if k > 1 and k < 6. Hence we must 
have 1 <k < 6, so the expression can take all values between 1 and 6 inclusive. 

When k= 1 or 6, the above quadratic equation satisfies the condition 
‘6? = 4ac’ for equal roots; the root is then ‘x = —6/2a’, i.e. 


—-2k ek 
2(2k—3) 2k—-3° 
When k = 1, 2 = —1; and when k = 6, x = %. Hence the greatest value 6 is 
attained when « = %, and the least value 1 when z = — 1. 


a 


Fig. 10 


To sketch the graph of 342-42 


= Qu? — Qa+1’ 


we first see from the above work that the graph lies entirely between the lines 
y = 1, y = 6, and touches these at the points (—1, 1), (%, 6) respectively; these 
are the turning-points on the curve. 

The curve cuts Oy where x = 0, and then y = 2. It does not cut Oz since 
3x?+2 > 0 for all x. Since 


Qu? —Qa+1 = 2(a—4)?+4>0 for all x, 


the denominator can never be zero, and hence there is one value of y for each 
value of x. 
When z is large, y + 3a?/2x7? = §. A closer approximation is 


3a 8 
Qa?—-2e ~~ 2a—1)’ 
which shows that when ~ is large and positive, then y > $; and that when z is 
large and negative, then y < §. Hence the graph approaches the horizontal 
asymptote y = $ from above when z is large positive, and from below when 
x is large negative. It cuts y = $ where x = — 3; see footnote t below. We can 
now sketch the curve. 


+ If k = the equation is not quadratic, but becomes —3x2—4 = 0. Thus § is the 
value of the function when « = —}. 


Y= 
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The preceding examples illustrate the steps to be taken before sketching the 
graph of a function of the type (az? + ba +c)/(Az?+Ba+C): 

(a) Find where (if at all) the graph cuts Ox and Oy. 

(6) Find how the graph behaves when z is large (positive and negative), and 
howit approaches the horizontal asymptote; also whether it cuts this asymptote. 

(c) If the denominator has factors, there will be asymptotes parallel to Oy 
through the points which make the denominator zero. Find how the graph 
behaves when x approaches such points from both left and right. 

(d) Find the possible range of values of y, and where the curve reaches the 
extreme positions (if any) ; these are the turning points. 


1.42 Further examples 


The functions in the preceding examples were ‘algebraic fractions’, and the 
steps (a)—(d) just indicated can be taken before sketching the graph of any such 
function, even when the denominator is not linear 
or quadratic. We now consider some simple func- 
tions involving root extractions. 


(i) y = ye. 

Since this equation can be written x = y?, we 
can sketch the graph just as we would for y = 2?, 
but with the roles of x, y interchanged; i.e. we 
regard x as a function of y. See fig. 11. 


(ii) y = (1-2?) 

If we write this free of therootsignas y? = 1—2?, 
or better as ~?+y? = 1, we see that the equation 
is the condition for the point (a, y) to lie at unit 
distance from the origin. The graph is therefore 
the circle with centre O and radius 1. 

In each of these examples we have assumed that both the positive and 
negative square roots are possible values of y. If we interpret ./x to mean 
‘the positive square root of x’, then only the upper half of each graph would 
be required. 


Fig. 11 


Exercise 1(c) 
Sketch the graphs of the following functions. 


1 o*. 2 3 1/2. 4 1/x?. 
] z+1 ] x 
2 eee : 2-2 ‘ (x—1)(x—2)° : (2—1)(x—2)° 
x 1 
9 (a—1)(#—2)" 10 Aa. 11 Va 12 xh, 
] 1 
13 x. ——_—., =. 
‘ 1 aay ea) 


16 Prove that (x —2)/{(x—1)(—3)} can take any value. Sketch the graph. 

17 Show that (x?— 27+ 4)/(2?+ 22+ 4) lies between } and 3. Sketch the 
graph. 

18 Prove that {(~— 5) (5%—13)}/{(2% —7) (4*%—11)} has no values between 1 
and 4, and sketch the graph. 
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19 Find the possible range of values of (a + 1)/(~— 1)?, and sketch the graph. 

20 Prove that (1 —2?)/(av?+6a-+c) can take any value if b? > (a+c)?. 

21 Prove that (%*+ 2%+c)/(z?+ 4a + 3c) can take any value if 0 <c <1. 

22 Show that {(a— a) (x—b)}/(a—c) takes any value if c lies between a and b. 
*23 Prove that the maximum and minimum values of 

ax? +bx+e 
A2z?+ Bat+C 

are the values of k (if any) for which ax? +ba+c—k(Az?+Bxu+C) is a perfect 
square. [This is the condition for the line y = k to touch the curve. ] 


*24 If a+c, prove that (ax*+bx+c)/(cw?+bxe+a) can take any value if 
b? > (a+c)?. [This implies b? > 4ac; use the conditions for positive definiteness. | 

Show also that there will be two values between which it cannot lie if 
4ac < b? < (a+c)?, and two values between which it must lie if b? < 4ac. [This 
implies (a +c)? > 6?.] 


1.5 Types of function 


1.51 Classification by structure 


(1) Functions can be classified according to the manner in which 
they are formed. If we start with a variable x and write down its 
positive integral powers v° = 1, 2! = x, x, 2, ..., 2”, and then combine 
any constant multiples of these by addition or subtraction, we obtain 
a polynomial function of x (in short, a polynomial in x) of degree n. 
Thus 324—2a3+274+5, 223+axz*+bx+1 are polynomials in x of 
degrees 4, 3 respectively, the latter having a, b as literal coefficients. 

If we divide one polynomial in x by another polynomial in x, we 
obtain arational function of x (i.e.a ‘ratio’ of polynomials—an algebraic 


fraction). Thus fe 1 3024+ 504./2 

Bt a ~ Qt tn 
are rational functions of x. Notice that the term ‘rational’ makes no 
reference to the coefficients of powers of x in the function: these can 
be any sort of number. The rules of algebra show that rational func- 
tions of x are generated by applying to x and numbers the operations 
of addition, subtraction, multiplication and division in any finite 
combination. 

Similar considerations apply for polynomial and rational functions 
of several independent variables. For example, if x, y are independent 
variables, then 3a4—2a%y+ 5y? is a polynomial in x and y, and 
(a? + 3y)/(6x3 —./2 y?) is a rational function of x and y. 


(2) Consider now the equation 321— 2z5y+ 5y3 = 0. This can be 
regarded as a cubic equation in y whose coefficients are functions of x. 
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It will determine y as a function of x; for when a numerical value is 
assigned to x, we obtain an ordinary cubic for y which determines at 
least onet numerical value of y. We say that the equation defines y as 
an implicit function of x. If we were to solve the equation for y in 
terms of x by a mathematical formula (which in fact is possible, 
although not easy) we should have the same function y expressed as 
an explicit function of x. 

All the above types of function can be included under the heading 
algebraic; that is, they can all be defined (explicitly or implicitly) by 
polynomial equations in y whose coefficients are polynomials in 2. 
For example, the rational function y = 2/(z?+1) can be defined 
(implicitly) by the polynomial equation 

x’y—x+y = 0, 
and is easily obtained explicitly by solving for y. Similarly, the 
equation a+ y? = 1 defines the (two-valued) function y = +,/(1—2?) 
for —1 <a < 1; in 1.42, ex. (ii) we sketched its graph by actually 
using the defining equation instead of the explicit expression for y. 
On the other hand, the equation 

y—xry+1=0 
defines y as a function of x which cannot be obtained explicitly by 
any formula involving roots, powers, sums, differences, products or 
quotients (this fact can be proved, but we shall not do so in this book). 
This sort of example shows that consideration of implicit functions 
will be necessary. 

We may wonder how information about the last function can be 
obtained, and in particular how its graph can be sketched. It happens 
in this case that the defining equation can easily be solved explicitly 


for x in terms of y: ' 
1 
in ad 


y 

Hence, if we choose values for y and calculate the corresponding 
ones for x,we shall be able to plot a graph of x considered as a function 
of y; see Ex. 1 (d), no. 10. A much simpler example of this method was 
given in 1.42, ex. (i). 

In general, a polynomial equation in # and y can be regarded in two 
ways: (a) as a polynomial equation in y whose coefficients are poly- 
nomials in x, which defines y as an algebraic function f(x) of x; or 


t We shall prove later that every cubic equation has at least one root, and may 
have two or three roots. 
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(6) as a polynomial equation in 2 whose coefficients are polynomials 
in y, which defines x as an algebraic function g(y) of y. The two 
functions f(x), g(x) so obtained} are called inverses of each other. Our 
graphical method above amounts to sketching the inverse function 
of y when this is easily done. Consideration of inverse functions is 
thus seen to be useful. 


(3) Any function which is not ‘algebraic’ in the above sense is 
called a transcendental function. It can be proved (but not in this 
book) that log,)z, sinz and the other trigonometrical functions are 
of this type; and we shall meet others later. They too may be explicit 
(like the examples just given) or implicit (e.g. the function y of x 
defined by xy = sin y); and as in the case of algebraic functions, they 
can be associated in inverse pairs: thus 10° is the inverse of log,)2, 
and sin z/x is that of the implicit function y given by zy = siny. 


Irrational numbers are classified similarly: those such as ,/2, 3/5, ./2+3./5, 
/(2+./3), ... that can be obtained as roots of polynomial equations in one 
variable x with integer coefficients are called algebraic numbers; all others 
(and this can be proved to include 7) are transcendental numbers. 


1.52 Classification by properties 


A different sort of classification (which may cut across the one just 
given) can be made by considering general properties which functiens 
may possess. 


(1) Oddness, evenness. If f(x) is defined for pairs of equal and opposite 
values of x, and f(—x) = f(x), then f(x) is an even function: it is un- 
altered by changing the sign of x throughout. The graph of y = f(x) 
is therefore symmetrical about the y-axis (e.g. fig. 12 (a)). 

Similarly, if f(—2) = —f(x), then f(x) is an odd function. Its graph 
is ‘symmetrical about the origin’ (e.g. fig. 12 (b)). 

For example, x* + 3x?— 2, cosz, tan?x are even; 2°+ 5a, x3/(a++ 1), 
sinz, tan’ are odd. Functions like 2° +42?+ 42, 3sinzx+2cosz, in 
which some terms are even and others odd, are neither odd nor even; 
also see Ex. 1 (d), no. 3. 


(2) Periodicity. If there is a positive number p such that 
f(a+p) = fle) 


+ It is immaterial whether we write g(x) or g(y) when the functions are being 
discussed. The relation between them is that if y = f(x), then x = g(y), and conversely. 
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for all x, and if p is the smallest such number, then f(z) is periodic, 
with period p. Thus the period of sin x, cos x, is} 27; of tan x, cot 2 is 7; 
and of sin nz is 27/n. The graph of a periodic function consists of an 


y = cos 2 
Fig. 13 


are of a curve repeated infinitely often in both directions of the 
a-axis. Thus the graph of y = cos (fig. 13) consists of the curve 
ABCDE, which represents the function for 0 < x < 27, repeated over 
subsequent intervals of 27 in both directions of Ox. 


J The proof that 27 is in fact the smallest number p is difficult, and will not be 
given in this book. 
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It is known that (a) no periodic function can be rational (unless, trivially, it 
is constant); (b) no periodic function can be algebraic. Such a function must 
therefore be transcendental. 


(3) Many-valuedness. If n different possible values of f(x) corre- 
spond to a general value of x, then f(x) is an n-valued function. 


Examples 
. 27—] 
Qi) y= are 


is single-valued because there is just one value of y corresponding to each value 
of x except 2 = — # (for which y is not defined). 

(ii) The function y defined implicitly by 2?+y? = 9 is two-valued because 
there are two values of y for each x when —3 < x < 3, even though there is 
only one when x = +3 and y is not defined when x > 3 or x < —3. (All this 
follows because we can find y explicitly as + ,/(9—?).) 

(iii) The equation y? — 6y?+ lly = x gives three values of y for some values 
of x; e.g. if x = 6, the equation can be written (y— 1) (y—2)(y—3) = 0, so that 
y = 1, 2 or 3 when x = 6. Hence y is a three-valued function of zx. 

Graphically, a line parallel to Oy will cut the curve (if at all) in (i) one, (ii) two, 
(iii) three points, in general. 


The inverse circular functions. 


(iv) If —1 <2 <1, then the equation cosy = x defines y (implicitly) as a 
function of x, written y = Cos-!xz. Since x = cosy, the graph (fig. 14) can be 
obtained from that of y = cosz by interchanging the axes of x and y, and then 
reversing the sense of Oz to restore right-handedness. A line parallel to Oy cuts 
the graph (if at all) infinitely often. Thus y is infinitely many-valued. 

When z is given, let y = a be the smallest positive angle for which cosy = 2; 
a is acute if 2 > 0 (fig. 15(a)), obtuse if x < 0 (fig. 15(b)). It is called the prin- 
cipal value of Cos-12, and is written cos-1z. Thus (using radian measure) 
0<cosla <7. 

All other angles having their cosine equal to x are bounded by OX and one 
of the rays OP, OP’ (figs. 15 (a), (b)). Those bounded by OP can be expressed as 


27+a, 47+a, 69+a, ... or a—2n7, a—A4n, ..., 


according as we add complete positive or negative revolutions to a; and those 
by OP’ 
y a 2Q2n—-a, 47—-a, ... or —27-a, —47-a, 

All these are given by the expression 2n7 +a, where n is any integer (positive, 
negative, or zero). Hence Fee, ee 
Each value of n determines a branch of the many-valued function Cos—z. 
The principal branch is shown thickened in fig. 14. 

(v) For —l1<z<1, siny=~2 similarly defines a many-valued function 
y = Sin-!z. The graph (fig. 16) is obtained from that of y = sin x as described 
in (iv). 

Given 2, the principal value sin—' z is the smallest acute angle y = f (positive 
or negative) for which sin y = x; thus —47 < sin-!x < 47. 
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Fig. 16 Fig. 17 
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Any other angle whose sine is 2 is one of ether 


27+f8, 4r+f8, ... or —27+f, —4r+f, ..., 
which are included in 2mz + f, 
or n—B, 3n—f8, ... or —m—-f, —27-f, ..., 


which are included in (2m+1)7—/. These two expressions can Be combined 
into nt +(—1)" 8. Hence 


Sin7! « = nr+(—1)*sin— x. 


(vi) For any value of z, tan y = x defines a many-valued function y = Tan-1z2 
whose graph, obtained from that of y = tan, is shown in fig. 18. The principal 


P 
| 
| 
iO = 
| 
ee 
P { 
(a) 
, 1 
Ea 
| 
| x 
0; 
| 
y <0 ! P 
(b) 
Fig. 18 Fig. 19 


value tan—!z is the smallest acute angle y = y (positive or negative) for which 
tan y = x; thus — 47 < tan-!2< 47. All angles whose tangent is x are given by 
nt +7; hence 


Tan-! « = nx+tan- x. 
In Ch. 2 we shall consider functions which have the property of 
continuity, and in Ch. 3 those that are derivable. 


(4) Homogeneous polynomials and functions. 

Turning now to functions of more than one variable, we may 
enquire whether there is a useful extension of the idea of ‘degree of 
a polynomial in x’ for polynomials in two variables x, y (which consist 
of the sum of a number of terms like az”y%, where a is a constant). 

The expression az? y?% is said to have total degree p+q in (x,y). 

A polynomial each of whose terms has the same total degree n is 
said to be homogeneous of degree n. 
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These definitions extend in the obvious way to cases of three or 
more variables. Thus the polynomials 


w+ aoyt2y?, x—y+2, 2xt+ 8a2y2~ Sayre 


are each homogeneous in their variables, with degrees 2, 1, 4 respec- 
tively. 
If f(x,y) is a homogeneous polynomial of degree n, then 


f(tx, ty) = t"f (a, y) 
for all values of x, y, t. 


Proof. Each term of f(x,y) is of the form az?y%, where p+q = n and 
a is a constant. The corresponding term of f(tz, ty) is therefore of the 
nm a(ta)? (ty)? = P+IgaPyt = tagPy?t, 

Hence é” is a factor of f(tz, ty), and the other factor is clearly f(z, y). 

The theorem generalises obviously for more than two variables. It 
can be used to extend the concept of homogeneity to functions other 
than polynomials. 

Definition. Tf f(tx, ty) = t"f(x,y) for all values of x, y, t for which the 
function is defined, then f(x, y) is said to be homogeneous of degree n 
in (x,y). 

For example, the functions 

a3 — ys yp 


aw 
————F— 2 / (72? ~ 42 + 922) tan [2 
w+ ay—y? 2+ gy?’ V (a? —y? + 222), an (4) 


are each homogeneous in their variables, with degrees 1, — 2, 2,0, 
respectively. 

In 10.22 we shall consider functions having the property of sym- 
metry or of skewness. 


1.53 Inadequacy of graphical representation 


We may enquire whether a graphical representation of a given 
function is always possible. 
(i) Consider first the function 
_ a9 
ogo 


Provided that x + 3, this can be simplified to give y = 2+3; but the 
latter is not the same as the given function because the first is not 
defined when x = 3 (it takes the meaningless form 0/0), while the 
second is defined for all values of x, and in particular has the value 6 
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when x = 3. The graph of the given function would have no point 
corresponding to x = 3; but for all other values of x, however near 
to 3, it would be the same as that of y = +3. Thus the graph would 
be theline y = 2+ 3 withthe single point 
(3, 6) omitted; and this situation cannot 
berepresented adequately ina diagram. 

(ii) A more complicated example is 
the function y of x defined by the rule: 


y=0 when zis rational, 


y=1 when 7is irrational. 


Its ‘graph’ would consist of an in- Fig. 20 

definitely closely packed row of points 

along the x-axis y = 0, and another such row along the line y = 1, 
neither row making up a complete ‘continuous’ line. No adequate 
diagram can be given, yet a formula can be obtained to give y explicitly 
in terms of x: see Ex. 2(c), no. 12. 


Fig. 21 


(iii) Finally, consider the function y = sin (1/z), which is defined 
for all values of x except x = 0. Since the sine of any angle always lies 
between +1 inclusive, the graph lies between the lines y = +1. It 
cuts Ox at points for which 1/2 = nz, where n is any integer (positive 
or negative), ic. where x = 1/n7. Similarly, it meets the line y = 1 
where x = 1/(2n+4)7 and y = —1 where x = 1/(2n—4)7. The curve 
oscillates between these lines, and does so more and more rapidly as x 
becomes closer to zero. The curve does not cut Ox for x > 1/7 or for 
x < —I1/m; and when x becomes large, 1/x and hence also sin (1/2) 
becomes small. Hence the z-axis is an asymptote. The deficiency in 
the graph (of which only the part for x positive is shown in fig. 21— 
the rest is easily supplied since the function is odd) is that it cannot 
indicate clearly the behaviour of the function near x = 0. 
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These illustrations should convince the reader that, although 
graphical representation of a function is usually helpful, it has its 
limitations, and that any systematic study of the properties of 
functions cannot be based on graphical appearances only. 


Exercise 1(d) 


1 Classify the following functions as (a) odd, even, or neither; (b) periodic 
or not, and state the period if it exists. 


(i) sing; (ii) cos 2x; (iti) asin x; (iv) «+sina; 
(v) x+cos(1/xz); (vi) sin (z?); (vii) cose+tan?z; (viii) |a|; 
(ix) /(1—2%); (x) aJ(1—#*); (xi) /(1+24); (xii) tan-12. 


2 Ifan odd function f(x) is defined at 2 = 0, show that it must be zero there. 


3 Iff(zx) is defined for all values of x, verify that d(x) = f(x) +f(—2) is even 
and that ¥(x) = f(x)—f(—sx) is odd. Deduce that f(x) can be expressed as the 
sum of an odd and an even function of x. 

4 Verify that the product of two even or of two odd functions is even; but 
that of an even and an odd function is odd. State corresponding results for sums. 

*5 Construct polynomial equations in x, y which are satisfied by the following 
algebraic functions y. 


7 ne aoe 1)-1 ; ae 
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6 Pick out from the following functions those which are homogeneous in 
their variables, and state the degree in each such case. 


(i) 2° — 8a°y3 + Say; (ii) 2+ 3a°y+3eyt+y%; = (ui) f(z? ++y? —2?); 
ge ee ae Ree 6 
(iv) 1//(3ayz); (v) miata +3 (vi) sin (¥); 


(vii) tan (xy). 


7 (i) Prove that every homogeneous function of degree n in (x, y) can be written 
in the form x"g(y/z). [Take t=1/x in the definition in 1.52 (4); write 
g(y/x) =f(1,y/x).] 

(ii) Conversely, verify that every function of the form x"g(y/x) is homogeneous 
of degree n in (x,y). [Replace x, y by ta, ty in the function.] 

8 If f(x,y), g(x,y) are homogeneous of degree m, n respectively, what can 
be said about: (i) f(x,y) g(a, y); (ii) f(a, y)/g(a, y)s (iii) fla, y) + g(x,y)? 

*9 Iff(u,v) is homogeneous of degree n in (u,v), and each of u, v is a homo- 
geneous function of degree m in (x,y), prove that when f(u, v) is expressed in 
terms of x and y, it is homogeneous of degree mn in (a, y). [Let f(u, v) become 
P(x, y); then P(ta, ty) = f(t"u, tv) = (¢”)"f(u,v) = t™" D(a, y).] 

10 Sketch the graph of the implicit function y defined by y>~xy+1 = 0 by 
first finding the inverse function x. 

11 Consider the behaviour near x = 0 of the following functions, and explain 
why those in (ii), (iii) cannot be fully represented by a graph. 


(i) wsina; (ii) xsin (1/2); (iii) #*sin (1/2). 
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1.6 Plane curves 


1.61 Parametric equations 


In 1.5 we have illustrated various properties which a function may 
possess by means of sketch-graphs. Given two graduated coordinate 
axes Ox, Oy, each such property of a function can be interpreted as 
a geometrical property of a curve in the plane xOy. 

By plane curve we mean the set of points in the plane xOy whose 
coordinates (x, y) satisfy some equation F(x, y) = 0. This equation can 
be thought of as determining y (implicitly) as a function y = f(z) of 2; 
or, if more convenient, x as a function x = g(y) of y. 

It may be possible to discover functions ¢(é), y(é) of a third variable 
t which are such that PaO. Gale (i) 


will satisfy the equation F(x, y) = 0 for all values of t (or, at any rate, 
for all ¢ in some range). Geometrically this means that the point whose 
coordinates are $(é), y(t) will lie on the curve for all relevant values oft. 
Ast varies, this point will trace out the curve (or part of the curve, since 
there may also be points of the curve not expressible in the form (i)). 
We therefore say that equations (i) are parametric equations of the curve 
F(x,y) = 0, and call ¢ the parameter. If each value of ¢ gives just one 
point on the curve, and if also every point of the curve can be obtained 
from (i) by giving ¢ just one suitable value, then equations (i) are called 
a proper parametric representation of the curve. If rational functions 
f(t), w(t) can be found, the curve is said to be unicursal. 

The reader will already have used such a representation for some 
simple kinds of curve; e.g. « = al?, y = 2at are proper parametric 
equations of the parabola y? = 4axz (see 16.12); and x =acost, 
y =asint properly represent the circle ~?+y? = a?. Sometimes the 
parametric equations arise naturally. 


Example 


The cycloid 

The path of a point on the circumference of acircle which rolls without slipping 
along a fixed straight line is a plane curve called a cycloid. 

Let the circle of centre C and radius a roll along Ox, and let the tracing point 
P start from O, so that the circle begins by touching Ox at O. Let the coordinates 
of P be (x,y) when the circle has turned through an angle 0. Since no slipping 
occurs, are NP = ON. After constructing PK as shown, we have 


2=OM =ON—PK = arcNP-PCsin#@ = af—asin0, 
y = MP = NC—KC = a—-acos@. 
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Parametric equations of the cycloid are therefore 
x=a(O—sin#), y= a(l—cos8). 


From the definition we see that the cycloid is composed of an infinity of 
identical arches all lying above Ox, having height 2a (the diameter of the 


Fig. 22 


generating circle) and base of length 27a (the circumference of this circle). 
The parametric equations confirm all this. An (x, y)-equation for the cycloid 
could be obtained by eliminating 0; but it is 
much less simple and less useful than the 
parametric representation. 

Sometimes (e.g. in the dynamics of the 
cycloidal pendulum) we require the equations 
of the curve when placed base upwards (fig. 23). 
The reader may verify that they are 


x=a(O+sin0), y= a(l—cos@). 


1.62 Polar coordinates 


Although in elementary work the position of a point P in a plane is 
specified by coordinatest (x, y) referred to perpendicular axes Oz, Oy, 
this is not the only way available. If O is a fixed point (the pole) and 
OX is a fixed line (the initial line), we may join OP and consider the 
angle POX = 6 (measured positively in the counterclockwise sense from 
OX, as in trigonometry) and the distance OP = r (fig. 24). Then to any 
given pair of numbers (r, 0) corresponds a unique point P in the plane; 
but, unless we make some restrictions, a given point P will be specified 
by many different pairs. For example, (c,a), (c,a+2m), (—c,a+7) 
give the same point, where in the last case we locate the point by first 
turning the radius OP through angle a+7,, and then measuring off a 
distance c along it from O in the sense from P towards O. 

If we restrict r to be positive and 6 to lie in the range —7 < 6 < 7, 


t Called cartesian coordinates after Descartes who introduced their use in 1637. 
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then the numbers r, 9 corresponding to a given point are unique.} In 
certain applications (e.g. to complex numbers, Ch. 13) it is desirable 
to have these limitations, but in geometry it is usually convenient to 
leave r and 6 unrestricted. In either case we call (r, @) polar coordinates 
of P; r is the radius vector, 6 the vectorial angle. 


6\ 


Fig. 24 Fig. 25 


If the origin O 1s taken for pole and Ox for initial line (and this is 
usually done, without comment), the relations between the cartesian 
and polar coordinates of the same point P are seen (fig. 25) to be 


x=rcos#, y=rsind. (il) 


Hence if polar coordinates are given, these formulae determine 2, y 
uniquely. 
Conversely, when x, y are given, we have 


r= (2+y), 0= Tan! (iii) 


This last formula will not determine 0 uniquely, even if the restrictions 
are imposed, for it gives two distinct values of 6 in the range 


—7<O€7; 
we should require the one for which 


cos@:sind:1=ax:y:r. (iv) 


1.63 Polar equation of a curve 


A relation F(r,@) = 0 between polar coordinates corresponds to 
some curve in the plane, and is called the polar equation of the curve. 
As in the case of cartesian equations, it can be thought of in the form 
r=f(9) or 0=4 g(r) when convenient, or even parametrically as 


r= g(t), 0 = H(t). 


+ The range 0<0@ < 27, or any range covering an interval of 27, would serve 
equally well for our purpose. 
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We now illustrate by a few examples how a curve can be sketched 
from its polar equation. First observe that 

(a) if the equation F(r, 0) = 0 is unaffected when 0@ is replaced by 
— 0, the curve is symmetrical about Ox (for if (r,,0,) lies on the curve, 
so does (7, — 9,)); 

(b) if F(r,0) = O0is unaffected when 0 is replaced by 7 — 0, the curve 
is symmetrical about Oy; 

(c) the locus r = c is a circle with centre O and radius c; 6 = & is 
a ‘half-line’ or ray through O making angle a with Oz. 


Examples 


(i) The cardioid. Given a fixed point O on a fixed circle of diameter a, draw 
any chord OP’ and produce it to P so that P’P = a. The locus of P as P’ varies 
on the circle is called a cardioid (fig. 26). Since 


r= OP = OP’ +P’P = acos6+a, 
the polar equation is r = a(l+cos@). 


The equation shows that 

(a) the curve is symmetrical about Ox; 

(b) as @ increases from 0 to 47, r decreases from 2a to a; 
(c) as 0 increases from 47 to 7, r decreases from a to 0. 


Fig. 26 Fig. 27 


More generally, if we take P’P = ¢ in the above definition, the locus of P is 
a lumagon, whose polar equation is 


r=acos6 +e. 
If c > a, then r is always greater than 0. If c < a, r can take negative values; 
we illustrate with the case c = 4a. 
(ii) Sketch the limagon r = $a(1+2cos6). 


It is symmetrical about Ox. As 6 increases from 0 through the values 4, 47, 
§71, to 71, r decreases from 3a through a, 4a, 0 to — 4a. To plot the last point, we 


3 GPMI 
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face along Ox and rotate through angle 7 counterclockwise, then mark off a 
distance 4a in the opposite sense, i.e. actually in the direction Ox. The curve is 
completed by using the symmetry about Oz (fig. 27). It is seen to have a loop, 
with a ‘double point’ at O. The ‘cusp’ at O of the cardioid (the case c = a) 
can be thought of as a loop which has shrunk to a point. 


(iii) The lemniscate (x? + y?)? = a?(x? — y?). 

The given equation is unchanged by writing — 2 instead of x, or —y instead 
of y. The curve is therefore symmetrical about Ox and Oy. To sketch it, first 
transform to polar coordinates by putting x = rcos6, y =rsin0@: 


(r?)? = a?(r?. cos? 0—r? sin? 6), 
Le. 7? = a®cos 20. 


The polar equation shows that 

(a) as 6 increases from 0 to 37, r decreases from a to 0; 

(6) as 6 increases from }7 to $7, cos 20 < 0 and so no part of the curve lies 
in the region between the lines 0 = 37, 6 = 37; 

(c) as 6 increases from $7 to 7, r increases from 0 to a. 

We use symmetry about. Ox to complete the curve (fig. 28). 


Fig. 28 


Exercise 1(e) 


1 When the graph of y =/f(x) is given, how can those of (i) y =f(x)+¢; 
(ii) y = cf(x); (iii) y = f(w+c) be deduced? 
_ 1-# _2at 
= Tae * ee 


2 Verify that x 


are parametric equations of the circle x?+y* = a*. Is every point of the circle 
given by these equations? 

3 Prove that the line y = tx cuts the curve z+ y? = axy at the origin and the 
point (at/ (1+é5), at?/(1+ 18). Hence write down parametric equations for 
this curve. 

4 Acircle of radius a rolls along Ox without slipping. Prove that parametric 
equations of the locus of the mid-point of a given radius are x = a(9—}$sin 9), 
y = a(1—4cos 8), and sketch the curve (a trochovd). 
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Transform the following equations into polar coordinates. 
5 g—y? = at. 6 zy = c?. 7 (x? +y?)? = ary(x? —y?). 
8 Transform the equation r = asin 26 into cartesian coordinates. 


Sketch the curves given by the following polar equations. (Label the results and 
retain them for future use.) Negative values of r are allowed. 


9 r=acos8@. 10 r=a. 11 rd =a. 12 r? = asin 20. 
13 r=asin206. 14 r=acos3é. 15 rcosé = acos20. 
16 r=asec0+b (a>0,b>0). 


17 Answer the questions in no. 1 for the polar graph r = f(6). 


18 A circle of radius a rolls without slipping on the outside of an equal fixed 
circle with centre O. Show that a point P on the circumference of the rolling 
circle has coordinates 2 = a(2cos —cos 20), y = a(2sin@—sin 260), the origin 
being O, Ox the line through the original position A on the fixed circle of the 
tracing point P, and the @ angle turned through by the the line of centres. 

By taking A for pole and Oz as initial line, show that the locus has polar 
equation r = 2a(1—cos @), and hence sketch the curve. 


Miscellaneous Exercise 1(f) 
1 Ifa,+a,+...+a, = 8, prove 1/a,+1/a,t+...+1l/a, > n?/s. 
2 Ifs, =1+4+44+4+...4+1/m, prove that for n > 2, 
n 
es ae 
[Apply A > G to 3, 3, 4, ..., (1 +1)/n and to their reciprocals.] 
3 Prove 
(i) 4(m+1) > Rn}; (ii) (n!)? < n{F(n +1)"; 
(iii) 2! > (n+ 1)t-D, 
[Apply A > G to 
(i) 1,2,..., 3 (ii) 13, 28, ..., 3; 
(iii) 1/(1.2),1/(2.3),..., {n(n + 1)}.J 


4 If xy = at? + bt and t > x, where a, b, t, x, y are all positive, prove that 
y > 2./(ab). [x*y/t = a/t+bt > 2./(ab) by the theorem of the means.] 

5 Prove ab < {}(a+5)}? and deduce that abcd < {t}(a+b+c+d)}4, with 
equality only when a = b = c = d. By giving d a suitable value in terms of a, b,c, 
prove abe < {4(a+b+c)}3. 

*6 Prove 


(4 by C, + AgbgCg+...+AnbnCy)® < (a2+... +02) (2+... +) (cf-+...+c3). 


<(n+1)un < +1. 


7 Find necessary and sufficient conditions for az? + bx +c to be positive for 
all values of x. By expressing xt — 8x? + 32a? — 642+ 48 in the form 


(x?+Ax+t p)?—p, 


show it is not negative for any value of x. 
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Investigate the range of values and sketch the graph of 

ef 3-1 9 ia? + 82+ 10° 10 Se eed 

x? — 62+ 8 x? — 8x—2 x*— 2a+3 

11 Prove that (cz? + 3x— 4)/(¢+ 3” — 4a?) can take all values if 1 < ¢ < 7. 
12 Find the values of x for which (x? — x — 2)/(~?— 2) < 2. 


13 Find the ranges of a for which (4a? + 62+ 1)/(a?+ 3a+ 2) > 4. 


8 


14 Writing f(x) = yale ay (a + 0), 
x?+ 1 
prove that there are two numbers é such that f(x) —k is of the form 
(Avx+B)? 
D(a? +1)" 


If these numbers are k,, k, (k, < k_), prove 
{(1—k,) # +a}? 
= 
Ie) — he = he at 1) 
Prove also that (1—,)(1—k_) = —a?, and deduce that for all x, k, < f(x) < kg. 
Sketch the curve y = f(a) when a > 0, indicating its position with respect 
to the lines y= 1, y= k,, y = ky. 
15 Show that for all k + 0, the line y = k meets the curve 
y(x—3)(«+1) =ax+b 
if b lies between — 3a and a. 
Sketch the curve when (i) a = —3, b = 7; (ii)a = +3,6= 7. 

16 If (av*+bx+c)y+(a’x?+6%+c’) = 0, find the condition for x to be 
expressible as a rational function of y. : 
° —— i b 2 

YB. GAM iy 2 gy, 
a-y (%—a)? 
prove that (i) if K > 0, then a<y< f; (ii) if K < 0, then y <a or y> Pf. 
Deduce that y is a function of the form (Axv?+ Bx+C)/( px? +qx+7r) which has 
turning-points (a,«), (b,f). Taking « = 2, 8 = 5,a=-—1, b= 2, K = 2, con- 
struct the example in no. 10. 

18 If u = aa?+ 2hay + by? + 29x+ 2fyte, a+0 and ab—h? +0, show by 
two applications of ‘completing the square’ that 
ab —h? af —gh\* A 

; ( +") * Bat 
where A = abc+ 2fgh —af*— bg? —ch?. 

Hence show that sufficient conditions for u to be positive for all x, y are 
a> 0,ab—h? > 0, A> 0. (Given that a, ab—h? are non-zero, these conditions 


are also necessary.) 
If ab—h? = 0, show that sufficient conditions are a > 0, af—gh = 0, ac > g?. 


19 Ifa+ 0, ab—h? + 0, A = 0 in no. 18, show that u is of the form 


(r = 1,2). 


17 If 


1 
uw = — (ant hy +g)?+ 


~ {X24 (ab—h?) Y%, 
a 


and deduce that u can be resolved into linear factors if A = 0 and ab—h? < 0. 
Write down conditions sufficient for u to be a perfect square. 
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20 A circle of radius a rolls without slipping on the outside of a fixed circle 
of radius 3a and centre O. Taking O for origin and Oz along the initial position 
of the line of centres, show that the coordinates of the point P of the rolling 
circle which was initially on the fixed circle are 


x = a(4cos0—cos40), y= a(4sin@—sin 46), 
where @ is the angle turned through by the line of centres. Sketch the curve 
(an epicycloid). 


21 Answer the question in no. 20 when the small circle rolls inside the large 
one. (The curve generated is a hypocycloid.) 
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LIMITS. CONTINUOUS FUNCTIONS 


2.1 Limits: some examples from previous work 


2.11 Given a function y = f(x), early work in Calculus is concerned 
with the following process. 

(a) Let du denote any change (positive or negative) in the value 
of x, and let dy be the corresponding change caused in y. This change 
dy is calculated from the functional relationship y = f(x), and will in 
general depend on both dz and 2. 

(b) Write down and simplify the ratio dy/dx (which in general also 
depends on dz and 2). 

(c) Letting dx approach zero, see whether the ratio dy/dx 
approaches a definite value (in general a function of x). If this is the 
case, we call this value the derivative of y with respect to x, and denote 
it by any one of the symbols 


dy iS tes d 
dx’ Dy, DY, Yy; f'(x), Tad)» 


using whichever is most convenient for our purpose. 
We express the property in (c) by saying that dy/dx tends to dy|dx 
when dx tends to zero, and write 


dy dy 


eae when dx—>0. (i) 
We also call dy/dx the limit of dy/da when dx tends to zero, and write 
lim oy ty (ii) 


da—>0 6x dx 


The statements (i), (ii) are equivalent. 


2.12 A well-known limit is that of sinz/z when x— 0 (angles here 
being in radian measure). If sin x and the other trigonometrical ratios 
are defined in the usual way by means of a right-angled triangle, and 
certain assumptions are made about the ‘area’ of a circular sector, 
it is proved in any book on elementary trigonometry or calculus that 


sing<a<tanx when 0<2< ja. (iii) 
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It follows that 


oe when 0<z < jn. (iv) 
sing  cosz 

When x decreases towards zero (or, as we may say, approaches 0 
through positive values—conveniently written «-> 0+), cos in- 
creases towards 1, and so 1/cosx decreases towards 1. Hence 2/sinx 
also decreases towards 1, by (iv). This will also be true when z ap- 
proaches zero through negative values (x -> 0—), because 2/sin is. 

an even function of x. We conclude that 


x e 
—=——->1 when 2x->0 in any manner; 
sin x 


i.e. in the limit-notation, 
x 
m—— = l. (v) 
a—>o SINT 

Notice that in the above statements nothing is said about 

(a) whether or not 2/sin x actually takes the value 1 for some value 
of x; or 

(6) whether or not z/sin x has a value when we put « = 0. 

In fact for (5), x/sin x is not defined when x = 0, being of the form 0/0. 
For (a), the inequality (iv) shows that a/sinz > 1 however small and 
positive x may be (and hence also for small negative x, since x/sin a 
is even): there is no value of x for which z/sinz = 1, and we say that 
the limit 1 is unattained. The statement (v) means that when x becomes 
close to 0, x/sinx becomes close to 1, and that we can make x/sin x 
as close as we please to 1 for all values of x sufficiently near to 0. : 


2.13 Another example is given by the function (1.53, (i)) 


x29 
¢—3’ 


which is not defined when x = 3. For any other value of x, however 
close to 3, we have y = «+3; and when x —> 3, we see that y > 6. Yet 
there is no value of y when ~ = 3, nor is there any value of x which 
makes y = 6. 


2.14 On the other hand, there are many functions whose limit is also 
an actual value of the function. For example, if y = 32?, then when 
a —> 2 we see that y > 12; and y = 12 when we put 2 = 2. Such func- 
tions (for which the limit is attained) form an important class which 
will be discussed in 2.6. 
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2.15 A well-known geometrical example of a limit is the tangent to 
a curve at a point P, defined as the position to which a chord PQ 
approaches when @ approaches P along 
the curve. If the curve has an ‘angle’ at P, 
as In fig. 29, then the chord PQ approaches 
different positions according to whether Q 
approaches P from left or right, and in this 
case there is no ‘tangent at P’ in the 
‘ordinary sense. 


2.2 The general idea of a limit 


2.21 Informal definition 


The idea pervading the preceding ex- 
amples is expressible as follows. 

If the values of f(x) can be made as close as we please to the number / 
by making x sufficiently close to the number a, then we say that f(x) 
approaches or tends to or converges to the limit J when x tends to a. 

We write either 


Fig. 29 


f(z) >t when x>a 


or lim f(x) = l, 


wa 


but of course no sort of mixture of these two statements. 


Remarks 

“(2) By the words ‘a tends to a’ we understand that x must be 
allowed to approach a from either side, i.e. through values less than a 
(2 ->a—) and also through values greater than a (x > a+). Iff(x) can 
be made arbitrarily close to / only when x~>a+, or only when 
x —>a-—, then 1 would not be ‘the limit’ of f(z) in the sense envisaged. 
(It was for this reason that we mentioned what happens when x + 0— 
in the case of z/sin x (2.12) before writing down the statement (v).) 

(8) We do not imply that f(x) must approach steadily down to the 

limit J (as does z/sinx towards 1) or steadily up to it (as for sinz/zx); 
when z is close to a, f(x) may take values some of which are greater 
and some less than /. For example, sin (1/x) > 0 when x — 0, although 
this function is positive for some values of x near 0 and is negative for 
others (cf. Ex. 1 (d), no. 11 (ii)). The essential requirement is that the 
difference between f(x) and J can be made as (numerically) small as 
we please. 
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(y) Moreover, it is not enough that we can make this difference as 
small as we please for some (but not all) values of x sufficiently near a. 
Thus from 1.53, (iii) the function sin (1/2) is zero for all values x = 1/n7 
where n is an integer (positive or negative, however large), and is as 
small as we please if we consider values of x sufficiently close to these; 
but this function does not have 0 as limit when x -> 0 because it does 
not remain close to 0 for all small x. In fact, the function oscillates in 
value between + 1, and does not approach a limit when x -> 0. 

- (6) Asin 2.12, no mention is made of f(a), because the function may 
not even be defined when x = a. Hence when we speak of ‘all values 
of x sufficiently close to a’, we mean all x in some small interval 
a—y<“%<a+y excluding a itself; this is conveniently written 


0 < |z—al < y. 


We call such values of x a neighbourhood of a. Clearly a number a has 
infinitely many neighbourhoods, one corresponding to each choice of 7. 


2.22 Formal definition 


We can now express the requirements of our informal definition 
more precisely. Suppose we’ are given some positive number ¢ as our 
“standard of closeness’ of f(x) to 1; then we must be able to make 


—e<f(x)—-l<e 


for all values of x sufficiently close to a. That is, we must be able to 
give some positive number y such that the above condition is satisfied 
for all x for which 0 < |x—a] < y. Our final definition of ‘limit’ is 
accordingly as follows. 

f(x) tends to the limit | when x tends to a if, given any positive number 
€ however small, we can find a corresponding positive number 7 
such that 


|f(z)—-1| <e forallzfor which 0 < |z—-al < 7. 
Remark. As a simple though useful deduction we have: if f(x) = k 
for all x in some neighbourhood of a, where & is constant, then 
lim f(x) = k. 
x@r—->a 
2.3 Some general properties of limits 


We now prove, directly from the definition just given, some pro- 
perties of limits which would be expected on intuitive grounds. The 
results of 1.14 are required. 
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If f(x) > a and g(x) > B when x > a, then 
(i) &f(x) > ka where k is constant; 
(ii) f(x) +9(@) > a+ ZB; 
(iii) f(x) g(a) > af; 
(iv) 1/f(x) > l/a provided that a + 0; 
(v) f(x)/g(x) > a/B provided that B + 0. 
Proofs. Our hypotheses are that 
(a) to any number e, > 0, however small, corresponds a number 7, 
such that 


|f(z)-—a| <e¢, forall x for which 0 < |x-a| < 9; 


(b) to any number e, > 0, however small, corresponds a number 7, 
such that 


\g(z)—f| <e, forall 2 for which 0 < |x—a| < yp. 


In (i) we have to prove that, given any number e > 0, however 
small, we can find a number 7 such that 


|Af(a)—ka| <e for all x for which 0 < |x—a| < 9. 
Now [kf() —ka| = |k( f(z) -—«)| = |k] .|f(@)-¢| 
< |k|e, whenever 0< |x—a| < 7; 
and we can choose ¢, in the first place so that |k| e, < e. Then 
|&f(x)-—ka| <e whenever 0< |x-al < 9. 
Taking 4 = 71, we have result (i). 
For (ii), we have 
|(f@) + 9(@)) —(@ + B)| = |(f@)—2) + ((@)-A)| 
< | f(x) —a| + |g(x) —B| 
< €,+€9, 
whenever 0 < |x—a| < thesmaller of 7,,7,. We can choose e, = €, < 4 
and 7 to be the smaller of 7,, 72; then 
|f()+9(%)-a—-f| <e whenever 0 < |x-al <7, 
and this proves (ii). 
For (ii) we write 
|f@) g(x) — aB| = |(fw) —«) (ge) - 8) + 2(9(2)— 8) + BF) —2)| 
< |f(e)— a] .|9(z)— 8] + || - 92) — | + 14] -[f(@)- | 


- < €,€,+ |a| €,+ [P| €, 
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whenever 0 < |x—a| < 9, where 7 is the smaller of 7,, 7,. We can 

choose €, and €, so that |a| €, < 4e, || €, < de and also €,€, < 4e; then 

|f(%)g(z)—aP|<e whenever 0 < |x—al <7, 

and (iii) follows. 
If a + 0, Al, 1 _ _ If 2) — |f(z)—a| 

f(x) a it D ~ Jal f@)] 

Now | f(x)| = |e + (f(@)—@)| > |a|—|f(a)—a > Ja|-e, 


when 0 < |x—a| < 9,, and also |f(x)—a| < e, under the same con- 
dition. Hence 


1 
Fa) a < ellelca) when 0< |x—a] < 7. 
We can choose €, < $|a|, 80 that then |a|—e, > $|a|, and 
fils, Uys ey 
Fe) a) ~ Flay 


We can also choose €, < }|a|?e if this is not already implied by the 
requirement €, < 4|a| above; so that 


1 
f(a) 
proving (iv). 


Result (v) follows from (iii) and (iv) since f(x) > & and 1/9(x) > 1/8 
if f + 0. 


1 
Sse whenever 0 < |x—al < 9, 


2.4 Other ways in which a function can behave 


(1) If « = 0 in 2.3, (iv), then the hypothesis means that f(x) is as 
small as we please for all x sufficiently near a. Hence 1/f(x) will become 
numerically large when x -> a. For example, let f(x) = x2; then when 
z is small (positive or negative), 2? is small and positive, and so 1/2? 
is large and positive. In fact we can make 1/2? as large as we please 
for all values of x sufficiently close to 0: given any positive number K 
however big, we shall have 1/2? > K if 2? < 1/K, ie. for all x such 
that |x| < 1/,/K. We say that 1/2? tends to infinity when x tends to 0, 
and write 

1 
oe when 2-0. 


Graphically, the curve y = 1/2 has the line x = 0 for an asymptote 
(1.41, Remark (a)). 
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In the general case, the statement 
f(z) >0 when x>a 


means that, given any positive number K however large, a corre- 

sponding number 7 can be found so that f(x) > K for all x for which 

0 < |x—a| < y. Graphically, the line x = a is an asymptote of the 

curve y = f(z). 
puauanly> f(z) >-0 when x->a 

means that, given any negative number — K however large, 7 can be 

found so that f(z) < —K for all x for which 0 < |x—a| < 7. 


(2) The function 1/z is large and positive when x is small and 
positive, and can be made as large as we please for all such x sufficiently 
small. However, if x is small and negative, the function is large and 
negative. All we can assert in this case is that 


1 ] 
ad when x->0+ and ae when 2->0-. 


In 1.53, (iii) we saw that sin (1/2) takes all values between +1 in 
any interval however small which encloses the value x = 0. Since 1/x 
can be made as numerically large as we please for all x sufficiently 
small, it follows that the function (1/2) sin (1/x) can take any value 
however large, whether positive or negative. However, this function 
does not remain large for all values of x near 0; e.g. it is zero when 
x = 1/nz (n being an integer). The condition (1/x)sin (1/x) > K is not 
satisfied for all x sufficiently near 0, so the function does not tend to 
infinity when x -> 0 (nor even when x > 0+ or 2 > 0—); similarly it 
does not tend to minus infinity. 

We say that sin (1/x) oscillates finitely (between +1 and —1) when 
x —> 0, and that (1/2) sin (1/a) oscillates infinitely. 


(3) We also say that 1/x?, 1/xz, (1/x)sin(1/x) are unbounded near 
x = 0 because they can take arbitrarily large values in this neighbour- 
hood. The function sin (1/x) is said to be bounded near x = 0 because it 
lies between two fixed numbers (namely +1 and —1) for all small x 
(and indeed for all x). Similarly, the terms ‘bounded’ or ‘unbounded’ 
can be applied to the behaviour of a function in the neighbourhood — 
of any number x = a. 

Any function which has a limit when x -> a is certainly bounded near 
x = a; this follows directly from the definition of ‘limit’. 
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If a function is bounded in the neighbourhood of every x in some 
interval, it is said to be bownded in this interval. For example, sin (1/2) 
and the functions in 1.41, (i) and (iv), are bounded for all x; that in 
(ii) is bounded in every interval which excludes the number 2, but is 
unbounded near x = 2. 


2.5 Limits when x > 0, x >—@ 


If x becomes large and positive, the function 1/x becomes small 
and positive; it can be made as small as we please for all x sufficiently 
large. Similarly, sinz/x can be made as small (positive or negative) 
as we please for all x sufficiently large. We say that 1/x and sina/x 
tend to 0 when wx fends to infinity. 

f(x) > l when x + o0 if, given any positive number ¢ however small, 
a positive number N can be found so that |f(x)—1| < ¢ for all x for 
which x > N. We write lim f(x) = l. : 


Similar definitions can be given for ‘f(z)>1 when x>— 0’, 
“f(z) > 00 when a + 00’, etc. The reader should formulate them for 
himself. 


2.6 Continuity 


2.61 Definition of ‘continuous function’ 


The intuitive idea of a ‘continuous curve’ is that of a graph with 
no breaks (‘missing points’) in it, so that it could be drawn without 
raising the pencil from the paper. We should naturally say that the 
function represented by this curve is a ‘continuous function’. Thus 
the curves and functions in 1.41, (i), (iv) and 1.53, (iii) are ‘con- 
tinuous’; but that in 1.41, (ii) is ‘discontinuous’ at x = 2, that in 
1,41, (ili) at ¢ = +1, —1, and that in 1.53, (i) has a different sort of 
‘discontinuity’ at 2 = 3. 

Taking these notions as a temporary basis, we observe first that 
‘continuity’ is a property of each point of the curve rather than of a 
complete piece of it: the curve in fig. 31 is ‘continuous’ at most points, 
but not at z = a, or x = a,; while that in fig. 30 is ‘eontinuous’ even 
at a point like Q where the direction of the curve changes abruptly 
(cf. 2.15). 

If fig. 30 is the graph of y = f(x), we now list some properties of 
f(x) which must be associated with the point P at which « = a and 
the curve is ‘continuous’. 
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(a) f(x) must be defined at x =a (otherwise the curve would be 
broken there). 

(5) f(x) must be defined in the neighbourhood of a (same reason). 

(c) When 2 > a— and when 2 > a+, we must have f(x) > f(a). 

Fig. 30 suggests other properties which we should expect a ‘con- 
tinuous’ function to possess; one of these will be mentioned in 2.65, 
and others later (6.1) when they are needed, but (a)-(c) above are 
sufficient on which to base a precise definition of ‘continuity at a 
point’. 

Definition. f(z) is continuous at x = a if lim f(x) = f(a). 

L->a 


Fig. 31 


We can paraphrase this by saying that ‘limits coincide with values’. 
Using the formal definition of ‘limit’ given in 2.22, the definition 
above can be restated as follows. 

f(x) is continuous at x = a if, given any positive number ¢ however 
small, there is a corresponding number 7 such that 


|f(z)—f(a)|<e¢ for all x for which |x—al| < y. 
If we write x = a +h, we can present these inequalities in the form 
|[f(a+h)—f(a)|<e for all h for which [h| < 7. 


Less precisely, by writing y = f(x) and h = dz, the condition can 
be expressed as 
dy>0 when dx>0, or limdy =0. (i) 
6x0 
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If f(x) is continuous at each point for which a < x < b, we say that 
f(x) is continuous in the open interval a < x < b (1.12). 

Remark. To define continuity in the closed interval a < x <b in 
this way, a difficulty about the ends z = a,x = bhasto be surmounted, 
because the function may not be defined for x <a or for x > b. In 
order to keep within the interval, the most we can require is that 
f(x) > f(a) when 2 > a+ and that f(x) > f(b) when x > b-. 


2.62 Some properties of continuous functions - 


(1) The sum, difference, product, and quotient of continuous functions 
as also a continuous function, provided that in the last case the denominator 
1s non-zero at the point considered. 

The results follow immediately from the definition of ‘continuity 
at a point’ and the theorems on limits in 2.3. 


(2) A continuous function of another continuous function is itself 
continuous. 
We are given that 


u=g(x)>g(a)=b when x—>a, 
and that f(u) >f(b) when u—>b. 
We have to prove that . 
f(9(z)) —>f (9(a)) when x->da. 
Given ¢ > 0, there corresponds a number 6 such that 
|f(u)—f(6)| <e whenever |u—b| <0. 
Taking 6 as the ‘e’ in the second hypothesis, there corresponds a 


number 7 such that 

|u—b| <d whenever |x—a] < . 
Hence |f(9(x)) —f(g(a))| <e whenever |x—a] < 9, 
and the result follows. 


2.63 Examples of some continuous functions 


(1) 2” is a continuous function for all values of x when n is a positive 
onteger ; the same is true except at x = 0 when n is a negative integer. 

The function f(x) = x is certainly continuous everywhere. Hence 
by 2.62 (1) the product x.7.2 ... x(n factors) is continuous everywhere. 
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Hence, again by 2.62 (1); the quotient 1/x” is continuous everywhere 
except where the denominator is zero, viz. at x = 0. 

It follows by repeated applications of 2.62 (1) that 

(a) all polynomials are continuous everywhere ; 

(b) all rational functions are continuous everywhere except at the 
points which make the denominator equal to zero. 


(2). sinx, cos x are continuous everywhere. 
For |sin(z+h)—sinx| = |2cos (x+ th) sin $h| 
< 2|singh| since |cos(x+$h)| <1 
< |h| since |sin $h| < }|h]. 
Hence, given ¢, we have 


|sin(w+h)—sinz|<e whenever |h| <e. 


Therefore sin x is continuous for any x. A similar proof holds for cos x. 

By 2.62 (1), it follows that tan x is continuous except where cos x = 0, 
i.e. except when x = (k +4) where k is any integer (positive, negative, 
or zero). 


2.64 Removable discontinuities 


In certain cases lim f(x) may exist and be equal to /, while f(a) is 
ra 


not defined. We can ‘remove the discontinuity’ at x =a by ‘com- 
pleting the definition’ of the function: we may define f(a) to be I. 
The new function (defined by means of two formulae) is then con- 
tinuous at x = a. For example, we can write 


INS sin x 


f(0) = 1; 
then f(x) is continuous at x = 0. 
On the other hand, no such attempt will make the function tanz 
into a continuous function at x = 47; for when x > 47+, tanz >— 0, 
and when x > 47—, tanz ->+0. Thus tanz does not approach any 


limit when x — 47. The same remark applies to sin (1/x) when x > 0; 
see 1.53, (iil). 


when 2+ 0, 


2.65 Another property of continuous functions 


If A, B are points corresponding to x = a, x = 6 on a continuous 
curve y =f(x), with A below and B above Oz, then geometrical 
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intuition asserts that the curve must cut Ox somewhere (possibly 
more than once) between A and B. We give a formal statement. 

If f(a) and f(b) have opposite signs, then there is at least one number & 
between a and b for which f(é) = 0. 

This result can in fact be deduced from 
the definition in 2.61 with the help of 
some deeper theorems on ‘bounds’ of a 
function. We shall assume it because a 
rigorous proof would deflect us too far 
from the course in view. 

If we apply the result to the con- 
tinuous function g(x) = f(x)—c, we de- Fig. 32 
duce the 

Corotuary. If f(a) < ¢ < f(b), then there is at least one value x = £ 
between a and b for which f(&) = c. 


Fig. 34 


This can be expressed also as follows: when x varies from a to b, the 
continuous function f(x) takes every value between f(a) and f(b) at least 
once. The reader should illustrate by a sketch. 

The converse result, that ‘if f(z) takes every value between f(a) 
and f(b) as x varies from a to b, then f(x) is continuous,’ is clearly false, 
as fig. 33 shows. 


4 GPMI 
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The result is in general false for a function which is discontinuous 
ina <x <b: in fig. 34, the function takes no values between a, £ 
as x varies from a to b. 


Exercise 2(a) 


Find the following limits if they exist; if they do not, state the behaviour of the 
function. 


2g 
1 ara when x >a. 
x“—a 
x?—4e+3 : ts = ; 
2 Sei when (i) # > 1; (ii) # > 0; (iii)  >— 00; (iv) x > 0. 
a — 1 
3 oe when x -> a. 4 ={(1+2)—4/(1—2)} when x - 0. 
sin 3. in 2. 
5 Ee SY eohen # oO: 6a Shen es 0: 
sin 5x 
tan 2—sin x cos! a 
7 Siyaes Wo 8 ea 
ta j= 
9 en? when 2 > 0. 10 <7 O08? when «> 0. 
x x 
1- 
11 ——— when # > 0. 12 xsinx when (i) x -> 0; (ii) x > ©. 


1 
13 zsin - when (i) « > 0; (ii) 7 > 00. 14 GOs = when (i) « -> 0; (ii) x > 00. 


sin? pax — sin? qx 
1—cosa 


15 es when (i) x -> 00; (ii) <-> 0. 16 when x —> 0. 
e @ 
sec (x +h) —secx 
tan (a +h)—tana 
sin (2 +h) +sin (w—h) — 2sin x 
h? 

19 If f(x) = xsin(1/x) (x + 0), f(0) = 0, prove that f(a) is continuous at x = 0 
(and therefore for all values of a by 2.62 (1)). Verify that the graph of f(x) lies 
in the angles between the lines y = +a which contain the z-axis. Sketch the 
graph. 

20 Iff(x) = x*sin (1/x) (x + 0), f(0) = 0, prove that f(x) is continuous every- 
where, and sketch the graph. 


when A -> 0. 


when h > 0. 


2.7 Functions of 2: some important limits 


2.71 Sequences 

Although we have considered functions of a ‘continuous’ variable x 
which can range over all values for which the function is defined, we 
shall also need to consider functions f(n) where n takes only integral 


2.71] LIMITS. CONTINUOUS FUNCTIONS 51 


values. For example, f(n) may denote ‘the sum of the first n positive 
integers’ and is defined only when 7 is a positive integer. 

Definition (a). If f(n) is a one-valued function of n which is defined 
for all positive integers n, f(n) is called a sequence, and its values 


fQ), f(2), f(3), 


are called terms of the sequence. Even if f(n) is defined only for all n 
greater than some fixed positive integer m, it is still called a sequence. 

Thus n?, a”, sin {77/(n—2)} are sequences, the latter being defined 
for all n > 2; but tan inz is not a sequence because it is undefined for 
odd values of n however large. 

Remark (x). A sequence is not completely specified when its first 
few terms are given. For example, although the simplest sequence 
beginning with 

1, 4, 9, 16 
is n?, yet n* + (n—1)(n—2) (n—8) (n—4) d(n) 


(where ¢(n) is an arbitrary sequence defined for all > 1) begins in 
the same way. Sometimes even the ‘simplest’ sequence is not obvious: 
thus 

| ae es 
could be continued as 9, 11, 13, 15, ... or as 11, 13, 17, 19, ... according 
to whether it is interpreted as the ‘arithmetical progression’ 2n —1, 
or as the sequence of odd prime numbers. 

If f(n) has a meaning when n is not a positive integer, we may regard 
the terms of the sequence as the values of a function f(a) when x takes 
positive integral values; e.g. sin 2n7 could be thought of as the value 
of sin 27x when x = n. On the other hand, some functions are defined 
only for positive integral values of the variable; x! is an example. 

We shall need to know the behaviour of certain sequences when 
becomes large. Accordingly we give the general 

Definition (b). The statements 

lim f(n) = J, 


n> 
f(n)>!l when n->o 


each mean that, given any positive number ¢ however small, there 
corresponds a positive number N (which need not be an integer) 


suob hae lf(n)—1] <e forall n>N. 
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The terms ‘tends to infinity’, ‘tends to minus infinity’, ‘oscillate’ 
are similarly defined for a sequence when n -> 00. The reader should 
formulate precise definitions like those in 2.4. 

Remark (f). If there is a function f(x) corresponding to the sequence 
f(n), the fact that lim f(n) = 1 does not imply that f(x) approaches a 


N-> oO 


limit. For example, lim sin 2n7 = 0 because sin 2n7 = 0 for all in- 
: n->D 


tegers n, but sin 27 oscillates between +1. However, the converse 


is true: of limf(x)=1, then limf(n) =l. 
n> oO 


w-> © 


For if |f(x)—1| can be made as small as we please for all numbers 
xz > N, then it will certainly be so for all integers > N. 

We now consider some important sequences which will be required 
later. 


2.72 a” 


First suppose 0 < a < 1. Then 
a>a>a>... >a", 


a—antl a 
and hence na” <ata?+...ta%™= [7 S44 


by summing the geometrical progression. Therefore 


and the right-hand side can be made as small as we please for all n 
sufficiently large. Consequently a” -> 0 when n -> oo. 

If —1<a< 0, then we have 0 < |a| < 1 and the above argument 
shows that |a|"-—> 0, and therefore a” -—> 0, when noo. If a= 0, 
then a” = 0 for all n, and the limit is still zero. Hence 

if -—l<a<1, lima*=0. 
n> 

If a> 1, then a= 1+6 where b>0. By Bernoulli’s inequality 
(hates) a™ = (14b)" > 1+nb. 

Since nb can be made as large as we please for all n sufficiently large, 
so can a”. Therefore 


if a>I1l, a">o when n-o. 
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If a < —1, the preceding shows that a” is large and positive for 
even values of n, and is large and negative for odd values, when 
n—> 00. Hence a” oscillates infinitely when a < —1. 

If a = 1, then a” = 1 for all n, and so the limit when n > o0 is 1. 

If a = —1, then a” is +1 for even n and —1 for odd n. Thus a” 
oscillates finitely (between +1, —1) when n > oo. 


2.73 a"/n 


If -1 <a <1, then a” > 0 by 2.72, and hence certainly a”/n > 0 
when noo. If a= +1, then a” = (+1)/n, and this also tends to 
zero when n -> 00. Therefore 


if -1<a<1, then lim” =o. 


n—> oO 


Ifa > 1, then a = 1+6 where b > 0. Writing f(n) = a”/n, 


F(n+1) _ n _ 0 
f(n) eel ee 
>1+4b, say, 
if m(1+6) > (n+1)(1+40), ie. 3nb > 1440, 
i.e. n> 2+ =N, say. 
Hence for n > N, we have 
qrti ar 
ave 1 
and so 
qn qr-1 qnr-2 aN 
ms peru neee 2 i 1fh)\n—N 
Pigg beh) = +22) > ae > w (1 +28) ; 


When n -> 00, (1+ 46)” + 00 by 2.72; hencet 
P a” 
if a>, ae when n->o. 


If a < —1, a”/n oscillates infinitely because it takes positive values 
for n even, negative values for x odd, and by the preceding case these 
can be made as numerically large as we please. 


t An alternative proof is given in the last part of ex. (vi), 12.52, 
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2.74 a*/n! 
First suppose a > 0, and choose NV > 2a; then for n > N, 


g 


Since (4)” > 0 when n > 00, this expression also tends to zero. 

If a < 0, then |a”/n!| = |a|"/n! + 0 when n -> oo by the preceding 
case. Ifa = 0, then a”/n! = 0 for all n. Hence 

for all values of a, lim a = 0. 
n> Nl. 

2.75 m(m—1)... (m—n+1) a"/n!, m constant 

If m is a positive integer, then the function is zero for alln > m+1. 
Ignoring this simple case, write 


m(m—1)...(m—n+1) 


f(n) = nl a”. 
f(m+1)_m—-n _ (,_mtl 
If a + 0, Ta Fas hae (1 mi) a, 


and we can make the modulus of this as close to |a| as we please for 
all n sufficiently large. 

If |a| <1, then clearly |a| < $(1+|a]) <1, and we can make 
|f(n + 1)/f(n)| less than 4(1+ |a|) for all n > N, say. Writing 


k = 4(1+|a)), 
then for n > N we have 


|f(n)| < k|f(n—1)| < kh? | f(n—2)| < ... < Nf). 


Since 0<k <1, then k”->0 when noo and so also |f(n)| > 0. 
Hence 


if -—1<a<1, fa ee a 
n->® ne 


0. 


We shall not need to consider values of a outside the range 
—1<a <1, buta similar argument would show that if |a| > 1, then 
| f()| > 00 when n — oo. 
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2.76 Further examples 
(i) Prove that for any a > 0, lim 4a = 1. 


N-> oO 
Ifa > 1, then Ya > 1 (1.21, Corollary II (c)); let 4a = 140, so that b > 0. 
Th 
= a = (1+b)">14+nb > nb 


by Bernoulli’s inequality (1.21, ex. (ii)). Hence b < a/n, and so 
a 
— ] —e 
0<%a-l< = 


Since a/n can be made as small as we please for all n sufficiently large, hence 
¥a—1-—+>0 when n > o. 

If 0<a<1, then 1/a> 1, and so by the preceding case with 1/a instead 
of a we have 1/¥a > 1 when n > 0, i.e. Ya > 1. 

Ifa = 1, then %a = 1 for all n. 

The function is not defined for all n if a < 0, and is zero for all n if a = 0. 
The required result has thus been established. 


(i) If —1 <a <1, prove that limn'a* = 0 for any fixed integer r. 
’%-> 
If r is negative, the result is evident from 2.72; the particular case r = —1 
appeared in 2.73. We may assume 0<a<1 in the following (cf. 2.72). 
If r is a positive integer, let b denote the positive (r+ 1)th root of a, so that 
0 <b < land 6't! = a, Then, as in 2.72, 


1—6* 1 
nb” 62 eee n—-1 ro So ges 
<1+4+6467+...+6 1b <Tob 
i.e. nanr+) < l—qilrtD’ 
1 
Hence nrtign 


< (l— ailr+1)yr+1? 


I 


hy AL a 
and so ne. > nl — ar+l)yr+1? 


and this last expression tends to zero when n -> 00. 


2.77 Monotonic functions 


Tf f(n +1) > f(n) for all values of n, then f(n) is said to be a steadily 
increasing function or to be monotonic increasing. If the property 
holds only for all n beyond a certain integer N, f(n) is monotonic 
increasing for n > N. 

There are two ways in which such a function can behave when n 
increases: 

(i) it may increase indefinitely with n, i.e. f(n) -> oo when n -> 00; or 

(ii) it may remain less than some fixed number f, i.e. f(n) < k for 
all n (so that the function is bounded, 2.4 (3)). 
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In case (ii) it can be shown that f(n) approaches some limit 1 when 
n-> 00, where 1 < k. Although a strict proof of this assertion cannot 
be given in this book, the reader may convince himself of its truth by 
the following geometrical illustration. 


Fig. 35 


Let the values f(1), f(2), ..., f(n), ... be represented by lengths 
OP,, OP,, ..., OP,, ... measured off along a fixed line OX. Since the 
points P move steadily to the right, then either (i) they will eventually 
pass beyond any point whatever which one cares to select on the line; 
or (ii) there will be some point K of the line which they can never pass. 
Clearly any point to the right of K will have the same property; but 
a point to the left of K may or may not. The assertion is that there is 
some point L of the line, either to the left of K or coinciding with K, 
to which the P’s approach indefinitely closely, i.e. such that the length 
P,_ Lis as small as we please, for all sufficiently large values of n. 

It should be noticed that although f(n) < * for all n> N, we 
may yet have lim f(n) =k. For example, 1—1/n < 1 for all n, but 

n—->o 


1—1/n > 1 when n > oo. Hence we must allow / < k and not merely 
| < k in general. 

Similarly, if f(n +1) < f(n) for all n (or perhaps only for all n > NV), 
then f(n) is said to be monotonic decreasing (perhaps for n > J). 
When n— 00, either f(n) >—0; or f(n) > k’ for some constant k’, 
and in this event f(n) > l’, where l’ > k’. 

The results stated above are important because they enable us to 
decide whether a monotonic function has a limit without our first 
needing to know what that limit must be.t If the definition (0) in 2.71 
were to be used to show directly that lim f(n) = 1, we must know | at 

n> 0 


the start; and this is not always the case (see ex. (ii) below). Rather, 
we can define a number by the property of being the limit of a bounded 
monotonic function, as in ex. (ii) and 4.43 (8). 


Examples 


(i) Discuss lima" when a > 0. (Cf. 2.72.) 


n>@D 
Taking f(n) = a”, then f(n+ 1) = af(n). 
+ The first will be basic in convergence tests: see 12.32 (5). 
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If a > 1, then f(n) is steadily increasing for all n, and so it either tends to 
infinity or to some limit J. If f(n) >i, then J > 1 (since f(1) =a@> 1 and the 
function is increasing), and 


i = lim f(n +1) = lim {af(n)} = alim f(n) = al. 


The relation / = al is impossible because a > 1 and 1 > 1. Hence when a > 1, 
a" +> © when n > ©. 

If0 <a < 1, thenf(n) is steadily decreasing for all n, and so either f(n) > — co 
or f(n) >’, where as before we find I’ = al’, so l’ = 0. Thus when 0 <a <1, 
a" +> 0 when n > 0. 


*(ii) Prove that (1+1/n)" has a limit when n > oo. Calling this limit e, show that 
24¢<e<3. 

(This example may be postponed until the binomial theorem (12.1) has 
been revised.) 

We first prove that, for all positive integers n, 


1 nti 1\" 
(+—,) > (142) 
n+1 n 


The (7 + 1)th term in the expansion of (1+ 1/n)* is (for r = 1, 2,...,n) 


ee = alts) (1-2)...(1-—), ia 


r! nr fri n n n 


which is positive because each factor is positive. Similarly, the (r+1)th term 
in the expansion of (1+1/(n+1))"+1 is (for r = 1,2, ....n +1) 


1 1 2 r—1 
a(t-=5) (0-5) (1-) () 


which is positive. Each factor in (b) which involves n is greater than the corre- 
sponding factor in (a). 

Hence, apart from the first terms (which are both 1), the expansion of 
(1 +1/(n+ 1))a+1 is greater term-by-term than the expansion of (1+ 1/n)"; and 
the (n + 2)th term of the first, to which there is no corresponding term of the 
second, is positive. Hence the required inequality follows; it shows that 
(1+ 1/n)” ts a monotonic increasing function of n. 

When n = 2, the function has the value 24; so for all n> 2, we have 
24 < (1+1/n)". 

The expression (a) shows that the (r + 1)th term in (1+ 1/n)* is less than 1 /r, 
and hence 


ee Sa ee ee 
n i ice ae ae 


Since n! = 1.2.3...n>1.2.2...2 = 2"-lif n > 2, therefore 


1\" 1 1 1 


2 23 
= 14+{1—(4)"}/(1—4) on summing the «@.p., 
1 
= ae 
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We have now shown that (1+ 1/n)* is an increasing function which remains 
less than 8 for all n. Hence (1+ 1/n)" tends to a limit, say e, when n -> 00, and 
2¢<e <3. 

The number e, which we shall meet by a different approach in Ch. 4, is very 
important in mathematics and its applications. 


Exercise 2(b) 
State the behaviour of the following functions when n -> ©. 
1 n+(-—1)*. 2 {n+(—1)"}/n. 3 1+(-1)*. 
4 n{1+(-—1)"}. 5 n{2+(—1)*}. 6 n{1+(—2)"}. 
7 ni+(—1)"n. 8 sin 4nz. 9 zal uae 
sinn sinn 1 
1 ° oo . 
0 11 in 12 7, £08 an 


Calculate the limits of the following functions when n -> 0. 
14+24+3+...4+7” 14+3+5+...+(2n+1) 


13 oa 14 7 
15 * (nt — 1) sin“. 16 ntfoos (=) — cos ()} , where @ is constant. 
17 “*. 18 Y(a"+b"), where a> 0, b> 0. 

#19 or 


20 Discuss the behaviour of n'a" where r is a fixed positive integer and |a| > 1. 


21 Prove that #/(n!) > co when n > oo. [By 2.74, a"/n! > 0 for any a, however 
large; so n! > a” for all n sufficiently large. Alternatively, use Ex. 1 (a), no. 4.] 


*22 (i) Iff(n) is monotonic increasing or decreasing, prove that 


FQ) +F(2) +... +f”) 


n 


y(n) = 


has the same property. 
(ii) If f(n) increases and has limit J, prove that g(n) tends to a limit < 1. 
What can be said if f(n) decreases and has limit /? 


Miscellaneous Exercise 2(c) 

sa ] n+1 n+2 

1 Prove lina ie ash EA ae 
xl (1-2) 

[Use the result 1+2+2?+...+”?-! = (1—a?)/(1—a), @ + 1.] 


2 Ifn> 1, then %n = 1+a where a > 0. Use the binomial theorem to prove 
that (1+a)" > 4n(n— 1) a?, and hence show that 


irs 
0o<a< /—-. 
n—-—1 


= n(n +1). 
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Deduce that lim %n = 1, and state the value of lim 4(n") where r is a fixed 


n>o n>o 
integer. 


For convenience we write f(n) = u, in nos. 3-7. 
*3 The values of wu, are defined for n = 1, 2, 3,... in succession by the recur- 
rence formula tin,, = u,+a/u,). Assuming a > 0, prove that 
(i) if0 < u, <./a, then u,,, > Ja; 
(ii) ifu, > Ja, then u,,, > Ja and also uy,) < Uy. 
Deduce that if wu, > 0, then 
(ili) uw, > a for all n > 2, and u,, is monotonic decreasing; 
(iv) u, > Ja when n > oo. 
What is the conclusion when u, < 0? 
*4 Solve no. 3 by showing that 
Uns Va _ (= ~ vf) 2" 
UnitVa \uy+Ja) © 
*5 It is given that 4tq,.—5u,,,:+U, = 0 for all n>1, and that u, = 7, 
u, = 4. By writing the relation in the form 
Unsa— Une = THUns — Un), 


prove that u,.1;—U, = —3(4)"-1. Hence express wv, as a function of n, and 
prove limw, = 3. 


NOD 
6 Ifu, > 0 and lim (u,y4;/u,) > 1, prove u, > 00 when n -> co. [Method of 
n>oco 
2.73.) 
7 flim (u,4;/u,) = l where —1 <1 < 1, prove limu, = 0. [Method of 2.75.] 
N->@ n>co 


Obtain results from nos. 6, '7 by taking uy to be the following functions. 


—1)...(m— ] 
mmm incet)) a" (a, m constant). 


Qa” 
8 — (a constant). 9 
n! 
10 n'a" (a, r constant). 
*11 Find the behaviour of wu = (x? + 2y)/(y?— 2a) when x and y both tend to 0 
(i) along the line y = maz; (ii) along the curve 2°+y° = zy. [Use the parametric 
equations x = ¢/(1+¢#), y = #/(1+#) (Ex. 1(e), no. 3) to express wu in terms of t, 
and observe that both z and y tend to 0 when t > 0, + 0, or — 00. ] 
*12 If¢,,(x) = lim {cos (m!7=)}*", prove that ¢,,(z) is always 0 if x is irrational, 
N> CO 
and is 1 if x is rational provided that m is sufficiently large. Hence show that 


lim @,,(x) is 0 if x is irrational and 1 if x is rational. Write down a function y 
m->o 
which is 0 when z is rational and 1 when z is irrational. 
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THE DERIVATIVE. SOME APPLICATIONS 


3.1 The derivative of a function of one variable 


3.11 Definitions 


Let f(x) be a one-valued function defined at and near 7 = a. Then 
in the process described in 2.11 we can put dz = h, and express the 
corresponding change dy caused by changing x from a to a+h as 


dy = f(a+h)—f(a), 


by _ flath)—fla) " 


so that Bn i 


The definition given in 2.11 can now be formulated more precisely as 
follows. 

If the ratio (i) tends to a limit when h > 0 in any manner, this limit 
is called the derivative of f(x) at x =a, and is written f’(a). The 
function f(x) is said to be derivable at x = a. 


aath 
Fig. 37 


Writing x = a+h in (ji), so that ‘h > 0’ is equivalent to ‘x> a’, 
we obtain another form of the definition: 
ce f()—f(@) _ , oe 
eae = f"(a). (ii) 
The reader will know that the derivative f(a) is interpreted 


geometrically as the gradient of the tangent to the curve y = f(x) at 
the point (a, f(a)): see fig. 36. 
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If the function f(x) were not one-valued, the difference f(a+h)—f(a) may 
approach a limit other than zero when h -> 0 (fig. 37), so that the ratio (i) would 
not tend to a limit. To deal with a many-valued function we must consider its 
branches separately. 


If f(z) has a derivative for all x between a and b, we say that f(z) is 
derivable in the (open) interval a < x < b. We also say that f’(x) exists 
fora < x <b, and call f’(x) the derived function of f(x). Other notations 
have been mentioned in 2.11, the chief ones being dy/dx and y’. 

Remark. If f(x) is defined only for a < x < b, there is no derivative 
at x=a or at x = b because hf cannot tend to zero in any manner 
without a+h or b+h passing outside the range of definition of f(z). 

Given f(x), the process of calculating f’(x) is called derivation of f(z) 
with respect to x (abbreviated to ‘wo x’). The details of this process 
depend on the function itself. 


Examples 
(i) If f(z) = c, where c ts constant, then f’(x) = 0. For 
h>0 h nao h ps0h = hho 
see the Remark in 2.22. 
We are not yet justified in asserting the converse of this result; see 3.82. 
(ii) If f(x) = x, then f’(x) = 1. For 
fe OI) og tet? i ee 
h-0 h nao hook 0 > 
(iii) If c is constant, d{cf(x)}/dx = cf’(x). For 
tim G@tA)— Ala) _ 4, Seth)—fe) _ 5, Seth —fle) 
h->0 h h>0 h h-0 h 
by 2.3, (i), and this last expression is cf’(x). 


3.12 A derivable function is continuous 
If f(x) is derivable at x = a, then 


e+ MFO) , pa) when h~>0. 


We can therefore write 


a = f'(a)+y4, 


where 7 (in general depending on both h/ and a) tends to zero when 
h->0. Hence 
f(at+h)—f(a) = Mf'(a)+y3}>0 when h->0, 
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i.e. lim f(a+ h) = f(a), 
h-> 


which shows that f(x) is continuous at x = a. 
The converse of this result is false, as the following examples 


show. 


Examples 


(i) f(x) = xt is continuous at x = 0, but {f(h) —f(0)}/h = h-* which tends to 
+oowhenh > 0+,andto —co whenh->-0—. Hence/(z) isnot derivable atx = 0. 


(ii) f(z) = |x| is continuous at « = 0; but 


fh)—f(0) _ Al _ [* if h>0, 


h hn” |\-1 if n<0, 


so that this ratio does not approach a limit when h > 0. Consequently f(z) is 
not derivable at x = 0. 


(iii) Let f(x) = xsin(1/x), « + 0, and f(0) = 0. Then (Ex. 2(a), no. 19) f(x) 
is continuous at x = 0; but 


fo) ie foe = gin (1/h), 


and when h -> 0 this oscillates between +1. Hence f(x) is not derivable at 
z= 0; 


Tn all these examples the functions fail to be derivable at a single 
point (the origin); but continuous functions of x have been con- 
structed which do not possess a derivative for any value of x. It should 
now be clear that derivability of a function requires much more than 
its continuity. 

We also remark that, even if f’(x) exists everywhere, it may not be 
a continuous function of x. An example is given in Ex. 3 (a), no. 39. 


3.2 The rules of derivation 


The following rules should be familiar to the reader from early work 
in Calculus, but we formulate and prove them here for completeness. 

Let u, v be functions of x which are derivable at x = a. Then 

(1) the sum y = u+v is derivable, and has derivative u' +’; 

(2) the product y = uv is derivable, and has derivative vu'+uv’; 
and 

(3) if v + 0 when x =a, the quotient y = u/v is derivable, and has 
derivative (vu' — uv’)/v*. 
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Proofs. A change dx in x from a to a+ dz causes changes du, dv in 
u, v, and these in turn cause a change dy in y, given by 


(1) dy = (ut du+v+ dv)—(wt+v) = dut dv; 
(2) dy = (ut du) (v+ dv) —w = vdu+udv + dud; 


_utdu u_ vdu—udv 
v+dv v v(v+dv)’ 


where we assume in (3) that the change dz is such that v + dv + 0; by 
continuity of vy and the hypothesis that v + 0 when x = a, this will be 
the case for all dx sufficiently small. 

Divide both sides by dz, and then let dx -> 0. Since w, v are derivable 
at x= a, du/dx > wu’ and dv/dx > v’, and by 3.12 du—> 0 and dv > 0. 
Hence dy/dx tends to a limit, given by 
vu’ — uv’ 


(1) w/+o', (2) ow’ 4+uv’, (3) = 


(4) Function of a function. Suppose y = f(x) and x = ¢(t); then we 
can express y directly in terms of ¢ as y = f((t)) = g(t), say. 

If P(t) ts derivable at t = ty, and if f(x) is derivable at x = x, where 
Ly = (to), then we prove that g(t) is derivable at t = t,) and 


g'(to) = f(a) $' (to). 
Proof. Since x = ¢(t) is derivable at t = t), then as in 3.12 we can 
write 


ox j 
ot a p (to) +4; 


where 7 (depending in general on é, and dt) tends to 0 when dt > 0; so 


dx = {f'(to) + 9} 6. (i) 
Similarly, as y = f(x) is derivable at x = zp, 
dy = tf" (xo) +73} Ox, (il) 


where 7, (in general a function of x, and dz) tends to 0 when dx > 0, 
and hence certainly 7, > 0 when ot > 0, by equation (i).f 
From (i) and (ii), 
Oy = {f' (to) + 913 {D' (to) + 9} ot, 


t 7, is undefined if dz = 0; but (cf. 2.64) we may then define 7, = 0. Equation (ii) 
is now significant even if dx”, given by (i), happens to be zero for some values of ét. 
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80 that a = {f"(ao) + ma} {P' (bo) +93 
> f'(%) O' (to) when dt 0. 


Hence g’(¢,) exists and is f’(2) $’ (to). 


The reader may wonder why we give this elaborate proof instead of the usual 
one in the elementary books, which goes as follows: 
By properties of fractions, by by i bx 
dt da Ot" 
Letting 6t > 0, then also da > 0 (3.12 and 2.61, (i)) and so, using the limit 
theorem about products (2.3, (iii)), we have 
dy _ dy | dx 
dt dx dt’ 


This proof fails if x is a function of t such that dz vanishes infinitely many 
times in the neighbourhood of f), i.e. as 6¢ > 0. For example, 


gage oor (¢ + 0), 


(t= 0) 
is derivable at t = 0, and ¢’(0) = 0; for 
p(t) — $(0) 
t 
However, there is no interval including ¢ = 0 throughout which da + 0; for 


=tsin(1/t)>0 when t>0 (Ex.2(qa), no. 19). 


dx = $(dt)— (0) = (dt)? sins 


vanishes infinitely many times in any interval —T' < ét < T, however small T 
may be. 


(5) Inverse functions. The inverse x = g(y) of a given function 
y = f(x) was defined in 1.51(2). We suppose that f(x) 1s derivable at 
L= Xo, with f'(xo) + 0, and that g(y) 1s continuous at y = Yo, where 
Yo =f (%). Then gly) is derivable at y = e and 


Proof. As in 3.12, 


oY a far) +7 where 97-0 when dx—0. 


Provided that f’(z»)-+7 + 0, this gives 

Ox 1 

by f(a) +9 
As f' (ao) + 0, the proviso will be satisfied for all 7 sufficiently small, 
and this will be the case for all dx sufficiently small. 


(iil) 
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Since x = g(y) is continuous at yy, hence (2.61, (i)) éz—>0 when 
dy -> 0, and consequently 7 > 0 when dy > 0. Letting dy + 0 in (iii), 


oe 
dy f ‘(a)’ 

i.e. g'(Yp) exists and is 1/f’(a). 

3.3 Derivatives of some well-known functions 


3.31 The function x” 


Case 1: m ts a positive integer n. 
We have by summing the geometrical progression that 


ant + arb + amb? +... + 67-1 


= gt-lx if a+b 
is 
a 
an — hn 
a—b * 
Taking b = z,a = x+h, we get 
li = (x+h)"1+(x+h)**2+...+2"-1 (n terms) 


—>arltgn-li..+2%1 when h>0O 
= ng, 
d : geasch 
Hence da (x) = mz". when m is a positive integer. 
Case 2: m is a negative integer —n. 
y=2" =x" = 1/2", and so by the quotient rule and Case 1, 


dy x".0—na" 1.1 242 soeee 


dx A 
= mx, 
Case 3: m is a fraction p]q. 


From y = x? we have y? = x”. Derive this relation wo z, using the 
‘function of a function’ rule on the left-hand side, and Cases 1, 2: 


5 GPMI 
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60 dy = P ap} = P pp-1(opla)—a+1 = P plg-1 
dz qytt 4q 
= mam-l, 


Conclusion. For all rational values of m, 
£ (am) = mse, 


The function zx” has not yet been defined for m irrational; see 
4.41 (6) (d). 


3.32 The circular functions (angles in radians) 
If y = sina, then 
dy = sin (x+h)—sinx = 2cos(x+ $h)sin $h, 


sO OY — 2008 (2+ 4h) 2" + cose x 1 when h->0, 
d 
Hence — Sin * = COS ¥. 
dx 
Similarl ad cos * = —Sin*x 
y dx =. ; 


For y = tan x = sin z/cos2, the quotient rule gives 


dy cosx.cosx—sinxz(—sinx) cos*x+sin?z eax 
da cos? 2 cos? x j 


3.33 The inverse circular functions 
These functions and their graphs were discussed in 1.52 (3), exs. 
(iv)—(vi). 
(1) y =Sin-'z. Since x = siny, 
dx 
mas = 1—2?), 
= cosy = y/(1—at) 
Assuming that we are considering one branch of Sin-1z (say that 


whose values lie in the range n7—47 < y < n7+47) 8o that the 
function is continuous, we have by 3.2 (5) that 
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If we consider only the principal branch y = sin-1z, then cosy > 0, 
and we must choose the positive sign of the square root: 
| 1 
V(1 = +?) 
(2) y = Cos“. Since x = cosy, dx/dy = —siny = +.,/(1—2?), and 
so on any one branch 


£ (sin-! x) = + 


ee 
dx ~ {(1—22)° 
On the principal branch y = cos-!x, siny > 0, and hence we choose 
the negative sign: 1 
ly) = 
ax (cos x) = (i — 5) - 


(3) y= Tanz. From x = tany we have dz/dy = sec?y = 14-22. 
Hence, on any one branch, 


d 1 
—— ly — 
Tan-! x i 3° 


3.4 Implicit functions and functions defined parametrically 


3.41 Derivative of a function defined implicitly 

In all cases we shall assume that the given equation in x and y 
does in fact define y as an implicit function of x (see 1.51(2)) and 
that this function is derivable.t The method of finding dy/dx is 
to derive both sides of the equation wo x, using the rules of 3.2 and 
treating functions of y as ‘functions of the (implicit) function’ y of x. 


Examples 
(i) Ifa*+y" = a", then 
ne 4. nyr a =0 andso —=—-[- aor 
dx xe 


(ii) Ifasinmz + bcosny = c, then 


: dy dy amcosmaz 
am cos ma— bnainny — = 0, 80 de base 


(iii) If 25 + 623y + 2y5 = 0, then 


Sat + 0(y.dat+ 025%) +2.5y4 
xe 


dy 
~=0, 
dx 
dy ——- Bat + 18x%y 
dx 6x3. +. 10y4 * 

t Sufficient conditions can be given for existence and derivability of implicit 
functions. 


and 


. 32 
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3.42 Derivative of a function defined parametrically 


Given two functions x= ¢(t), y= y(t), we may think of the 
elimination of ¢ as leading to a relation F(x, y) = 0 defining y as an 
implicit function of x. Assuming the existence and derivability of the 
functions concerned, we require dy/dx; it can be found directly in 
terms of ¢ without performing the elimination, and it is this form of the 
result which is particularly convenient in geometrical problems, where 
the given equations are the parametric equations of a curve (see 1.61). 

By ‘function of a function’ 


dy _ dy de 
dt dx dt’ 
dy dyfdx y'(t) 
and SO dee ab dt ~ Bt)’ 
Example 


If x = a(@—sin @) and y = a(1— cos 9), find dy/da. 

dy _ a _ asin@ — 2sin}@cos30 

dz d0/d0 a(1—cos@) 2 sin? 40 

= cot 40. 
This result gives the gradient at P of the cycloid (see 1.61, ex.). If Tis the other 
extremity of the diameter along NC (fig. 22), then 
}0 = 4PON = PTN, 

and hence the gradient at P is cot PTN =tanTPK. Therefore PT is the 
tangent at P. Since TPN = | right-angle, PN is the normal at P. 


Exercise 3(a) 
1 Find from first principles the derivative of (i) 1/2; (ii) ./x; (iii) zt; (iv) tan x. 


Write down the derivatives of the following. 

2 (i) (w®— 3); (ii) (a? +2*); (iii) 1/(1—2*)4. 

3 (i) sin"; (ii) sin ma; (iii) sin" ma; (iv) tan" x. 

4 Ifv = ds/dt and f = dv/dt, prove f = vdu/ds = 4d(v*)/ds. 

5 Ife = y?+5y+2, find dy/dzx (i) in terms of y; (ii) in terms of x. 

6 Obtain the quotient rule (3.2 (3)) by applying the product rule to u = vy 
(assuming that y so defined is derivable). 

7 Ifu, v, w are derivable functions of x, prove 
dv dw 


Ley + 
dx dx de : 


8 If y=f(x), « = A(t), t = F(u) are derivable functions, express the deri- 
vative of y wo u as a function of wu. 


ad 
aa, Cee) = vw 
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9 Deduce the derivative of cosx from that of sinx by using the relation 
cos 2 = sin (x + 477) and ‘function of a function’. 


10 Calculate d(sinx)/dx by writing dy in the form 
dy = cos x sinh —sin «(1 —cosh) 


and using lim "* = 1, lim ~— C08" 
Treat cos x similarly. 
11 The following incorrect ‘proof’ that d(sin x)/dz = cos x is sometimes given 
by students: 
‘We have sin(x+h) = sinz cosh+cosz sinh, and we know ‘that when 
h > 0, cosh > 1 and sinh > h; hence sin (x+h) > sinz +hcosz, so 


sin(x-+h)—sina >hcosx and {sin(x2+h)—sinx}/h > cose.’ 


Criticise this argument. 


Verify the following (a being in radians unless otherwise stated). 


12 © seca = tan x sec x. 13 © cose = —cotz cosec x. 
14 tis = —cosec? x. 

dx 
15 Ms = 2 cout, x being in degrees. 

dx 180 


16 Deduce the result of 3.33 (2) from the relation cos“14+sin—!2 = 47. 


Write down the derivatives of 
17 sin-1(5z). 18 ten-(; =). [Put « = tan 30.) 
19 «sine +./(1—2%). 20 sin-1 if (i) a > 0; (ii) a <0. 


21 cost = if (i) a > 0; (ii) a < 0. 22 tant, 
By using the relations 
1 1 
sec—ly = cos(2) » cosecz = sin+() , cot-2 = I7—tan-'z, 


or otherwise, prove that 


d 1 

—gee—y = +——___—_ ; 
23 sec! x "aah = 1) (x > 1) 

d 1 

ean My eee ; 
24 Fp CORO 2 a1) (a > 1) 


a 1 
— —1 =e. 
25 Ft 2 1+2? 
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26 If u, v are derivable functions of x, prove 


Find dy/dx from each of the following equations. 
x? y? v + y t ; ; 
30 If y is a function of x, write down in terms of 2, y, y’ the derivative of 
x*y® wo x. 


Find dy/dzx in terms of the parameter from the following pairs of equations. 


31 w= ct, y =cft. 32 x«=acos¢, y = bsing. 
3at Sat? 
sites eal 


34 Find the equation of the tangent at the point (aé?, 2at) on the curve 
y? = 4axz, and interpret ¢ geometrically. Also give the equation of the normal. 


35 Find the equation of the tangent to the curve x = acos‘0, y = asin'@ 
at the point 0. Prove that the sum of its intercepts on Oz, Oy is always a. 


*36 Prove the result of 3.31, Case 1, by using the binomial expansion of (x +h)". 
*37 Prove that lim (a"—b™)/(a—b) = ma™-} for all rational values of m. 
ba 


[If m = p/q, put a = 2%, b = y@: 
xP —y? pxPr-t 


limit = lim = —— 
ye vty" gaue—t 


If m = —s8, then 
corte: Pf bs — at = sqs-1 = 
limit = tim =F * [a—2) = aw ee | 
*38 If f(x) = xtan—1(1/x) (a + 0), f(0) = 0, prove that f(x) is continuous at 


x = 0. Also prove that {f(h) —f(0)}/A tends to +47 when h > 0+, and to — 437 
when h - 0—, so that f’(~) does not exist at x = 0. 


*39 If f(x) = x sin (1/x) (x + 0), f(0) = 0, show that 
f(a) = 2asin(1/xz)—cos(1/x) (27 +0) and f(0)=0. 


Also show that f’(x) is not continuous at x = 0 because cos (1/x) oscillates when 
x->0. 


3.5 Derivatives of second and higher orders 


3.51 Notation 


The derivative of a derivable function y = f(x) will in general also 
be a derivable function, and will possess a derivative which is denoted 


by d?y d2 ; ; 
dx2’ daze’ D*y, D2y, D*f (x), f (x), Yy , 


and is called the second derivative of y wo x. 
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Similarly d*y/dz? may possess a derivative. In general, the result of 
n repeated derivations of y = f(x) wo x is denoted by 


ay een) n) Dn 
an’ fz), y™, Dry, etc. 


When ¢ is the independent variable (as is frequently the case in 
mechanics), the first few derivatives wo ¢ are written 


Y, Y Ys wos 
but this notation beyond third order becomes clumsy. 


3.52 Implications of the existence of f(a), n>1 

If d"y/da” exists at x = a, then d*—1y/dxz"—1 must exist at and near 
x =a, and is continuous at x =a; for the function d*—1y/dz"— is 
derivable at x = a (which implies its existence near a also), and it is 
continuous at x = a by 3.12. It follows in turn that the lower deri- 
vatives d"—*y/da"—2, ..., dy/dx and the function y itself all exist and 
are continuous at and near x = a. 


3.53 Examples 


1 d’y 2dy 
(i) Ify =~ (acoske +bsinke), prove i +— 7 + ky = 0. 


In cases like this it is easier to work with products than with quotients; we 
therefore begin by writing the given equation as 


xy = acoskz + bsin ka, 
and derive both sides wo x: 


d 
ytaS = —aksin ke +bk cos ke. 


Derive again wo x: 


dy (dy dy a 2 gi 
Z+( +23) = —ak*cos kx — bk* sin ka, 
; d*y dy 
i.e. eC ae = — k*xy, 


from which the result follows. 

This result, which is a relation between x, y, dy/dx, d*y/dz*, is called a differ- 
ential equation. As it does not contain the constants a, b, it could be regarded as 
the result of eliminating these constants from the given equation by use of the 
derivatives of y. The converse problem (of finding the function y in terms of x 
when the differential equation is given) is more difficult; some manageable 
cases are discussed in Ch. 5. 
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(ii) If x = acost, y = bsint, find d*y/dz? in terme of t. 
dy dy /dx _3bsin?tcost _—ib 


—_—____———- = — ~ tani. 
dx dt/ dt  —3acos%tsint a 


@y d dy\ _ d (dy\\ [dx 
dx* da \dx dt \dx)}|/ dt 
b : b 
= | —-sec*?} / (— 3acos?¢ sin t) = — sect cosect. 
a 3a? 


(iii) Calculate d*y/dx? if y is defined implicitly by the equation 


x? + 3ary+y? = a’. 
Derive both sides wo x: 
dy 2 YY 
2 
3x +3a(y+eo! 4 + 3y?— ie = 0, 


dy 
i.e. x? +ay+(ax+y?) 7 0. (a) 


Derive both sides of (a) wo x: 


dy dy dy ‘. 
seat +22) (ary = 0, 
d d 
— (a+) = = 2a + 2a" + 2y (2) 


2 2 2 
z 22-02 rt +u(- 4 


ax + y? ax + y? 
by using (a). After some calculation, this reduces to 
9 xy? js akay + xty + 3ax?y* 
(ax +y")? 
y® + 8axy+x°—a? 
(ax +y?)? 

=0 from the given equation. 

Cs 

da* 

The result is explained thus: the given equation can be written 
(v+y—a)(z*+y?4+a*—xy+ax+ay) = 
and the second bracket is 
| H(w—y)?+ (@+a)?+(y+ay}, 


which is positive for all values of x, y except « = y = —a, when the expression 
is zero. Hence either x = y = —a, or x+y—a = 0. The ‘curve’ consists of the 
isolated point (—a, —a) and the straight line x+y =a. It is now clear why 
d*y/dz? = 


Hence 


(iv) Derivatives of the inverse function. If y = f(x) has derivatives, and there 
is an inverse function x = g(y) which also has derivatives, express 
dy dx i, dy d*y dy 


o* 6& in terms of 
dy?’ dys dx? dat? dat” 
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We have by 3.2(5) that a ( is) a 


de = d {{dy\-! a) \x da 
vee soa ay (ae) | alae) Gp 
= dy 2 d?y . dy -1 
7 -@ dx? \da}. 


_ _ ay | (dy\* 
dat} \dx} ° 


’ da d {d*y /dy\-* 
: fs ONG _ a faty (ay 
Sinularly, dy* dy (= (2) 
d (d?y (dy\-* Ss dx 
dx \da? \dx dy 


--(@)S-) @)) Ey 
=p) -B3)/(2)- 
Exercise 3(b) 
Calculate d*y/dz* for the following functions y. 


x—l1 2 x 3 x 
t+ 4" (2 +1)(2—2)° V(1—2?)" 
4 cos? sina. = ome (a + 0). 6 cos(msin—z). 


7 Ify = acosmx+bsin ma, find d*y/da? in terms of y. 
8 Ify = z/,/(a?—2*), prove that 


d®y dy 
2_ 92) 4% — Bn 
Ey ea ae 
9 Ify = tan—z, prove that 
d 
q +04) 54 + 20 0. 


10 Ify = tana, prove that y’ = 1+y?. Derive this equation twice wo z, and 
hence obtain the values of y’, y”, y” when x = 0. 


Write down expressions for the first five derivatives of the following functions, and 
by inspection try to write down a formula for the nth derivative. 
11 2x™ for (i) m a positive integer; (ii) m not a positive integer; (iii) m = —1. 
12 sinz. 13 cos. 14 (ax+b)™. 15 sin(ax+b). 
*16 Prove that the nth derivative of 1/(1—«?) is 
H(n!) ((1—2)-*-1 + (—1)*(1 4a)-*3}. 


17 Ifu, v are functions of x, obtain d*(uv)/dz?, d°(uv)/dx? in terms of u, v and 
their derivatives (supposed to exist). Can you write down d4(wv)/dxt without 
further calculation? 
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Find dy/da and d*y/dx* when y is defined implicitly by 
18 y? = 4az. 19 2+y? = 3azy. *20 a5 +y5 = 5ax%y?, 


Find dy/dx and d*y/dx* in terms of the parameter from the following pairs of 
equations. 


21 x= at®, y = 2at. 22 «= acos¢, y = bsing. 


23 x = a(cos6+96sin 6), y = b(sind —Ocos 8). 24 x«=2(t), y = y(t). 
25 Ify = sinné and x = sin 0, find dy/dxz and d*y/dz?, and prove that 
dy __dy 
ay = 0. 
(l-z a8 ea tnty 0 


*26 Writing t, a, 6 for y’, y”/2!, y”/3! and 7, a, B for dx/dy, (1/2!) d*x/dy?, 
(1/3!) d8a/dy®, express bt — a? in terms of 7, a, f. 

Some easy work on partial derivatives of first and second orders 
could now be done, e.g. 9.11—9.24 (1), and Ex. 9 (a), nos. 1-4, 6, 7, 10, 
12-15. 


3.6 Increasing and decreasing functions; maxima and minima 


3.61 Function increasing or decreasing at a point 


If f(x) is defined at and near x = a, and if f(x) < f(a) for all values 
of x just less than a, while f(x) > f(a) for all values of x just greater 
than a, then we say that f(x) is increasing at x = a. A similar definition 
can be stated for ‘f(z) is decreasing at 2 = a’. 

If f' (x) exists when x = aand f'(a) > 0, then f(x) is increasing at x = a. 


Proof. We have = 
LDL) «rae, 


where 7 - 0 when h > 0. Hence for all A sufficiently small (positive 
or negative), f’(a) +7 will have the same sign as f(a), i.e. it will be 
positive; and so f(a+h)—f(a) will have the same sign as h. Thus, if 
h < 0 then f(a+h) < f(a); and if h > 0, f(a+h) > f(a). Therefore f(x) 
is increasing at x7 = a. 

Similarly, if f’(a) < 0, then f(x) is decreasing at x =a. 

The converses may be false; e.g. f(x) = x is increasing at x = 0 
according to the above definition, yet f’(0) = 0. 


3.62 Definition of ‘maximum’, ‘minimum?’ 

(a) f(z) has a maximum value at x = a if f(a) is the largest value of 
f(x) in the neighbourhood of a; i.e. if for some sufficiently small positive 
number 7 we have 

f(a) > f(z) for all x for which 0 < |x-a| < 9. 
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(b) f(z) has a minimum value at x = a if f(a) is the smallest value of 
f(x) in the neighbourhood of a; i.e. if 


f(a) < f(z) for all x for which 0 < |x—a| <7. 


(c) If = a gives a maximum or minimum value of f(x), then a is 
called a turning point or extremum of f(x), and f(a) is called a turning 
value. 


Remarks 

(x) Although in definition (c) we used ‘point’ for ‘value of x’, we 
are not implying any dependence on graphical illustration; but the 
language is convenient and suggestive. 

(8) Since the terms ‘maximum’, ‘minimum’ refer to a neighbour- 
hood of a ‘point’ x = a, a ‘maximum value’ is not necessarily the same 
as the greatest value of the function, because the latter is relative to 
the values of the function over the whole range of x for which it is 
defined. A function may have several different maxima, and may or 
may not possess a ‘greatest value’. There is a similar distinction 
between ‘minimum value’ and ‘least value’. Further, it is no contra- 
diction that a function may have a maximum value which is less than 
a minimum value; e.g. see 3.66, ex. (i). 

(y) If f(x) is defined only for a < x < b, then the end-points x = a, 
a2 =b of this interval are excluded from the title ‘maximum’ or 
‘minimum’ because they have no ‘neighbourhood’. They may of 
course correspond to greatest or least values of the function. 


The above definitions and remarks are given and illustrated graphic- 
ally in most elementary courses on Calculus, and the following results 
obtained from graphical considerations. 

(A) We find possible turning points x by solving f’(x) = 0. 

(B) We test each root x = a (to see whether it actually gives a 
turning point, and also to distinguish between maxima and minima) 

either by considering the sign of f’(”) as 2 increases through a, 

or _ by finding the sign of f”(a). 

It is our purpose in 3.63-3.65 to establish these results directly 
from the definitions (a), (b) above, independently of graphical con- 
siderations. For subsequent illustration we observe that, according 
to these definitions, 

(i) a and z# have a minimum at x = 0; 
(ii) 23 has neither maximum nor minimum at x = 0. 
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For in each case f(0) = 0; in (i), f(x) > 0 for x + 0, but in (ii) we have 
f(x) < 0 for x < 0 and f(x) > 0 for x > 0. The reader should confirm 
this graphically. 


3.63 If f(x) is derivable at a maximum or minimum, then f'(x) = 0 there. 

In the proof of this theorem (and later in 6.21) we require the 
following 

Lemma. If ¢(x) > 0 for all x just greater than a, and if ¢(x) approaches 
a number | when x > a+, thenl > 0. 

For if 1 < 0, then since ¢(x) can be made as close to | as we please 
for all x sufficiently near to (and greater than) a, there would be such 
values of x for which ¢(x) would be negative, contradicting that 
(x) > 0. 

The necessity for allowing / = 0 is illustrated by the case 


@(z) = (x—1)! when xw>1+. 
There are similar results when ¢(x) < 0 and x—->a+ orz—>a-. 


Proof of the theorem 
Suppose x =a gives a minimum of f(x). Then f(x)—f(a) > 0 for 
all x sufficiently near a. Hence 
f@)-F@) , 9 when x>a. 
x—a 
From the hypothesis, this fraction has the limit f’(a) when x >a 
in any manner (see equation (ii) of 3.11). Hence in particular it will 
approach the value f’(a) when x>a+, and so by the Lemma, 
f(a) 2 9. 
Similarly, since 
fe)- fl) <0 when 2x<a, 
x—a 
we may let x ->a-— and conclude that f’(a) < 0. Combining the two 
conclusions, we have f’(a) = 0. 
A similar proof and result holds if x = a gives a maximum. 


Remarks 

(a) The converse of this theorem may be false: a root of f’(z) = 0 may 
not give either a maximum or a minimum. For example, if f(x) = 2°, 
then f’(z) = 0 when x = 0, but x = 0 is not a turning point. 

(8) Not all maxima or minima may be given by f’(x) = 0: they may 
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occur where f(x) is not derivable. For example, if f(x) = a, then f’(0) 
does not exist (3.12, ex. (i)); yet x = 0 gives a minimum. 

(vy) In view of (a), (2) we may say that maxima and minima are to 
be sought among the values of x for which f' (x) is zero or non-eastent. 

A root of f’(x) = 0 is called a stationary point of f(x). 


3.64 ‘Change of sign’ test 

If (i) f'(x) exists at and near x = a, and f'(a) = 0, 

(ii) f’(x) < 0 for all x less than and sufficiently near to a, while 
f' (x) > 0 for all x greater than and sufficiently near to a, 
then x = ais a minimum point of f(x). 

Proof. Hypothesis (i) implies that f(x) is continuous at and near z = a 
(see 3.52). Since by (ii) f’(z,) < 0 for any 2, less than and sufficiently 
near a, hence by 3.61 f(x) is decreasing at 7, i.e. f(x) > f(a). Since 
f'(x,) > 0 for any x, greater than and sufficiently near a, f(x) is 
increasing at 2», i.e. f(x) > f(a). 

Thus in a sufficiently small neighbourhood of a, f(a) is the smallest 
value of f(x); i.e. x = a gives a minimum of f(z). 

CoroLuaRY 1. Replacing condition (ii) by 

(ii)’ f’(x) > 0 for all x less than and sufficiently near to a, and 

f'(x) < 9 for all x greater than and sufficiently near to a, 
we could prove that x = a gives a maximum of f(z). . 

CoroLuaRy 2. If f'(x) does not change sign as x increases through a, 
then x = ais not a turning point. 

For if f’(z) > 0 on both sides of a, then in some neighbourhood of 
a we have f(x) < f(a) for x < a and f(x) > f(a) for x > a; i.e. in this 
neighbourhood these are some values of f(x) greater and some less 
than f(a). The definitions (a), (6) in 3.62 are not satisfied. Similar 
remarks hold if f’(x) < 0 on both sides of a. 

An example is f(z) = 23: f’(x) = 32? > 0 on both sides of x = 0, 
which is therefore not a turning point. 


3.65 ‘Second derivative’ test 
If (i) f'(x) 18 continuous at x = a, 
(ii) f(a) =0, 
(iii) f”(a) extsts and is not zero, 
then x =a gives a minimum of f(x) if f’(a) > 0, and a maximum if 
f’(@ < 9. 
Proof. If f’(a) > 0, then by 3.61 applied to the function f’(x) we 
see that f’(z) is increasing at 2 =a. Since f’(a) = 0, f’(x) increases 
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through the value zero: in the neighbourhood of a we have f"’(x) < 0 
for x <a and f'(x) > 0 for x >a. Hence by 3.64, x =a gives a 
minimum. . 

If f’(a) < 0, then f’(z) is decreasing through the value zero as x 
increases through a, i.e. it changes from positive to negative. By 3.64, 
Corollary 1, x = a gives a maximum. 

Remark. If f"(a) = 0, the test is indecisive, for x = a may give a 
maximum, a minimum, or neither. For example, f’(0) = 0 for both 
a and 23; but x = 0 gives a minimum of z+, and is not a turning point 
of 3. When this happens we must revert to the more fundamental 
test by ‘change of sign’ (3.64). 


3.66 Examples 
(i) f(z) = ced 
1 


fe) = 1-5 and f(x) =90 when w=+1. 


Fig. 38 


As f”(x) is easily found, we can test these stationary points by using 3.65. 
We have 


2 
f(z) = 7° and so f"(1)>0, f*(—1) <9. 
Hence x = 1 gives a minimum value of f(x), viz. f(1) = 2; and x = —1 givesa 


minimum, viz. f(—1) = —2. 
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The maximum is thus less than the minimum value. Further, f(x) has no 
greatest value because it can be made as large as we please by taking x sufficiently 
large, or sufficiently small, and positive; similarly f(z) has no least value. 
Cf. Ex. 1(a), no. 11. 


- 13a? — 8a + 5 
(i) f(@) = Fa ént3° 
It can be verified that 


yo _ — 28(8% — 2) (2% +1) 
I) = —~ eet én $3)” 


except when 5z?— 16z+3 = 0, i.e. when x = tor 3. For these values the function 
itself is not defined. We have f’(x) = 0 when x = § or — 4. 

For testing these stationary points the ‘change of sign’ method of 3.64 is 
obviously better, owing to the evident complexity of the expression for f”(z). 
Since the denominator of f’(z) is positive for all x except 4 or 3, we need con- 
sider only the change of sign of the numerator. 


y ! | 

| 

| | 

| | 

| | 

2e| / | | 
ee ee Saati tei Sh ala a ea a 

| | 

Alen | 

* 1 l | 
yo it 3 13 z 

-1 | 

| | 

| | 

| | 

! | 

| | 

Fig. 39 


When = increases through %, f’(z) changes from positive to negative, so that 


x2 = % gives a maximum value, viz. f(#) = —1. When = increases through — 4, 
f’(z) changes from negative to positive;  =—4 gives a minimum value 
f(-4) = 1. 


Again the maximum is less than the minimum; and the function has no 
greatest or least value, because it can be made as numerically large as we please 
by taking x sufficiently close to } or 3. 

This function could also be discussed by an algebraic treatment as in 1.41, 
ex. (iv). Its graph, sketched by the methods of 1.41, is shown (not to scale) 
in fig. 39. 
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3.7 Points of inflexion of a curve 


3.71 Definition and determination 


A point of inflexion of f(x) is a point where f’(x) exists and has a 
turning value. 

Geometrically, a point of inflexion of the curve y = f(x) is one at 
which there is a tangent which has maximum or minimum gradient. 

Applying 3.64 to the function f’(x), we get the following theorem. 

If (i) f(x) exists at and near x = a, and f"(a) = 0, 

(ii) f”(x) changes sign as x increases through a, 

then x = ais a point of inflexion of f(z). 

For, under these conditions, f’(a) is a turning value of f’(z). 


Remarks 

(a) The change of sign of f"(x) 1s essential: roots of f’(x) = 0 may 
not always give points of inflexion of f(x). For example, if f(x) = z*, 
then f"(z) = 12a? is zero when x= 0, but 
z=0 gives a minimum. If f(z) = 2, then 
f’(x) = 482% is zero when x = 0, but does not 
exist when x < 0; thus x = 0 cannot be a point 
of inflexion: it is a cusp in this example. 

(8) The gradient at a point of inflexion can 
have any value, for f’(a) is not mentioned in 
the above theorem: it is either a maximum or 
@ minimum value of f’(x). If it happens that 
f'(a) = 0, then x =a is a point of stationary 
inflexion. 


yak 


Fig. 40 


Examples 


(i) Find the points of inflexion of f(x) = 6x* — 254 +9. 
We find that f*(~) = 60x?(3x?— 5). Hence f’(~) = 0 when x = O or +8. 
Since f”(x) does not change sign as x increases through zero, x = 0 is not a 
point of inflexion. (It is in fact a minimum, by using 3.64.) 
J”’(x) changes from negative to positive as x increases through ./§, and from 
positive to negative as x increases through —,/§. Each therefore gives a point 
of inflexion. 


(ii) If f"(x) ts continuous, an inflexion occurs between consecutive maxima 
and minima. 

For at a maximum z,, f’(x,) < 0; and at a minimum 2,, f’(z,) > 0. By the 
continuity of f”’(z), it must be zero for at least one point x, between z, and x, 
(2.65), and changes sign as 2 increases through x. Hence 2, is a point of inflexion. 
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3.72 Summary 


The points of a continuous curve y = f(x) can be classified as 
follows. 


Pas points 


i toe of greatest 
f(z) does or least value (3.62, 


not exist are 
Remark (y)) ee 
(from + to —) 
turning points 
(if f’(z) changes sign) 
Points of f(x) = 


a) ae minima 
where points) are (from — to +) 
stationary inflexions| (if turning 
general inflexions points of f’(x)) 
f(x) +0 
(points of 
increase or 
decrease) are 


ordinary points 


3.8 A theorem suggested geometrically 


3.81 The mean value theorem 


Given a continuous curve AB, at every point of which there is a 
tangent (cf. 2.15), fig. 41 suggests that there is a point P on the curve 
between A and B at which the tangent is parallel to the chord AB 
(even if AB is itself tangential to the curve at A or B or both). There 
may be several such points P (fig. 42). If the curve is not continuous 
the result may clearly be false; e.g. fig. 43 shows the graph of y = — 1/x 
for which every tangent has positive gradient but the gradient of 
AB is negative. 

Let y = f(x) be the equation of the curve, and let A, B, P corre- 
spond to x = a, b, £. Then we are supposing that f(x) is continuous for 
a<a< 6b, and that f’(x) exists for a < x < b. The property can then 
be expressed as follows. 

If f(x) 18 continuous for a <x <b and if f'(x) exists for a < x < b, 
then there is at least one number ¢ sich that 


FOLO _ 1) (a <é <0), 


6 GPMI 
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This result (the first mean value theorem) will be established without 
appeal to a figure in Ch. 6. Meanwhile we assume it, and use it to 
make the following important deductions. 


ty 


! 
| 
| 
| 
| 
| 
| 
b 


Fig. 42 Fig. 43 


3.82 If f(x) is continuous for a<x<b and f'(x)=0 for all x in 
a<a<b, then f(x) is constant fora <x <b. 

Let 2, 2, be any two numbers such that a < 2, < x, < b. Then by 
3.81 applied to the interval x, < x < 4%, 


f(%2)—-f(@) _ pv 
ek 

for some number & between x, and 22, i.e. between a and 6. Since 
f'(€) = 0, this shows that f(x.) —f(2,) = 0, so that f(x) takes the same 
value for any pair of numbers x, + #, satisfying a < x < b; ie. f(z) 
is constant fora <x <b. 

This theorem is the converse of 3.11, ex. (i). 

The hypothesis that f’(x) is zero for a < x < b implies (3.12) that f(x) is 


continuous for a < x < b. If we do not include continuity at s = a and x= b, 
the theorem may be false. For example, if 


f(@z)=1 (0<2<1}), f(0)=0=f(1), 
then f’(x) = 0 for 0 < x < 1(3.11, ex. (i), but f(x) is not constant for0<x<l. 
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Corottary. If f(x) and g(x) are continuous for a<u<b and 
f'(x) = 9'(x) for a < x <b, then f(x)— g(x) ts constant fora <x <b. 

This is proved by applying the theorem to ¢(x) = f(x)—g(x). The 
result, which can be worded ‘if two continuous functions have the 
same derivative then they differ by a constant’, is basic for integra- 
tion (4.11). 


3.83 Function increasing or decreasing throughout an interval 


Definitions. (a) The function f(x) is increasing in the interval 
a<«a< bif, for any numbers z,, x, such thata < x, < x, < b, we have 
f (x1) < f(x_). (6) If we have f(2,) > f(a), then f(x) is decreasing in the 
interval a < x <b. (c) In either case f(x) is said to be monotonic in 
a<«x<b (cf. 2.77). 

The definition (a) should be compared with that of ‘function increasing at 
a point’ in 3.61. The fact that f(z) is increasing at the point x, does not neces- 
sarily imply that f(x) is increasing throughout some interval containing zy: for 
details and an example the reader may consult Hardy, Pure Mathematics 
(7th-10th ed.), foot of p. 233, and p. 236, penultimate paragraph. 

Further, if f(z) is known to be increasing at each point of a < x < b, one may 
be tempted to conclude that f(x) is increasing in the interval a < x < b. Although 
this is true, it is not obvious from the definitions (loc. cit., p. 208, ex. 19). We 
now give a proof of this property, assuming that f’(z) exists in a < x < b. The 
converse property is of course always true. 


If (i) f(x) ts continuous fora < x < b, 
(ii) f’(x) > 0 throughout a <x < b, 
then f(x) 1s increasing fora <x < b. 
Proof. If a <x, <2, <b, then by 3.81 applied to the interval 


i seed F(®2) —F(%1) = (%2- ay) f'(E)  (% < § < a). 


Since z,—x, > 0, and f’(g) > 0 by hypothesis (ii), hence f(z_) > f(x,). 
The result follows. 

CoroLuaRy 1. Replacing condition (ii) by 

(ii)’ f’(v) < 0 throughout a <x <b, 
we can prove that f(x) decreases fora <x <b. 

CoroLuary 2. If f’(x) > 0 fora < x < b and f(a) > 0, then f(x) > 0 
fora<x<b. 

For if a < x < b, then f(x) > f(a) 2 0. 

CorotiaRy 3. Replacing condition (ii) by 

(ii)” f’(z) > 0 fora <x < b except when x = k (where f’(x) may be undefined, 
or zero, or negative), then f(x) 7s still increasing fora<a <b. 


For the conditions of the theorem are satisfied by /(2) in each of the intervals 
a<x<k,k<ua< b(sincef’(zx) is required to exist only fora<x<k,k <2 <b). 


6-2 
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Hence f(x) increases for a < x < kand fork < x < band therefore fora < x < b. 
For example, f(x) = 2° is increasing for all x, although f’(0) = 0. 

The result can be extended to allow any finite number of points k where 
J’(x) is not positive. 


Examples 


(i) If f(x) = x/sinx (x + 0), f(0) = 0, prove that f(x) increases for 0 < x < 4m. 
Deduce that sinx > 2a/n for 0 < x < 4n, with equality only when x = 0 or 42. 
f(x) is continuous, and if x + 0, 
_ singy—xcosx cosa(tanz—z) 


f(x) = 


If 0 < x < 37, then cosx > 0 and tanz > z (cf. 2.12, inequality (iii)), so that 
f(x) > 0. Hence f(z) is increasing for 0 < x < 3a. 

It follows that, if 0 < x < 37, then f(x) < f(47), i.e. x/sinx < $7, and con- 
sequently sin x > 2x/m7. When x = 0 or when x = 37, the two sides are equal. 

If 0< «ax < 47, we now have 2x/n < sinx < x (cf. 2.12, inequality (iii)). Also 
see Ex. 3(c), no. 19. 


sin? x sin? x 


(ii) If a, b are positive constants and f(x) = a+b+a—3(abz)* for x > 0, prove 
that the least value of f(x) 1s a+b—2./(ab), and deduce that for c > 0, 
a+b+c—3(abc)t > a+b—2,/(ab) 


with equality only when c = (ab). 

If «>0, f’(x) = 1—(ab)tx-#. Hence f(x) 2 0 according as x 2 ,/(ab). 
Hence for 0 < x < ,/(ab), f(x) is decreasing; and for all x > ,/(ab), f(x) is in- 
creasing. The minimum at x = ,/(ab) is therefore the least value of the function 
for x > 0, and f(x) > f(,/(ab)) for « > 0 unless x = ,/(ab); i.e. 


a+b+a—3(abx)t > a+b+,/(ab) — 3{(ab) 8} 
= a+b—2,(ab). 


Since a+b—2,/(ab) > 0 unless a = 6 (1.22(1)), we have a+6b+c > 3(abc)t 
unless a = 6 = c. The example can be generalised to give a proof of the theorem 
of the means (1.22 (2)). 


Exercise 3(c) 


Find the stationary points of the following functions, and distinguish between 
them. Also find any other points of inflexion in nos. 1-3, 6. 


1 203+ 3n?— 122+ 7. 2 2° + 523. 
3 9x (2—1)(x— 3) 
(2 — 1)? 5a +4 


5 acosx+bsin zx (verify the results trigonometrically). 

6 acos*x+bsin?x,b>a> 0. 7 2cosx+sin 2a. 

8 Show that (#+5)?(a23—10) has a minimum when x = 1. Find its other 
turning points and its points of inflexion. 

9 f(x) is defined by f(x) = 2a(a—1) if x > 1, f(x) = (x—1) (a — 2) (x— 3) if 
x > 1. Verify that f(x) and f’(x) are continuous for all values of x, and find the 
turning points and inflexions of f(z). 
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10 It is sometimes asserted that ‘between two consecutive maxima of a 
continuous function occurs a minimum’. Show that this may not be true by 
considering the function f(x) in the interval — 37 < x < 37, where f(x) = cosx 
(e>7,x2<—-7), f(x) =1(-T7<2x<7). 

11 If f(@) = 4cos?0—3cos0, we may put z=cos@ and consider instead 
(a) = 4x3 — 3x. Verify that 4(z) has just two turning points, x = + 4; but that 
(9) = cos 36 has infinitely many turning points, given by @ = 4nz for all in- 
tegers n. Explain this apparent contradiction. 

12 Show that the stationary points on the curve z°+ y? = 3zy satisfy 2? = y. 
Hence show that they are x = 0, #2. 

13 Post Office regulations require that the length plus girth of a parcel shall 
not exceed 6ft. Find the maximum volume if the cross-section is (i) rectangular ; 
(ii) circular. 

14 AB, CD are cables of equal length. The strain which any section of AB 
can stand varies as the cube of its distance from B, and the strain that any 
section of CD can stand varies as the cube of its distance from D. The strain 
that can be carried at A is four times that at C. The cables are now woven 
together so that D coincides with A, and C with B. How far from B is the 
weakest point of the composite cable? 

15 Aconical tent has a given volume. Find the ratio of height to diameter of 
base for the area of canvas to be a minimum. 

*16 Show that y = (x?— 27+ 4)/(z?+2”%+4) has three points of inflexion, 
which lie on the line + 3y = 5. [y—1 = —4f(x), where f(x) = 2/(xz?+ 2a+4). 
The condition f”(2) = 0 is found to be 2? — 12¢—8 = 0, i.e. 


(x — 2) (w?+ 247+ 4)—127 = 0. 
The coordinates of the points of inflexion therefore satisfy 
x—2 = 12f(x) = —3(y—1).] 
17 If f(x) = cosx—1+ 42", prove that f’(x) > 0 when x >0. Deduce that 
for all x + 0, cosa” > 1—4a?. What happens when x = 0? 
18 Using no. 17, show that sinz > x—42° when x > 0. 


*19 Extend the result of 3.83, ex. (i) to theinterval 47 < 2 <7. [Puty = 7—2.] 
Hence prove that Qa — 20) 
sing >———— for 0<2<7. 
Tr? 

20 Prove that the greatest value of x*y, where x and y are positive and 
x+y = 1, is 27.33/55. (Cf. method of 1.22, ex. (ii).) 

21 If f(x) = a*—1-—r(x%—1) andr > 1, prove that for x > 0 the least value of 
J (x) is 0 and occurs when x = 1. Show that this is also true when r < 0. When 
x>0,x«+1,andr> 1orr < 0, deduce the inequality z*—1 > r(”a—1). Prove 
a corresponding result when 0 <r < 1. 


3.9 Small changes. Differentials 


3.91 Small changes 
If y = f(x) is derivable at x = a, then as in 3.12, 


= = f’(a) +, 


86 THE DERIVATIVE. APPLICATIONS [3.91 


where 7 - 0 when h > 0. For small values of h we therefore have the 


approximation 

fer 99) « 710), a) 
i.e. f(ath)—f(a) = hf'(a), (ii) 
or (less precisely) dy = 1 ay, (iii) 


The approximation in (i)-(iii) is in general correct ‘to first order 
inh’. For y is small when his small, and so hy is small compared with h; 
but hy may not be small compared with any power of h higher than 
the first: see Ex. 3 (d), no. 7. 

Referring to fig. 36 of 3.11, PR = dz, QR = dy and tany = dy/dz. 
By (iii), dy + PRtany = RT. The approximation is therefore equi- 
valent to replacing the step RQ to the curve by the step RT to the 
tangent; QT represents the error: cf. 6.42, Remark (f). 

Result (i) should be compared with that of 3.81 when b = a+A, viz. 

Ret M=IO) _ 51 (a<£<a+h). (iv) 

(a) The latter is exact, although the number £ is known only to lie 
somewhere between a and a+h. 

(b) The approximation (i) assumes only that f(x) is derivable at 
x = a, while (iv) requires f(x) to be derivable for a < x < ath. 


Examples 
(i) Calculate f(z) = 3z?—7x+8 approximately when x = 2-015. 
J ’(x) = 6—7, and f(2) = 6, f’(2) = 5. Hence by (ii) above, 
f (2-015) + f(2) +0-015 x 5 = 640-075 = 6-075. 
(ii) Calculate 4126 approximately. 
Take f(x) =e, a= 125, h=1. Then f’(x) = fot, (125) =5, and 
f'(125) = #- Hence f(126) = 5+ Hy = 5-013. 
(iii) The area S of a triangle is calculated from the formula S = fbcsin A. Find 


the approximate error in S owing to (a) a small error 6A in A (measured in radians) ; 
(b) a small error 6b in b. 
dS 
(a) 6S = qA 6A = $bccos AOA. 


(b) dS = poss = fesin A db. 
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(iv) In ex. (iii) suppose there were simultaneous errors 6b, dc, 5A in b, c, A. The 
error in S is then, from first principles, 
OS = $(6+06b) (c+6c) sin (A +6A)—}$bcsin A 
= 4(bdc+cdb) sin A + 4bccos ASA 
if we expand the brackets, use the approximations sindA = 6A and cosdA = 1, 
and neglect all products of the expressions 0b, dc, dA. 
The result shows that dS is approximately what is obtained by adding to- 


gether the approximate errors in S which would have been caused if the errors 
6b, dc, 5A had occurred separately. We return to this matter in 9.33. 


Exercise 3(d) 


1 Calculate tan 45°16’ approximately. [Use d(tanx)/da = z$y57 sec* x, x in 
degrees. | 


2 Give the approximate error in the volume of a sphere when calculated 
from the formula V = 47°, if the radius is in error by ér. 

3 Taking f(x) = 2, obtain the approximation (x+h)™ = a2™+ma™—1h for 
small h. . 

4 If @ is a small angle in radians, prove tan («+0) = tana +@sec?a. 

5 If pv = RT where R is constant, find the approximate error in v due to 
(i) a small error dp in p only; (ii) small errors dp, dT in both p and T. 

6 If y = w/w, prove by bendy bo 


yous eS 
[Consider wy = uv.] 

‘*7 Find the function 7 in 3.91 when f(z) is (i) x*; (ii) x; (iii) 1/x. Verify that 
n/h tends to a limit when h > 0, but that in general 4/h™ does not when m is 
a constant greater than 1; state the exceptional case in (ii). 


3.92 Differentials 
(1) The symbol dy/dx for the derivative, although of fractional 
appearance, has been defined as a single indecomposable symbol to 
represent lim dy/da% when this limit exists. The parts dy, dx cannot be 
éa—>0 


separated, and so far are meaningless alone. The most we have done 
towards splitting the symbol dy/dz is to write it in the ‘operational’ 
form (d/dx) y. We now define dy, dx separately, in such a way that the 
quotient dy + dx is equal to the derivative of y wo x. 

If y = f(x) is derivable at x, then 


dy = f'(x) du+y 0x, (i) 


where 7 is a function of dz (and usually also of 7) which tends to zero 
when dx —> 0. In 3.91 we deduced for small dz the approximation 


dy = f' (x) dx. (ii) 
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We now define dy by the equation 
dy = f'(x) dx. (iii) 
This equation also defines dx; for dx is dy when y is the function z. 
In this case we have f’(x) = 1 (3.11, ex. (ii)), so that 
da = 0a (iv) 
and we may rewrite equation (iii) more symmetrically as 
dy = f'(x) dx. (v) 
(iv) shows that dx is identical with the arbitrary increment dx; but 
in general dy + dy, because by (i) 
oy = dy+yox (vi) 
and in general 7 + 0. The approximation (ii) can thus be restated as 
dy = dy. In fig. 36 of 3.11, PR = dx =dz, QR = dy, and by (v), 
dy =tany.PR = RT. Hence dy is represented by the step to the 
tangent. 
On dividing (v) by dx, we see that dy/dx = f’(x), where here dy/dx 


is the quotient dy + dx. The symbol dy/dx can therefore be interpreted 
in two ways: (a) as lim dy/dx; (b) as dy+dx. No confusion arises, 
bx->0 


because the results are the same, namely, the derivative f’(x) of 
y =f (2). 

Definition. dy is called the differential of y, and dx is the differential 
of x. 

In (v), f’(x) is the coefficient of the differential dx in the expression 
for dy. Consequently, the derivative f’(x) is sometimes called the 
differential coefficient of y wo x. 

In some books and examination papers the approximation (ii) is 
written dy = f’(x)dx; that is, differentials are confused with small 
increments. By definition, relation (iii) and hence (v) are exact. 


(2) Invariance property. Suppose now that y = f(x) and x = ¢() 
are derivable functions; then by 3.2 (4) 


oY = F(a) $0, 
and so dy = f'(x) $'(t) dt. 
By (v) applied to (t), dx = ¢’(t) dt. Hence we still have 
dy = f' (x) dz. 
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Thus (v) is more general than it appears to be at first sight, for in 
the argument leading to (v) x was the independent variable; we have 
now shown that the same relation is true even when x is not the 
independent variable in f(x), but is itself a function. We may sum- 
marise by saying that formulae in differentials are valid whether the 
variable is independent or not. The technical convenience of differ- 
entials arises from this property, especially in geometrical applica- 
tions of the calculus (Ch. 8). 


(3) Second-order differentials. Since d?y/dz? (as defined in 3.51) is also a 
composite symbol, we may enquire whether the part d*y can be defined alone 
in such a way that d°y+ (dx)? = f’(x). It can, but we shall not do so here 
because such ‘second order’ differentials lack the advantage which ‘first 
order’ ones possess: there is no invariance property because in general 


see Ex. 3(e), no. 22. 


3.93 Differentiable functions 


Definition. The function y = f(z) is differentiable at x if it is defined at and 
near 2, and the increment dy caused by changing x to x + dx can be expressed 


se a dy = Ade tede, (vii) 


where A is in general a function of x, but is independent of dz, and € is in general 
a function of both z and 6x which tends to zero when dx > 0. 
In this case, (vii) gives dy/éa = A+e. Letting dx - 0, the right-hand side 
of this equation tends to A. Hence lim dy/dz = A, so that the function f(z) is 
8 


a->0 
derivable at x and A is its derivative, f’(z). We have therefore shown that, if 
f(x) is differentiable at a point, then it is also derivable there. 

Conversely, if f(z) is derivable at xz, then (i) holds, and equation (vii) is 
satisfied with A = f’(x) and ¢ = 9. Hence f(z) is also differentiable at ~. 

It appears that, for the function f(z), the properties of being derivable and 
of being differentiable are equivalent: one implies the other. It is thus cus- 
tomary to speak of differentiating f(x) wo x when we mean the process of cal- 
culating f(x), i.e. of deriving f(x). Strictly, to differentiate y = f(z) is to write 
down the equation (v) for its differential dy; but (v) shows that we may pass 
directly from differential to derivative on dividing by dx, and conversely, any 
equation involving a derivative can be converted into one between differentials 
by multiplying by dx. 

In view of the equivalence of ‘derivability’ and ‘differentiability’, the 
reader may wonder why the two concepts were introduced. When we consider 
functions of more than one variable in Ch. 9 we shall define ‘differentiable 
function’ and ‘differential’ in essentially the same manner as here, but we shall 
find that ‘derivability’ and ‘differentiability’ are no longer equivalent; and 
we shall justify the introduction of differentials by their great technical con- 
venience, which is not so well illustrated by functions of a single variable. 
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Miscellaneous Exercise 3(e) 
Calculate the derivative of 


1 cos(sinz). 2 (1—2*)#sin-1 x. 
3 tan-1(ntan2). 4 se ec eeee ifa <b. 
b+acosx 
2./" 
5 cos! {2a(1 —2x?)t. 6 tan-! i 


7 sin-1,/(1—2?), and explain why the result is also the derivative of cos! z. 
8 Show that each of the functions 


2sin-1 = » 2tan-1 fs » sin} Peres wae) e =!) 
a 


—x a—b 


has derivative 1/,/{(a —2) (a —b)}. 


Calculate the nth derivative of 


e+ x8 
- ot — 4° 0 (a — 1) (a—2)° 


11 sina sin 32. 
Prove the following properties of a polynomial f(x). 

12 If f(z) is divisible by (zx—a), then f’(x) is divisible by (x —a)™—1. 

13 Conversely, if f(x) is divisible by x—a and f’(x) is divisible by (~—a)™-1, 
then in fact f(z) is divisible by (x—a)™. 

14 Ifa, 6 are roots of f(z) = 0, then f’(x) = 0 has at least one root between 
a and b (Rolle’s theorem for polynomials). [Suppose a, b to be consecutive roots. 
Write f(x) = (z—a)™(a—b)" g(x), where g(x) has the same sign fora <2 < 6b. 
Verify that f’(a) = (2—a)™-1(x—b)"-1h(z) where h(a), h(b) have opposite 
signs, so that h(x) and therefore f’(x) is zero for some x between a and 6.] 

15 Not more than one root of f(z) = 0 can lie between consecutive roots of 
f(x) = 0. [Suppose a’, b’ are consecutive roots of f’(~) = 0, and if possible let 
there be two roots a, b of f(x) = 0 between them. Use no. 17 to show there would 
be a root x = c’ of f’(x) = 0 between a, 6, i.e. between a’ and b’.] 

16 There is a root of f’(z)+Af(x) = 0 between any pair of roots of f(x) = 0. 
[Begin as in no. 14. Cf. Ex. 6 (a), no. 4.] 


Prove the following properties of a rational function h(x) = f(x)/g(x). 

17 If g(x) has a factor (2—a)™, then the denominator of h’(x) (after h’(x) has 
been reduced to its lowest terms) is divisible by (2—a)™*! but by no higher 
power of x—a. 

18 A rational function whose denominator contains a first degree factor 
x—a cannot be the derivative of any rational function. In particular, 1/x is 
not the derivative of a rational function. 

19 Ify = (tanz+secx)", prove dy/dx = nysec x. 

20 If y = axsin(b/z), prove 

dy dty  d*y (« dy ) 


2 
wat Oy =9 and TY F3 ~ dxt 
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21 Transform the equation 


dor dy 


d*y 
=0 
ar 


into one in which ¢ is the independent variable, where x = @?. 


*22 Assuming that d*y has been defined so that d*y = f(x) (dzx)?, where 
y = f(x) and z is the independent variable, show that if x is a function of t, then 


d? d*x 
<a = fe o(F ) +f'@) ss 
and so d®y = f"(x) (dx)? + f(x) da + f"(x) (dx)? 
in general. 
23 If y = cos(psin—2), prove (1—2?) y”—zy’+p’y = 0. 
24 Ifa = tan), y = tank, re 
(1+at) SY = = 2(ky— ay. 


*25 If y = sinn0/sin @ and x = cos8, prove that 


(l- at) _ ny +ncosnd = 0 and (1- — at) 30H + (nt lhby=0. 


Taking n = 5, verify that the last equation is satisfied if y is a polynomial of 
the form z*+ az? +b; and find a, b. 


26 Find dy/dz if y = sin {(2+y)*%}. 


Investigate the turning points (if any) of 


(1+2)? ax+b sin (x +a) 
- (1-2). 78 etd sin (x+b)° 

a+bcosz 

eee 24 @2)-t — a(72 + 62)-2 (b , 
30 para ere 31 a(a? +a?) ac(2:? + b?) (6 >a) 


32 If (29, yo) is a stationary point on the curve «?+ y?—9xy+1 = 0, prove 
that at this point d?y/dx? = 18/(27—23). Prove also that the stationary points 
are « = (27+3.,/78)*, and determine which is a maximum and which is a 

33 Prove that 8(4a—sin $2) > x—sinxz when x > 0. [Use 3.83, Corollary 2.] 


34 If sina > 0, prove that xsina—sin-1(sin x sin @) increases as x increases 

from 0 to 47, a remaining constant. If 0 < a < 37 and a is varied, show that 
the expression takes its greatest possible value when x = 47 and a is the positive 
acute angle such that cosa = 2/7. 
*35 If f(x) = sina+4sin 27+4sin 32, find the stationary points of f(z) in 
0 <a <7. Over what part of 0 < x < 77 is f(z) (i) increasing; (ii) decreasing? 
Prove f(a) > 0 for 0 < x <7, and find where it attains its greatest value in 
this interval. 

36 If f(x) = x%y’—ax—By where x>0, y>0, a+ p= 1 and 0<a< 1, 
and y is a parameter, prove that the greatest value of f(x) is 0 and occurs when 
x = y. Deduce that 2%y? < ax+ By unless x = y. 

37 A horizontal ray of light from a source A meets the vertical plane surface 
of a block of glass at P, and passes inside to a point B. If v,, v, are the speeds 
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before and after entry, and a, £ are the angles of incidence and refraction show 
that the passage from A to B occurs in the least possible time if 


sina 

sinB vu, 
[Let M, N be the feet of perpendiculars from A, B to the surface; MP = 2, 
AM =a, BN=b, MN =c.] 

38 A right circular cone of height h, base radius 7, and slant height J has a 
constant volume V. Show that the combined area S of its base and curved 
surface is a minimum when | = 37. [Express S in terms of V and the semi- 
vertical angle 0.] 

39 Find the area of the largest rectangle which can be inscribed in the ellipse 
x*/a2 + y?/b2 = 1. . 

40 Prove that the length intercepted on the tangent to x?/a? + y?/b2 = 1 by 
the axes has one stationary value. Find it, and prove it is a minimum. 
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4 


INTEGRATION 


(A) METHODS OF INTEGRATION. THE LOGARITHMIC, 
EXPONENTIAL AND HYPERBOLIC FUNCTIONS 


4.1 The process inverse to derivation 
4.11 The problem 


In Ch. 3 we considered the process of derivation: given a function 
y = f(x), find dy/dz. We now turn to the inverse process: given f(z), 
find a function y which is such that dy/dx = f(x). 

We do not enter here into general considerations of whether the 
problem always has a solution, i.e. whether a function y having the 
required property exists; this will depend on f(x), as indicated in 
4.16(2). However, if y = ¢(x) is known to be a solution, then 
y = $(x)+c will also be a solution for any choice of the constant c. 
Further, every solution can then be written in this form; forify = (2) 
is another solution, then from ¢’(x) = f(x) and w(x) = f(x) we have 
yy’ (x) —$’(x) = 0, so that by the corollary in 3.82, (x) —¢(x) = c for 
some constant c, i.e. y(x) = (x) +c. 

The general solution y = ¢(x) +c is written 


y= [fe dx 


and is called an indefinite integral of f(x) wo x, or a primitive function 
of f(z) wo x. In this expression the dz is not a differential, but in 4.21 
we shall prove that it behaves like a differential when a substitution 
is made for z (i.e. a change of variable), and that its inclusion in the 
symbol is justified. At present, i ... dx is to be regarded as a composite 
sign for the operation of finding a function having the derivative ..., 
i.e. the inverse of the operation symbolised by d/dx. This inverse 
process is called integration wo x, and the function which replaces 
the dots ... is called the ¢ntegrand. 

We understand always that x is confined to intervals throughout 
which the integrand is continuous. 
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4.12 Some standard integrals 


For brevity we shall usually omit the arbitrary constant c in this 
chapter and in Answers to the Exercises. The results of 3.3 show that 


ee ee ee ided n+—1 

N 

[| ara provi 7 
Joosseae = sin x; [rinse = —COS 2%, 


| sec? ada = tan x, | cosec? xdx = —cotz, 


1 
——— _— —1 
iF ae dx = tan-'z, 


1 : 
| Ja—= dz=sin-1zx or —cos'z. 


4.13 Some properties of indefinite integrals 
1) If k 1s constant, then 


fire dx = k | fe da. 


For both sides have the same derivative kf(x) wo x (using 3.11, 
ex. (iii) for the right-hand side), and hence differ by a constant at most. 
As each integral implies the presence of an arbitrary constant, the 
two sides have the same meaning. Similarly, 


(2) fuse) )dz = [ude + fode, 
because each side has derivative w+ v (3.2 (1)). 
(3) Jf 


[fe dx = $(x), then [rtar-+0) dx = ~ $(az+b) 


(where a + 0, b are constants), because each side of the last equation 
has derivative f(ax+), by 3.2 (4). 

Property (3) shows that each of the standard integrals in 4.12 can 
be generalised by replacing x by the linear function ax + b; (1) and (2) 
show that if a given function can be split into sums or differences of 
constant multiples of these standard forms, its integral is found by 
integrating term-by-term (‘integration by decomposition’). 
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Examples 


‘ 23+ 5a4+1 56 1 5 1 
(1) (FS de = {(1+ 545) de = 2-2 -sa te 


dx 
4) J [a+a) +e iplyi tor and 
(ii) | Wiesel can be decomposed by first multiplying numerator an 
denominator by ,/(1 +) —./x (‘rationalising the denominator’), giving 


faa x) ede = 40 2)t—yol +: 


(iii) [sinrede = [4(8sin2—sin 22) de = }(—3cosx+ 4 cos 3x) +c. 


dx 1 1 1 
i —_—————- = —-— = 1 A 
(iv) lanes ie a) a 33 ~ tan ate 
dx dx 
See SSS ~1 2. ° 
(v) lovee ln discal acs 
The results of Ex. 4(a), nos. 2, 3 are very useful. 


4.14 Areas 


An elementary account of finding the area under a continuous 
curve y = f(z) between the ordinates through « =a, x = b (a < 6) 
proceeds as follows. (We suppose the part AB of the curve with which 
we are concerned does not pass below Oz.) 


ae “2+0n 


Fig. 44 


If PN is the ordinate through the point P(x, y) on the curve, the 
area AH NP isa function of x, say A(x). If Q is the point (x + dz, y + dy), 
then area AH MQ is A+6A, so that the strip PN MQ has area 6A, 
which lies in value between the areas of the inner and outer rectangles 
PNMR, SNMQ. Thus 


oA lies between ydx and (y + dy) dz, 
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a “ lies between y and y + dy. 

When 6x —> 0, then dy > 0 by continuity of y = f(x); so that 64 /dz, 
lying between y (which is fixed) and y+ dy (which tends to y), also 
tends to y when dz > 0. By definition, 6A/d% > dA/dx when dx > 0; 


hence dA agai 
dz 4 J) 
from which A= I f(x) dx 


= f(x)+¢, say. 


When PN coincides with AH, i.e. when x = a, the area AHNP is 
zero. Hence 0 = g(a)+c, c = — G(a), and 


A = ¢(x)—¢(a). 
To obtain the complete area, we make PN coincide with BK by putting 
aes area AHKB = ¢(b) —¢(a). 


To calculate the required area we therefore 

(a) write down an indefinite integral ¢(x) of f(x); 

(b) find its value when x = 6, then when x = a, and subtract. 
This process is indicted by the symbol [¢(x)]2. 


4.15 Definite integrals; some properties 


Although the difference ¢(6) — ¢(a) arises in connection with areas, 
it can be considered independently as a number associated with the 
function f(x) and two numbers a, 6. It does not involve any arbitrary 
constant of integration. 


Definitions 
(a) If f(x) is continuous and if ¢’(x) = f(x) for all « for which 
b 
a<az<b, the symbol | f(x) dz is defined to mean ¢(b) — d(a) and is 
a 


called the definite integral of f(x) wo x from a to b. 
(6) The numbers a, b are the limits of integration,} and the interval 
a<2< bis the range of integration. 


{t Here ‘limit’ is used in the sense of ‘end’, not in the technical sense of Ch. 2. 
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Remarks 
(x) The definition ; 
[ ree) de = 906)-$(a) 


a 


is intended to apply even when b < a, and also when f(z) is negative 
in all or part of the range of integration, provided that the conditions 
in (a) are satisfied throughout the range. 


b 
(8) Although } f(x)dx depends on the numbers a, b, it does not 
a 


depend on the variable of integration x, which could be replaced by 
any other letter; e.g. 


[10 at = [92 = 4(6)—9(a), 


b b 
so that I f(x) dz, { f(t) dé are the same symbol. This is not the case for 


the corresponding indefinite integral, which is a function of the 
variable of integration. 
The following properties come immediately from the definition (a): 


(1) [teyaz a; 
b a 
(2) | fle)de = - ["flayae, 


b : c b 
(3) i f(x) dz = I f(x) da+ f(x)dx, where c need not lie between 
a a c 
a and b. 
Using 4.13, we have 


(4) [fe dx =k [7 dx. 


b b b 
(5) | {fe)-+olw)}ae = | fleyde | oa) dx 
For if p(x) = [ae dx, then the left-hand side is 
[P(a) + W(x)]a = (6) + (5) — $(a) — (a) = right-hand side. 
The reader should illustrate properties (1)—(5) by ‘areas’ under sketch- 


graphs. 


7 GPMI 
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Since the definite integral of f(x) depends solely on the limits a, b, 
we may replace b (say) by a variable x and thereby obtain a function 


{ f(t) dt of x. (To avoid confusion, the variable of integration has been 
a 


altered from x to t: see Remark (f) above.) 
(6) [10 dt 1s a continuous function of x fora <x < b. 
a 


For [70 dt = $(x)— (a), and ¢’(x) = f(x) fora <x <b by the 


definition (a). Hence ¢(x) is continuous for a < x < b because it is 
derivable (3.12). Thus 


(7) is f(t) dt is a derivable function of x fora < x < b, with derivative 
a 
f(x). 


(8) If f(z) > 0 fora <a <b, then “f(t) dt 1s an increasing function 


ofxfora<cx<b. 
For it has derivative f(x) which is positive; use 3.83. In particular, 
from 3.83, Corollary 2: 


(9) If f(z) > 0 fora <x <b, then [tera > 0. 
(10) If m < f(x) < M fora <x <b, then 
m(b—a) < [ fe)de < Me—a. ; 

Replace f(x) by f(x) —m in property (9): then by (4) and (5), 

b b b 

0< i {f(c)—m} de = [ fla) dx — | mae, 
b 
i.e. m(b—a) <{ f(x) da. 

Similarly, writing M — f(x) for f(x), we prove the other inequality. 


(11) If f(x) > g(x) fora < «x < 6, then [ fea) dx > [ace dx. 
Replace f(z) by f(z) —g(x) in (9), and use (4), (5). 


4.16 Criticism of 4.14, 4.15 


(1) The discussion in 4.15 takes for granted that we understand what is 
meant by ‘the area under a curve’. More precisely we are assuming that, given 
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a function y = f(x) which is continuous for a < x < b, there is associated with 
the part of the plane bounded by the curve, the line Ox, and the lines 
x =a, x = 6 a definite number called its ‘area’. Thus the work only suggests 
what the formula for this ‘area’ should be, when the term ‘area under a curve’ 
has been defined to agree as closely as possible with our intuitive ideas of area 
as obtained from straight-line figures. The matter will be taken up in Ch. 7. 


b 
(2) Our definition of i J (x) dz presupposes that, for all x for which a <x < b, 
a 


we can find an indefinite integral ¢(z) of f(x). If we cannot, then the symbol 
might be meaningless. Also we have required f(z) to be continuous fora < x < 6, 
but later in this chapter we show how this restriction can be removed in certain 
circumstances (4.9). 


(3) In Ch. 7 we shall approach the definite integral as the limit of a certain 
summation;t such a limit always exists for suitable classes of functions (e.g. 
continuous ones). We then deduce that a solution y of dy/dx = f(x) exists for 
continuous functions f(z) by proving that 


y= [nat 
a 


is such a solution. We should then be assured that an indefinite integral ¢(x) 
of f(x) exists, even if we cannot perform the inverse operation symbolised by 
Sf (a) dx to express this function in terms of those already known. 

Meanwhile, we advance with the practical technique of finding a formula for 
ff(a) dx for as many types of function f(z) as possible. 


Exercise 4(a) 
Integrate by decomposition 


1 1/{J(e@+1)—./(x—-1)}. 2 cos*a. 3 sin?2. 
x? x8 
a 8 eee 
4 tan’z. 5 cosa. Tae 7 iat” 
x 1+a-3 , 
8 Va+a)" T4a2° 10 sinz cos 3z. 
Write down the integrals of 
11 (av+b)",n +—1. 12 cos(ax+6). 
1 
i b). ——.. 
13 sin(ax+6) rae 
1 : ‘ ; 
15 Vat—a) . [In 14, 15 write x/a for x in the standard integrals.] 
1 
1 


© tat) (Gra) 


By replacing x by a suitable linear function in the standard forms, integrate 
1 1 1 
22+ 62+9° ad xv?+62+10° . (2a —23)" 
t This is the origin of the sign f. 


17 


100 INTEGRATION [4.2 


1 
*20 Use 4.15(10) to prove 1-59 < | J(10 +25) da < 1-66. 
t 
*21 Ifm> land 0 <= <1, verify that ./(1—2?) < ,/(1—«") < 1, and deduce 


+ dx 
0-5 < ——. < 0°524. 
I o/(1—2?") 


*22 Use the inequality sinz < ,/(sinz) < ./x (0 < x < 42) to prove 


ta 
1 <{ A(sin x) dx < 1-32. 
0 


4.2 Some general methods of integration 


The purpose of these methods is to reduce a given integral to 
another which is already known or can be found easily. 


4.21 Integration by substitution (change of variable) 
To find i f(x) dx we may proceed as follows. Let 


y = [re dx, 
so that oy a= f(x). 
Put x = g(t); then by ‘function of a function’, 
oY _ UE _ Hayy’) = ald} 0° 
Hence y= [rows g' (t) dt. (i) 


For a suitably chosen function g(t) it may happen that f{g(t)}g’(t) 
is a simpler function of ¢ than f(x) is of x, and may be recognised as a 
standard form. We should then have y expressed as a function of ft, 
say y = Y(t). To restore the variable x, we should use the original 
substitution x = g(t) to get ¢ in terms of x. 

Equation (i) shows that when we transform an integral by putting 
x = g(t), we may substitute for x in the integrand, and replace dx by 
g' (t) dt. The daz thus behaves like a differential (cf. 4.11). 


Examples 


(i) y= fa(3a— 2)" dx. 
This could be calculated by direct expansion, followed by integration 
term-by-term. The following is easier. 
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Put ¢ = 3x—2, so that 2 = 4(¢+ 2). Then 


ae a ae = a(38a—2)? x} 


= £(t+2)t? = 4(¢8 + 207). 
y = $50 +20) = ghz F(4t+ 9) 
= sh (38a —2)8 (12241). 


When surds are involved, we usually choose a substitution which will 
rationalise them or reduce them to a single term. 


x 
a = [age 
4 J e—3) 
Put «—3 = #, so that « = #?+3. Then 
dy dydx x P+3 
Se Se  _ _ 2¢ = —— 2 = 2077 +6. 
dt dxdt (x—3) t " 
y = 20° + 6t = 240° +9) 
= He —3)t(e+6). 
Alternatively, using the ‘rule’ at the end of 4.21, 
2 2+3 
——— dx = | ——_ 2tdt = | (2t7+ 6) dt = ete. 
oss [5 fi ie 


(iti) fx. /(1+2%) de. 
Put ¢ = 142%, so that dt = 3x?dx. The integral is 


i tebe = 2¢8 = 2(14-25)f. 


The ‘rule’ considerably reduces calculations in this example because some 
of the factors in the integrand cancel out before the substitution is made for 
x there. The reader should try it by the method of exs. (i), (ii). 

The substitution ¢? = 1+2% would also rationalise the surd and enable the 
integral to be found. The one used was preferred because x? is (apart from a 
constant factor) the derivative of the expression 1 +2* under the root sign. 

The same method can be used for Sanaa" +6)" da. 


i a 
(iv) i T428 dz. 
Here the denominator prevents direct integration. Putting t = 1+2* would 
dt 
not help because this would give ; i tJé—1) 
Observe that x*dx is almost the differential of x?, and put ¢ = 2°: 


4dt 
1+ 


Sometimes more than one substitution is needed: the first leads to a result 
which suggests the second. 


, introducing surds. 


integral = = $tan1¢ = tan“! (2%). 
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(v) | __ ae . 
a? s/(a? +1) 
The reader should verify that putting ¢ = 2?+1 or é? = x?+1 does not help. 
Put x = 1/t, so that dx = —(1/é*) dé: 
integral = | om ya LEE =-| aa: 
(/*). 0), +8) ~~) Jase) 
This suggests putting u? = 1+ 2, so that udu = tdt: 


d 
integral = — am = -[au=-u 


= —/(1+é) = —= lat + 1). 


It is now clear that the single substitution x = 1/,/(w2—1) would have 
reduced the integral directly. 

Although the attempt to rationalise by the algebraic substitution é = 2?+1 
at the outset was useless, we remark that integrals involving /(a? + x) are often 
reduced by a trigonometrical substitution. In this example put x = tan 0, so that 


da = sec* Gd6: tats sec?0d0 _ [ cos@ 4p 
meee = | tan?@secO |sin?@- 
Now put ¢ = sin 0, dt = cos0@dé: 
di 1 1 1 
1 = Ne — ee 2 
integral = [3 ; sind ave +1), 


as before. 


(vi) fva — x?) da. 

The integrand is defined only for —1<- < 1, so that an angle 0 between 
+ 47 always exists such that x = sin 0. This substitution is therefore legitimate, 
and @ = sin-'z (principal value). 


Integral = i cos @.cos 0d = [cost 6d0 


2 fc +. cos 20)d0 = 4(0-+ $sin 26) 


= $(9+sin 6 cos @) 
= Hsin 2+2,/(1—2?)}. 


4.22 Definite integrals by substitution 
The method of substitution can also be used to evaluate definite 
integrals. For example, the result of ex. (vi) gives 


lk {(l—2*) da = [P{sin-1 2 + #/(1 —2")}}o = $(sin 1 1—sin™ 0) = ja. 
0 


However, for definite integrals it is unnecessary to change back to 
the original variable of integration. Thus when x = sin, the values 
of sin-1z+2,/(1—2?) when x = 0,1 are the same as the values of 
6 +4sin 20 when 6 = 0, 37, so that 

(sin-t a +a /(1—a?)2z8 = [6 + $sin 26]§=3". 
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In short, when we change the function by the substitution, we also 
make a corresponding change in the range of integration. The work 
is set out as follows. 


(vii) Evaluate [va -2ae. 
0 


Putting x = sin, dx = cos@d0; and as x increases from 0 to 1, @ increases 
from 0 to $7. Hence 


fo va-z de = [7 c0s0.cos 040 = f-"aa + cos 20) dé 
0 0 0 
= [4(6 + }sin 20)}#" = 3(40—0) = jr. 


we, [¥? do 
ae J 1 (a+ 1) 
We saw in ex. (v) that the single substitution « = (u2—1)-* reduces the 
integral. As z increases from 1 to ./3, u = +./(1+1/2x*) decreases from ,/2 to 
2/.,/3. Thus, using the working of ex. (v), 


iS ue = [/3 — 
1; Ayaan ~ ole = /2—2/,/3. 


Write d(x) = f f(x) dz, and suppose a < b. Let g(t) be a continuous 
function of ¢ with a continuous derivative g’(t) in the range between 
t, and ¢, inclusive, where a = g(t,) and b = g(t,). 

Suppose first that g(t) steadily increases from a to b as t increases from 
t, tot,. By equation (i), p. 100, 


b(2) = [Foon g'(t)dt = Y(t), say, 
sothat é{o(t)} = Wb). 
Then | Sle) de = $0) —$(a) = Holts} d4o(t)} 


= W(t)— W(t) = { " eeait)} g(t) dt. 


Secondly, suppose g(t) steadily decreases from 6 to a as t increases 
from f, to t,; then the above working is unchanged. 
Remark. If we use the substitution x = g(t) to transform 


b th 
et ee me [Howe wae, 


where t=t, when t=a and t=, when z=), 


care must be taken to ensure that g(t) steadily changes from a to 0 as t 
varies from ¢, to t,; otherwise g(¢) is not a legitimate substitution for x, 
a steadily changing variable. For example, by direct evaluation 


+1 dx 
| : T+22 = [tan—12 tt = 4m. 
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The substitution 7 = 1/t, which gives 


+1 dx +1 jas it 
ie L+a2 ie isa 
is not legitimate because g(t) = 1/t does not steadily vary from —1 to 


+1 as ¢ increases from —1 to +1. Also see Ex. 4 (5), nos. 29, 30. This 
matter will be taken up again in 7.23. 


Exercise 4(b) 


Integrate each of the following functions by use of a substitution. 


x x 
: 1) (x— 5)®, ae as 
1 (x+1)(x—5) 2 (@+3) 3 e+) 
ea x x 
4 x(1—2*)§, 5 (a2 1" 6 Jada" 
7 cosz sin® x. 8 tan®a sec? x. 9 eat 
1 
ee —y2)-# 2)-# 
10 Ewe 11 (9—2?)-3. 12 (9+47)-5. 
8 1+22)8 
2_ 9)-# pees. ( 
13 (~?-—9)-%, 14 +> 15 a 
1 1 tan-la 
16 (a1) 17 at 1)' 1 laa’ 
1 
i9 ——.——.. 20 cos*x sin‘ x. 
V{x(2—2)} 
l+2 P ? 
21 J (=) . [Rationalise the numerator.] 
22 + fF). ate =e] 
7 ea) [Put ¢ = 1/z. 
Evaluate the following definite integrals. 
eee if 1 
23 [ —— =. 24 | (a4 + 2a?) dx. 25 [2 1—2?) da. 
—1 (3a + 5) oe 0 v\ 
in 
26 sin x cos’ x dx. 
0 
2 i7 dx Pp : 5 nda 
7 ie Qcosta a O5aints: [Put ¢ = tanz.] 28 in cos x cosec® raz. 


Some of the properties in 4.15 wiil be required in the following. 


+1 
*29 The substitution t = xt applied to i da appears to give 
-1 


+1 1 
J dx = i att dt = 0. 
—1 1 


What is the value of the integral? Apply the change of variable process correctly. 
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a 
*30 Show that ( cos? xdz = 4m by using the substitution ¢ = sinz. 
0 
31 By putting x = 47-1, show that 


$a 7 na (tt 37 
i wsin? edzxr = | cos? vae— | 2 cos? xdax. 
0 2 Jo 0 


nw (37 ia 7? 
Deduce that = i cos? adx = i vdx=—, 
2Jo0 0 8 


+ 
and hence evaluate | ‘ cos? eda. 
0 
+a a 
*32 Prove | f(x) dx = | {f(z)+f(—2)}dx. Deduce that (a) if f(x) 1s odd, then 
—a 0 


[or dx = 0; (b) tf f(x) ts even, then [ope dx = 2 [is dx. 
—a —a 0 


a a 
*33 Prove i f(x) da = ) f(a—x) dx. Use this result to show that 
0 0 


i 2sine+ 3cose | _ oa 
0 sinxg+cosz 4° 
sin x 7 
XL =. 
1+ cos? x 4 


Tt 
*34 Prove i 
0 


4.23 Integration by parts 


(1) Just as integration by substitution is the analogue of the 
‘function of a function’ rule, so integration by parts is that of the 
product formula. From 


d , , 
a (MY) =u +w, 
we have by integrating both sides wo x that 
Ww = [ow da + [ue’ae. 


If one of the integrals on the right is known, then the other can be 
found. Supposing i vu' dx is known, we may write the formula as 


uo’ dx = uv— fow dx. (ii) 


Examples 


(i) facos ada. 
Take u = 2, v’ = cos; then uw’ = 1, v = sina. 


| vcosnae — vsine— [sinz. ldx 


= rsinx+cos2x. 
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Had we taken u = cosz, v’ = 2, the integral on the right would have been 
f — $x? sin zdz, which is more complicated than the given integral. 


(ii) f x’ sin 3xdzx. 
Take u = z?, v’ = sin 3a; then w’ = 2a, v = —}cos 3a. 


[etsin sede = —42? cos 22— [(—4e008 3x) dx 


= —42" cos 34+ ; fe cos 3adax. 


Repeating the process on the last integral, take w= 2, v’ = cos3z; then 
uw = 1, v = 4sin 3a, and 


[recos 3ada = tasin ae— [3 sin 3ada 


= $vsin 37+4 cos 3a. 


fe sin 37da = #4(2— 92") cos 3x + £xsin 3x. 


(iii) fa(3a— 2)’ da (cf. 4.21, ex. (i). 
Take u = x, v’ = (8v— 2)’; then uw’ = 1, v = 3(3a—2)8. 
[etse—2)"ae = eel — 2)" | B(8e— 2) de 


= ox(3a—2)* 54 (8a—2)9 


= gig 8x — 2)° {27x — (3x — 2)} 
= x$2(3a— 2)°(127+1), as before. 


(2) Taking v = x in equation (ii), we get 


[uae = ZU - few dz. 


= vu fedu, 


where we have used the formula (i) in 4.21 for change of variable, x 
now being supposed a function g(w) of wu. Hence, if the integral of 
g(u) wo u can be found, then so can the integral wo x of the function u 
inverse to 2. 


(iv) fsin-1 ada. 
Take u = sin-!z, v’ = 1; then wu’ = 1/,/(1—2z?), v = 2. 
eB ay fee eee (ee ee 
[sin ada = xsin-1z lats* 


= xsin-tx+,/(1—2*) 


by using the substitution ¢ = 2? or x = sin 0. 
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(v) fz tan ada. 


Take u = tan-12, v’ = z; then w’ = 1/(1+27), v = 42%. 


] 
[etanteds = jot tanta | jet ite 


] 1 
— Ie tan-27—_ caeieae ee 
$a* tan— a ale a) a 


= $e tan“ 2—}ar+ tan "az 
= $(a*+ 1) tan-! 2 — 4a. 


dx 


Examples (iv), (v) indicate that when the integrand involves a 
transcendental function whose derivative is algebraic, we can get 
a new integral containing only algebraic functions by taking this 
function as w. 


4.24 Reduction formulae 

If the given integral involves n, an integer, then integration by 
parts may reduce the integral to one of similar form but involving a 
smaller value of n. The relation between these integrals, known as a 
reduction formula, can be used successively until we obtain an integral 
corresponding to m = 0 or 1 or some other small value, and this last 
integral may be known. 


Example 
Consider c, = | x" cosazdx, 8, = I z"sinaxdaz, where a is constant and n 
is a positive integer. 
In c, take u = x", v’ = cosaz; then uw’ = nz*-!, v = (1/a) sinaz. 
- n 7 
Cc, = — sinar—" | a*-1sinarde 
a a 


Powe n 
= —sMNnar——8y,_}. 
a a n—1 


n-1 
ae n—J 
Similarly, Sy = — cos ax + —— |e cos axda 
a a 
Fea n— 
=- COS Ax + Cane 
a” nm{ art -l 
Cy = sinaz—~ | — COS Ax + Ca—2 
a 
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This is a reduction formula for c, which reduces the value of n by two at each 
application, until either 


co = feos axdxz (ifniseven) or ¢= [00s axdaz (if n is odd) 
is reached; and these integrals are respectively (see Ex. 4(c), no. 2 for the latter) 
1, Dic: 1 
-sinaz, —sinaz—— cosaz. 
a a a 
To calculate fx® cos ada we should use the formula thus: 


Cs = [ecosceas = xv sin x + 524 cosx— 20c, 
= zg sinx + 5a*cos x — 20(23 sin 2 + 32? cos a — 6c;) 
= a5 sin x + 524 cos x — 2028 sin x — 60x? cos 
+ 120(z sin x — cos x) 
= x(x4 — 20a? + 120) sin x + 5(a4 — 1242 — 24) cosa. 


A similar reduction formula can be obtained for s,: see Ex. 4(c), no. 12. 
Further examples will be met later in this chapter. 


4.25 Definite integrals by parts and reduction 


The methods of integration by parts and by reduction formula can 
be applied to definite integrals. Thus if f’(x), g’(a) are continuous, 


[ seera'ce) ae =| 700) 00) [pega de | 


= Lf(e) g(a) B— [re g(a) de. 


Examples 
}a 
(i) i xcosxdz = tesinayr— [" sin ada 
0 0 
= (37 — 0) —[—cosa]i" 
= in—(0+1) 
= 37-1. 


$7 
(ii) Ifc, = | x" cos zdx, then as in 4.24, example, 
0 


47 
Cy, = [x*sinzx+nz"-1 cos x]i" —n(n— » | x"-* cos xda 
0 
= (47)"—n(n—l)e,_. if n> 1. 


The case n = 1 has just been considered in ex. (i). 
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Exercise 4(c) 
Use integration by parts to calculate the integral of the following functions. 


1 zwsinz. 2 xcosan. 3 xz*sinz. 
4 xcos?z. 5 («+1) (a—85)§, 
6 x2(1—z2)" (n + —1, —2). 7 cos~!z, 
*g = 9 xsin 3z cosa. [Convert the product into a sum.] 


10 sin?x. [Put wu = sin?z = 1—cos*z, v’ = sinx.] (Cf. 4.13, ex. (iii).) 
*11 xseca. 


12 Obtain a reduction formula for s, = fx"sinaxdx. Hence calculate 
fat sin xda. 


Evaluate the following definite integrals. 


in " tn 
13 i) xsin 5a dx. 14 i) x* sin dada. 15 i) cos? ada. 
0 0 0 
1 1 
16 | x*(1—2x)"dx (n + —1, —2, —8). 17 i) xtan—2dz. 
0 0 
The following may require both integration by parts and substitution. 
$134 ( 2 a #19 | (sin-tx)2dx #20 | xsin-2d. 
Ja—a%) . ; Lom 
*21 Use integration by parts to integrate 
d*y dy 
gl 2 pe 
(1 —2*) ai? ao da 2y+6 
twice wo 2. 


4.3 The logarithmic function 


4.31 The integral {dx/x 
Any systematic investigation of what functions can be integrated 
must begin by considering the case n = —1 of 2"dx, which was 
excluded from the first entry in the list of standard integrals in 4.12. 
We now take up this investigation.t+ | 
It is more convenient to begin with the definite integral | 


1 | 
[5 aC (£ > 0), 


because (i) no arbitrary constant is involved; (ii) we can visualise this 
as the ‘area’ under the curve y = 1/x from x = 1 to  =t. We are 


} If there is a function y for which dy/dx = 1/zx, then Ex. 3(e), no. 18 shows that 
it cannot be a rational function. 
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taking for granted the existence of the integral (see 4.16 (2)); or equi- 
valently, the existence of anumber which measures the ‘area’ (4.16 (1)) 
shown in fig. 45. 

We do not attempt to consider the 
case t < 0 because the integrand would 
then be discontinuous in the range 
t<2<1. The number 1 has been 
chosen as the lower limit of integration 
for later convenience, but any positive 
constant would do. 

In view of 4.15, Remark (f), the 


definite integral under consideration is Fig. 45 
a function of ¢ only. We write 
dx : 
ge =[F @>o) () 
1% 


so that ¢(t) represents the ‘area’ shaded in fig. 45, and is not defined 
fort < 0. 


4,32 Investigation of $() 


We now obtain some properties of ¢(¢) which will supply enough 
information for us to be able to identify the function. 


(1) From equation (i) we have ¢(1) = 0. 
Also, since 1/z is positive throughout the range of integration, ¢(t) 
is continuous (4.15 (6)) and increases as ¢ increases (4.15 (8)) for ¢ > 0. 


(2) Functional law for ¢(é). 
We shall prove that, for all rational values of n, 


b(t) = nd?) (ii) 
where if n = p/q (q even), t* denotes the positive qth root of ”. 
Proof. By definition, J 
x 
p(t”) = ae: 


Putting x = 2", we have dx = nz"—dz, so that dz/x = ndz/z. Also, as 
z varies from 1 to ¢”, z varies steadily from 1 tot. Hence 


Taking n = —1, we have (7) = — (ft). (iii) 
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(3) Bounds for $(1+ 4). 
If x lies between 1 and 1+, where 1+ > 0 and wu + 0, then 1/z 
lies between 1 and 1/(1+%). Hence by 4.15 (10), 


14+u] ; U 
I —dz lies between u and pe 


1 & +U 
i.e. f(1+4u) lies between u and Tau’ (iv) 


The argument is easily followed by noticing that the shaded ‘area’ 
(fig. 46) lies in value between the areas of the small and large rectangles, 
whose common base is u and whose respective heights are 1, 1/(1+) 
(the values of y when x = 1, 1+). 

Taking wu = 1, then by (iv) 


4 < A(2) < 1. (v) 


Fig. 46 Fig. 47 


(4) Range of values of d(x). 
Given any x 2 2, however large, we can find a positive integer n 
such that 2" < x < 2"+1, Since ¢(t) increases with ¢ (see (1)), 


d(x) > $(2"), 
= ng(2) > 4n 


by (ii) and (v). When 2 > 0, also will n > 00 (since 2"+! > x), and 
the inequality ¢(z) > 4n shows that ¢(a) > oo. Thust 


o(z)>0o when 4-00. (vi) 


+ Contrast Ex. 4(d), no. 20. 
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By equation (iii), d(x) = —¢(1/x). When x > 0+, 1/x > © and so 
p(1/x) > oo, by (vi). Hence 


d(x) >-—0co when x>0+. (vil) 


Combining these results with those of (1), we have: 
o(x) increases continuously from —0oto + 0o0as x increases from 0 to +00. 


Recalling from (1) that ¢(1) = 0, we can now sketch the general 
form of the graph of y = ¢(2), as in fig. 47. 


(5) The number e. 

Since ¢(x) is continuous, steadily increases, and takes all values, 
therefore it can take any given value just once. In particular, there is 
a single value of x for which ¢(x) = 1. Calling this value e, we have 


effectively defined it by edgy 
p(e) — : 7 = 1. (viii) 


The reader who has done any work on approximate integration may consider 
the following way of estimating the numerical value of e. By using Simpson’s 
rule for 10 ordinates of the curve y = 1/z, equally spaced at intervals of 0-1, 
we find (7.33, ex.) that 


(2) = [2 = 0-693. 

Hence (2") = ng(2) = 0-693n. 

We shall have ¢(2") = Lif n = 1/0-693 = 1-44. Thus d(x) = lif 
w = QI + O15 = /8 = 2-8, 


(Use of tables for 2!*4 would give x = 2°71. In 6.53, example, we shall find the 
value more accurately as 2-718282, and in 12.72 (1) it will be shown that e is an 
irrational number.) 


(6) Identification of d(x). 
If x = e¥, where y is rational, we have by (ii) and (viii) that 


p(x) = He”) = yP(e) = y. 
But if x = e¥, then also y = log,x by the definition of ‘logarithm’. 
Hence, whenever ~ is a rational power of e, 
d(x) = log,x (x> 0). (ix) 


A difficulty arises if x is not a rational power of e. In this case log, x 
is not defined; the elementary definition ‘the logarithm of x to base e 
is the power to which e must be raised to equal x’ is meaningless 
because irrational indices have not yet been defined. On the other 
hand, ¢(x) is defined for all x > 0. We may ‘complete the definition’ 
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of log, x when zis not a power of e by defining log, x to be f(x); then (ix) 
holds for all > 0. The properties of logarithms proved in elementary 
algebra are unchanged: (ii) is the index law; for the addition law, we 
have by the substitution ¢ = yu, 


log, (xy) = -("t- {> ue -(° -("= (4.15 (3)) 


= log, 7— log, =log,x+log,y by (iii). 
Similarly, log, = log, x—log, y. 


If x is a rational power of 10, say x = 10”, then by the ‘elementary’ 
definition, y = log,,2. On taking logarithms to base e and using (ii), 
se log,« = ylog, 10, 
log, x 


i.e. log,;)% = jog, 10” 


the usual ‘change of base’ formula. When z is not a power of 10, this 
formula can be used to define log,)x. In particular, 
_ loge 1 
logioe = log,10 log, 10° 

Logarithms to base e are called natural, Napierian,} or hyperbolict 
logarithms. In future we shall write logz for log,7; and when any 
other base (such as 10) is used, we shall indicate this explicitly 
(as log,)7). 


(7) Derivative of log x. 


Since «dt 
P(x) a : yo? 
we have by 4.15 (7) that ¢’(x) = 1/2, ie. 
d 
Fy 108 *) = . (x) 
(8) | de. 


From equation (x) 
[F =logx+c (x> 0). (xi) 


t After Napier (1550-1617), the inventor of logarithms. 
{ Because associated with the ‘area’ under the hyperbola y = I/z. 


8 GPMI1 
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If x < 0, put x = —y; then 


dx —dy dy 
—_— = |— = ee) Pe = lo —wv), 
F FE 5 gy = log (—2) 


so a =log(—z)+ce (x < 0). (xi)’ 


We can combine (xi), (xi)’ into the single equation 
[¢ = log |x| +c. (xii) 


The results of (xi), (xii) conclude the enquiry begun in 4.31, so that 
the gap in our list of integrals is filled. We shall continue to omit the 
arbitrary constant c for brevity. 


4.33 An application to integration 
We can generalise (xii) as follows. If u = f(x), then 


ldu_ f'(z) 
ay, (08 | ges Fey 
Hence ( cs dx = log |f(x)|. (xiii) 


Thus any fraction, rational or not, whose numerator is expressible 
as a constant multiple of the derivative of the denominator can be 
integrated. We usually omit the modulus in Answers to Exercises. 


Example 
Sj P 
ie tans = ee are (s (cos) eos, 
Cos & dx 
tan xdx = —log |cosz| = log |sec z|. 
Exercise 4(d) 


Write down the derivative of the following (use properties of logarithms to simplify 
the expression before derivation whenever possible). 


1 log(2z). 2 log (x?). 3 log(1/z). 4 logsinz. 
1 
5S logsin?z. 6 logcotz. 7 log = ; 8 loglog=. 
x 
reece 2 
loge 10 (log x)?. 


11 Verify that equation (xii) is equivalent to | < = $log (x?). 
12 Find d (log,,2x)/dx. [Use the formula for change of base.] 
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Obtain and simplify the derivative of 


Pee 
13 logtan $a. 14 log (tanxz+sec x). 15 log alae id 


1—sinz 


16 log(1+sin 2x) + 2 log {sec (47 —2)}. 
17 Find the maximum value of (log z)/zx. 


18 Prove that logz—(x—1)/,/x is a decreasing function for x > 1. Deduce 
that loga < (w—1)/,/x for x > 1. 


*19 Prove that the nth derivative of log is (— 1)*-1(n— 1)!/x*. 
*20 The result (vi) of 4.32 is not ‘obvious from a figure’. Verify that y = 1/x* 
for x > 0 has a graph generally similar to that of y = 1/2 for z > 0; but that, if 


v(x) = [fF then (ax) > 1 when x -> ©. 
1 


Integrate the following. | 


21 = 2 as 23 — 24 mt 

25 eet 26 et 27 woe 28 cotz. | 
29 tan 30. 30 pS 31 — 32 cogs" | 
33 = * and deduce [cosee ada. 


Using integration by parts, calculate the integral of 
34 x™logax (m + —1), and deduce flog ada. 35 log(x¥*), 2 > 0. 


36 tan-2. 37 (xlog«x)?. 38 xtan?z. 


Evaluate the following definite integrals. 


in 8 dx 47 cosx 
tan 2. 5 ——-. 
39 ip de 40 ex 41 f leanne 
1 x € 1 
42 i —— dx. 43 i log (4/2) dx. 44 I x log (1+) dz. 
o1l+z 1 0 


*45 If u, = f{x™(logx)"da where n is a positive integer and m + — 1, obtain 
the reduction formula 
m+1 


m+1 


n 
1 Ras oe 
(log x) ora 


Uy, = a] 


ta: 


e 
Hence calculate f x*(log x) dx. 
1 
*46 If C= COR and S= Ral desl ’ 
acosx+bsinzx acosx+bsinz 
simplify aC +bS and bC—aS. Hence calculate 
i im ~— cosadax 


9 3cose+4sinx’ 
8-2 
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*47 Find numbers A, / for which 
Tsinx+4cosa = A(sinx+2cosx)+p~(cosx—2sin 2). 


(ee 


Hence calculate Sa EEES Saree: 
sinxz+2cosx 


4.4 The exponential and hyperbolic functions 


4.41 The exponential function 

(1) Ifx = logy, then by 4.32 (4) x increases continuously from —oo 
to +00 as y increases from 0 to oo. Thus,} to any given x corresponds 
just one value of y, and this value is positive. Hence for all x there is 
defined a function y which is the inverse of x = logy; it is written 
y = e* and called the exponential function of x. 

It obeys the usual laws of indices; this is clear when z is rational, 
and is true when ~ is irrational: putting y, = e“: and y, = e*s, so that 
x, = logy, and 2, = log yz, then 


%+%_ = logy, +logy, = log(y,y2) by 4.32 (6), 
So em1t%2 = YY, Le. et: = C71, e%s, 
Similarly e%1 + e%2 = eM a, 
(2) e* is an increasing function of x: if x, < x, and ¥;, Y2 are the 


corresponding values of e*, then y, < y,; for y, > y, would imply that 
2, > X, since x = logy is an increasing function of y. Thus 


e” increases from 0 to co when x increases from — oo to +00. 
In particular we emphasise that e* is positive for all x, but that 


e= > 0+ when x >~— ©. 


(3) e* ts continuous for all values of x. 
Proof. Write y = e* and let e*+* = y+k. Then 


vikdt (ude _ putedt 
b= log(y+k)—logy = ["S -|"F -{Ps 


When hf > 0, then by (2) also k > 0. Ify <t < y+k we have 


1 1 k 
—->—- 4.15(10 — 
grin so by (10), ee aap 


+ This assertion is based on the property stated in 2.65, Corollary. We have 
already made it in 4.32(5) for the case x = 1. 
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When h < 0, then also k < 0 by (2), and if y+ k <t < y we have 
1/t > 1/y, from which 
[z| 
y 


Hence when h -> 0, also k — 0; i.e. e” is continuous. 


(4) The graph of y = e”, i.e. of x = log y, can be obtained from that 
of y = log x by interchanging Ox, Oy and then reversing the direction 
of Ox to restore right-handedness. 


y 


Fig. 48 


(5) Derivative of e*. 
If y = e*, then from a = logy we have dz/dy = 1/y, and hence 


dy _ : 
dz =Y; (xiv) 
; d 
i.e. ax (@”) = e*, (xv) 


so that e* 1s its own derivative. 
The corresponding result for integration is 


fe dx = e. (xvi) 


Remarks 

(«) The property (xv) is characteristic of e*; i.e. e” is essentially the 
only function which is equal to its own derivative. This can be shown 
by starting from equation (xiv), which expresses the property stated, 
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and solving it for y in terms of x. More generally, we will consider 


the equation 
A my, (xvii) 


where m is constant. To solve this, write it as dx/dy = 1/(my) and 
integrate both sides wo y: 


1 fdy 1 
t= al = 7 BY te 
hence log y = m(x—c) 
and y = ema—me — emt e—me — A emu, 


where we have written A for the constant e~™. 

(6) The law expressed by (xvii) is often called the compound interest 
_ law, and any function obeying it is called a growth function. We have 
therefore shown that every growth function is of the form Ae™ 
where A, m are constants. 

A physical example is Newton’s law of cooling: ‘the rate of decrease of tem- 
perature of a body is proportional to the excess of this temperature above that 
(supposed constant) of the surrounding medium’. If @ denotes the excess 


temperature, the law is expressed by d0/dt = —k6, where k is some positive 
constant. 


(6) The function a®. 

Except for the case when a = e (see (1) above), a* has been defined 
only when z is rational. Suppose now that a is any positive number, 
and let x be any rational number p/q. (If q is even, there will be two 
values of a”/2; let y denote the positive value). Then by 4.32, (ii), 


logy = Toga = xloga, 


SO y = eh 108 a, 
We use this equation to define a® when z is irrational: 


Then Qt = exloke (g¢ > 0). (xviii) 


(a) a® > 0 for all x, by (2). 
(b) a” satisfies the usual index laws a®.a¥ = a®*t¥, (a%)¥ = a®. 
For Qt ‘ ay = ex log a ey log a — e@+y) log as azty; 

and, writing b = e* 182, 


(ary = (ez 10g ay = bY = eylogb — gu.x loga — gy) loga — gry, 
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(c) = £ @) = a*loga. 


; d d 
For Ie (a*) = Ig loga) — (log a) e7 108¢ = (log a) a*. 


aX 
Hence also | atdz = ; 
log a 


(d) We can now extend the formula d(x™)/dx = mz™— to irrational 
m (x > 0). 


For d 


qa") = £ (enon) if x>0 
= emlog x x= by ‘function of a function’ 


™m 
= 2" x — 
x 


= man, 


Exercise 4(e) 
1 Sketch the graphs of (i) y = e~*; (ii) y = $(e*+e7*); (iii) y = 4(e?—e7*). 


Write down the derivative of 


2 e8*, 3 xe*. 4 e*, 5 e§gin 2a. 
6 €°08 @, 7 log(e*). 8 elose, 9 evlog2, 
10 2°. 11 2*(x> 0). 
Write down the integral of 
] 1 
12 e2%, 13 oF 14 Je*. 15 lve*" 


16 e%22cosz. 17 log(e%*"). 
Using integration by parts, calculate 
nT 
18 [ercoszae. 19 fersine cos ada. 20 i e* sin? xdzx. 
0 


*21 Writing u, = fz e** dz, where n is a positive integer and a is a non-zero 
constant, obtain the reduction formula 


Un = — x" 8% — = Un—1> 
a 
Hence calculate fat e?* da. 
22 Find the constant m if e™* satisfies 
ay = 
dx? hy =O: 


23 If y is a function of x, prove 


d? d dy 
qa y) = et% (52 + 2a +aty). 
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Write down the nth derivative of 
24 e**, 25 xe*. 26 a* (a> 0). 
*27 Find dy/dz when y = e**sinbz, and express the result in the form 
re*=sin (bv +0). Hence write down an expression for the nth derivative of y. 
28 Find constants p, q in terms of a and 6 so that 


d 
de {e* (p sin bx +q cos bx)} = e** sin ba. 


Hence calculate J e*“ gin ba daz. 
29 Calculate i) e** cos badx by integrating by parts twice. 


30 Find the turning point and points of inflexion of y = e-™. Sketch the 
curve. 


31 Find the values of x at the maximum, minimum and points of inflexion 
of y = x*e-*. Sketch the curve. 


32 What is the maximum value of x" e~* (n > 0)? Prove that n"e-" > x"e-* 
when x > n, and by putting x = n+ 1 deduce that (1+1/n)" < e. 


33 Ifn is a positive integer, prove that 
an 
ata Etii ee =) 


is a decreasing function of x for x > 0. Deduce that 


ea(l4e45 +o 


bid x” 
e*> 1l+a+—+...¢— when zx>Q0. 
2! n! 


*34 If f(x) = xy—xzlogx—e%—! (x > 0), show that the greatest value of f(x) 
is 0, and deduce that for x > 0 and x + e¥-1, zy < xlogx+e%-}, 
*35 Ify = Asin(logz)+Bcos(logx), where A, B are constants, prove that 


d’y dy 
2 =_ = 
da? sie dx ss aie 
*36 By writing x = e’, show that the equation 
gt d*y cy y dy 
—~ = 2472 
a = a hee a ee. de 


becomes d?y/dé8 = 24e?*. Hence express y (i) as a function of ¢; (ii) as a function 
of x. 


4.42 Logarithmic derivation 


The rule for deriving a product y = uv can be proved as follows. 


First take logarithms: logy = logutlog». 


Then derive each side wo 2, using the rule for ‘function of a function’: 
ldy idu_ldv, 


—— 


ydx udx vdx 


Multiply by y = wu: oY = pia, = 
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A similar method is useful when deriving a continued product of 
functions. Thus if y = uvw, 
log y = logu+logv+log w, 
ldy_idu idv 1 dw 


ad dy - du dv dw 


Cf. Ex. 3(a), no. 7. Any function of the form 


_ Uy Ug sss Un 
V4 Vo... Um 


y 
can be dealt with similarly. 


Examples 
(i) y = e?* 2° cosz log=. 
logy = 2x+3log2+logcosz + log log x. 
1 dy ga, Tease 1 1 
y dx x cosx logxrz 


d 3 1 
= = etoteossloge(2+2—tane+———] ‘ 


Although in 4.41 (6) we have defined a* = e*1°8% and thereby written down 
its derivative, in practice we usually derive this and similar functions involving 
powers as follows. 

(ii) y = a* (a> 0). 


1d. d 
logy=azloga, .. a = loga, 8 ms = a*loga. 


(ili) y = x (2 > 0); cf. Ex. 4(e), no. 11. 


logy = xlogz, oe oz = logz +1, “a a = 2*(1+log2). 


4.43 The logarithmic inequality. Some important limits 
(1) The logarithmic inequality. 
Ifu + 0andu>—1, 
u 
tra < log (1 +) <u. 


This follows from statement (iv) of 4.32, since 


ieee ui >0 
l+u 1+u 
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(2) O87, 0 when x —> 0. 
Put u = ,/x—1in (1). Thenifz > 0 and z + 1, 


log x < fa—1 <x, 
so that 4logx < ,/x and (log x)/x < 2//c. When z > 1, (logz)/z is 
positive. Hence when x -> 00, (log x)/x > 0. 


] 
ee —> 0 when x -> 00, where p is any fixed positive number. 


(3) 
Write x = y? in (2). Then when y > 00, also x > 00, and so 
plogy logz ace 
y” x 
Hence (log y)/y? >0 when yoo. Thus logwx tends to infinity 
slower than any positive power of x. 


(4) xloga —> 0 when x>0+. 
Put x = 1/y in (2). When y > 0+, then x > o and 


—logy _ logz 
2 
ie. ylogy > 0. 


(5) xP log x > 0 when x > 0+, where pis any fixed positive number. 
Put x = 1/y? in (2). When y > 0+, then x > 00 and 
—plogy - log ae 
1/y x 


Le. y? log y > 0. 


m 
(6) = -> 0 when x -> ©, for any constant m. 


This is obvious if m < 0 by 4.41(2). If m > 0, put p = 1/m in (3), 
which shows that (log x)/x/™->0, and hence (logx)™/x-—> 0, when 
x->0o. Put x = e”; then when y —> oo, also x > 0, and so 


y — (log x)" 
a Ee 


Thus e* tends to infinity faster than any positive power of x. 


(7) The exponential limit. 


lim (1 +f)" =e, forall x. 


n-> 0 
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4.43] 
If n > 0 and n+< > 0, then by (1) with u = n/z, 


eee 143) Ze 
n+a~ 8 ny) n 
On multiplying by n we get 
NL x\” 
pariee < log (145) <&, 
When n -> 00, na/(n +x) +> x, and hence 


a\n 
log (1+3) > ZX. 


Hence for all n sufficiently large, 
(ie) = 
n 


where > 0 when n > oo. Since e” is continuous (4.41 (3)), e*+ > e*, 


and hence Va 
(2 +2) >e* when n->0O. 


In particular, with x = 1, 
n 
lim (3 +7) = @. 

n—> n 


This result is sometimes taken as the definition of e in alternative 


presentations of the theory. Cf. 2.77, ex. (ii). 


1 

(8) lim (14d+4+...42—logn); Bute’ constant. 

n> © 

, 1 
Write f(n) = I+d¢+d+... +7 —logn. 

Then f(n) decreases as n increases, for 
n 1 1 
— «= l a 
nel’ 0g (1 =i) 0 


1 
f(n+1)—f(n) = te ae 


by (1) with vu = —1/(n+1). 
Now put u = 1/(r—1), where r > 1, in (1): 


me | 
- < logr—I —1 ; 
: < logr—log(r Scorer 
If we write down inequalities of this type corresponding to r = 2, 3,...,n, and 


then add, we obtain 
1 

.e+t— <i 1 1 +-—-_, 

dtd+...+2 <logn<1+d+h+...t 7s 


sO ~ <f(n) <1. 
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Hence when n > 0, f(n) decreases but remains positive. Therefore by 2.77, 
f(n) tends to some limit y, where 0 < y < 1. Thus 


: 1 
lim (1444+4+...+5-logn) =¥. 
n> n 


The number y, called EHuler’s constant, can be proved to be irrational; its 
approximate value is 0-577,215,664,9.... 


Exercise 4(f) 
Find the derivative of 
: ao  (@tI)t(2e+3)* 
V(1—2?) (3a — 5)8 
3 (w—2)t (3a +2)* (2045). 4 2 8*gin 2x. 
5 ef. 6 e*sinx(logz)?. 
7 xe*tanz. 8 (l+a)¥* (2 >—-1). 
9 log,2 (a > 0). 10 (logz)* (x > e). 


11 Prove that the derivative of (2+ 1)(a+2)...(x+7) has the value 


1 
ni(1td+e+...+2) 
when x = 0. 


d 
12 If y? = e*¥, prove = hy? / log (:) , 


Use the logarithmic inequality to prove the ees (nos. 13-17). 
13 loge < n(%e—-1) ifx>0. 
14 e*> 14-2 for all x, and e? < 1/(1—2) ifxz <1. 


1 
15 ee Cie ee $1, 
x x-—1 


16 lnc? Sy. 


z>1¢—1 


17 lim =. [This limit is d(log)/dx.] 


log(w+h)—logz 1 
h+0 h 


I h)-21 
18 Caloulate lim O8 +h) Flog (ef) ~Plege 
h—0 


19 Prove lim ei = 1. [This limit is the value of d(e*)/dx when x = 0; or 
x 


x0 
use no. 14.] 


. ar— 
20 Prove lim a loga (a > 0). 


x2->0 


Assuming the exponential limit, write down the limit when n -> 00 of 


2\-" 1\" (n+2)" 
21 (142) 22 (1-5) : ar 
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1 n 
24 Prove lim (: + 2 + =) = e. [Use the logarithmic inequality as in 4.43 (7).] 
n 


nN-> 00 


*25 Iff(x) > 0 and is continuous for 0 < x < 1, prove 
1 1 

log f(x) dx < log {| F(z) as} 
0 0 


by first considering the case when | /f(x)dx = 1. [In thiscase, log f(x) < f(x) —1, 
so 


1 1 
freer ae <| f(a) da-1=0= log { { say az}. 
0 0 0 
For the general case, when | : f(x) da = c, apply the special case to d(a) = f(x)/c.] 
0 


Assuming Euler’s limit, calculate lim ¢(n) when ¢(n) is 
n> 


1 1 1 1 1 1 
* oe * ———— + ——_ + ,...4+—. 
Serra Prey as =, #1 Si one ae 


1 1 1 ean eee 
*28 eearer +... Toa p being any positive integer. 


1 1 1 
*29 ———__ + ——___  ... sr p and qg being positive integers, and p > q. 


4.44 The hyperbolic functions 

(1) Definitions and simple properties. 

In the broad sense, log x and e* and any function involving these 
are ‘hyperbolic’ functions, because log x is the measure of an ‘area’ . 
under the hyperbola y = 1/x, and e* is the inverse function. However, 


the name is customarily used for two special functions which are 
defined as follows: 


chz = $(e* +e), sha = $(e*—e-*). (i) 


These, sometimes written coshz, sinh, are called the hyperbolic 
sine and hyperbolic cosine of x. 

The name arises from the fact that these functions bear a relation 
to the hyperbola x*—y? = a? resembling that between the trigono- 
metric or circular functions sinz, cosx and the circle 2?+y? = a?. 
For example, just as the point (acos 0, asin @) lies on the circle for all 
values of 9, so does the point (ach u, ash x) lie on the hyperbola for 
all w; this follows because 


ch? w—sh? w = 3(e% +e")? + P(ev—e™)2 = 1 


by expanding. The hyperbolic functions possess many other pro- 
perties analogous to those of the trigonometric functions. Thus 
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directly from the definitions we verify that ch(—x) = chz (so that 
chz is an even function like cosz is), and sh(—2) = —shwz (so that 
sha is odd). The reason for the similarity of behaviour will be given 
in 14.68. 

By analogy with the remaining trigonometric functions, we define 


sh x chz 1 
tha (or tanh 2) = ane’ cothz = shee _ the: 
1 1 
cosech x = he? sechx = cha’ 


All the properties of these functions can be deduced from their 
definitions by expressing the functions in terms of powers of e. The 
reader should verify the following results. 


(i) chO = 1, (ii) shO = 0, 
(iii) ch(—2) = cha, (iv) sh(—z) = —shgz, 
(v) th(—2z) = —thza, (vi) ch?a~—sh?z = 1, 
(vii) sech?z = 1—th?z, (viii) cosech? x = coth?z—1, 


(ix) ch(x+y) = chz chy+shz shy, 
(x) sh(a+y) = sha chy+chz2 shy. 
From these can be deduced the ‘double angle’ formulae, the for- 
mulae for converting sums into products, etc., exactly as in trigono- 
metry; see Ex. 4(g), nos. 2-15. 


(2) Graphs of shx, cha, thx. 

Despite their structural similarity to the trigonometric functions, 
we shall now see that the range of possible values of the hyperbolic 
functions is quite different. Observe that 

(a) cha—1 = 4(e7—2+e-~*) = (ed? — e422 > OO, 
so that cha > 1 for all ; 

(6) cha—shz = e* > 0, so that chxz > shz for all x; but when 
x -> 00, the difference tends to 0; 

(c) from the definitions, as x increases from — co to 0, ch x decreases 
from +00 to 1, and shz increases from — oo to 0; while as x increases 
from 0 to +00, ch increases from 1 to +00 and sh increases from 0 
to +00. 

With this guidance and the results (i)-(iv) above, the graphs of 
ch x and sh x can be sketched (fig. 49). 

For thx, we have from the definitions that 

sha e*—e* et] 2 


t = = = = |] —-—_—.,, 
ne che e+e e+] err 4] 
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As x increases from —0 to +00, e* increases from 0 to +00, so that 
thz increases from —1 to +1, and remains between these numbers 
for all x. Also th0O = 0, and th(—x) = —tha, so that the graph is 
symmetrical about the origin (fig. 50). 


SS SS ce eee ee a alee eS Se eee NY eee ee ee ee we 


-1 


Fig. 49 Fig. 50 


(3) Derivatives and integrals. 
From the definitions, 


d 1d = 
aoe = 3 in’ te «) = 4(e* — e-*) = sh, 
d ld é 
qu 8h = 3 in ( —e * = 4(e7 +e) = ch x, 
d d (shx\  ch?x—sh?z 1 : 
ie ae (is) Chie ~ ohég — Sech's, 
and similarly £ coth x = —cosech? x. 
The corresponding integrals are: 


[encae = cha, foneaz = sha, 


i sech? adx = thz, | cosech? xdz = —cothz. 


d 
cha chz ’ 


fe xdx = logchz; 


Since thz = 


similarly | coth «dx = log |sh2|. 
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(4) Relation between formulae for circular and hyperbolic functions. 

Comparison of the results of (1) and Ex. 4(g), nos. 2-15 with the 
corresponding trigonometrical formulae will verify the following rule, 
which can be used as an aid to memory for obtaining hyperbolic 
formulae quickly. 

Osborn’s rule. In any formula connecting the circular functions of 
GENERAL angles and not depending on properties of periodicity or 
limits, replace each circular function by the corresponding hyperbolic 
function and change the sign of every product (or implied product) of 
two sines. 


Thus from tanz+tany 
ces YS 1—tanz tan y 
we may infer that th(*#+y) = ae 


the sign in the denominator being changed because 
sin x sin y 


tan x tan y = ————_—— 
COS X COSY 


is an implied product of two sines. 
The rule excludes the application to periodicity properties, e.g. 
sin (7 — x) = sin x; and to special angles, e.g. 


é (sin 2 + cos x) 
1 —— ® 
sin (% + 477) Sapa | 
and also to limits, e.g. d(cosx)/dz = —sinz. A complete justification 


of the rule will be given in 14.68. 

Consideration of the integrals in Ex. 4(g), nos. 40-49, will verify 
that the general procedures for integrating circular and hyperbolic 
functions are the same. 


Exercise 4(g) 
Prove the following formulae. 
1 cha+shz = e*, cha—shz =e-*. 
2 sh2e% = 2shz chz. 
3 ch2a2 = ch?x+sh?z = 2ch?z—1 = 1+ 2sh?z. 


4 thax = aa 5 sh(x—y) = shxzchy—chz shy. 
thze+thy 
_ = -_ ° th a ea TIRES | 
6 ch(a—y) = cha chy—shz shy 7 (x+y) ij the thy 


8 Express as sums or differences (i) shx sh y; (ii) sha ch y; (iii) cha chy. 
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9 shS+shD = 2sh}(S+D)ch}(S—D). 
10 shS—shD = 2sh}(S—D)ch}(S4+D). 
11 chS+chD = 2ch}(S4+D) ch}(S—D). 
12 chS—chD = 2sh}(S+D) sh}(S—D). 
13 sh3ev = 3sha2+4sh*z. 14 ch 3a = 4ch?x—3chz. 
Ei hane —_ (iii) tha = — 

16 Solve the equation 7shz+20chz = 24 (i) by expressing it as a quadratic 
in e*; (ii) by using the substitutions in no. 15. 

17 Prove (cha+sh2)" = chnz+shna, 
and (cha+sh2)(chy+shy) = ch(x#+y)+sh(x+y). 

1+th =)" 

1—thz 
19 Ifchz cosz = 1, prove that th4a = + tan 4”. [Express all in half-angles.] 
20 Prove sin? x ch? y+cos?a sh?y = 4(ch 2y—cos 22). 
21 If tanz = thy, prove sin 2% = th 2y. 


1 
15 If7 = tha, i)cha2 = 
T $a, prove (i) cha 1-7 


= ch 2nz + sh 2nz. 


18 Prove ( 


Find (and simplify if possible) the derivative of 


22 sechaz. 23 cosech 2. 24 cothz. 25 logshz. 
26 sh (log2). 27 log th 4a. 28 tan-(cothz). 29 tan-1(th 42). 
30 chx cosx+shz sina. 31 ache, 32 (ch2)*. 


33 Ify = Achnz+Bshnz where A, B,n are constants, prove d*y/dx? = ny. 
34 If y = tan-!(shz), prove d*y/dx? + (dy/dx)*tany = 0. 


Write down the integral of 
35 sh 2a. 36 sech? 32. 37 th 42. 
38 e*(thz+sech?z). 39 e**ch ba. 


Using the formulae of 4.44 (1) and nos. 1-15 when necessary, calculate the integral 
of ; 
40 sh?z. 41 ch?z. 42 th?z. 43 shez ch 32. 


44 sh®zx. 45 chez ch 2x ch3ze. 46 ch(logz). 


Using integration by parts, calculate 
47 fe chadz. 48 fe sech? x da. 49 | x? sh xdx. 
50 By expressing sech x in terms of e, prove fsech xdx = 2tan-!(e*) +c. 
51 Reconcile the result of no. 50 with the answer of no. 29 by using 
Tan-1a—Tan-!b = Tan-!{(a—b)/(1+<ab)} 
to show Tan-!(e7) —Tan-! 1 = Tan-! (th $2), 
i.e. that the results differ only by a constant. 
52 Obtain Seosech xdx (i) by use of the definition; (ii) from no. 27. 


9 GPMI 
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53 Sketch the graph of (i) y = cothag; (ii) y = sech a; (iii) y = cosecha. 
54 Prove that shxz— 2 and x —th~z are increasing functions for all x. Deduce 
that for 2 > 0, tha < x < sha < cha. 


55 Calculate lim shz/xz and lim tha/x. [Use no. 54; cf. 2.12.] 
x20 x20 


4.45 The inverse hyperbolic functions 


These functions bear the same relation to shz, chz, tha, ... that 
sin-! x, cos-!z, tan-!z, ... bear to sin x, cosz, tan 2, .... 


(1) Since x = shy is a continuous function of y which increases 
steadily from —0o to +00 as y increases from —0o to +00 (see 
4,44 (2)(c)), hence shy takes every value just once; i.e. to any given 
value of x there corresponds a unique value of y, written y = sh-1x 
and called the inverse hyperbolic sine of x. 

The graph of y = sh-! zis obtained from that of y = sh x as described 
in 4.41 (4). 


Fig. 51 Fig. 52 


Ify = sh-1z, thensh y = xandso by 4.44 (1), (vi), chy = +.,/(1+2?). 
Also e” = shy+chy = x+,/(1+2%). Hence y = log {x +,/(x? + 1)}, ie. 


sh-la = log {a+ /(z? + 1)}. 


This shows that sh—1z is continuous for all x, since log {a +./(x? + 1)} 
is a continuous function of a continuous function (2.62 (2)). 


Ly 


(2) Since z = chy is an even continuous function of y which in- 
creases steadily from 1 to +00 as y increases from 0 to +00 and also 
as y decreases from 0 to —0o, hence chy has the same value for two 
(equal but opposite) values of y, except when chy = 1. Thus to any 
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given value of z > 1 correspond two equal and opposite values of y; 
when x = 1, y= 0; and forz < 1 the function y of z is not defined. The 
two-valued function y is denoted by Ch-'z, and the positive value 
by ch z. 

The graph of y = ch-1z is the ‘thick’ curve in fig. 52. The complete 
curve is that of y = Ch—!z. 

From y = Ch-!z we have x = chy, shy = +./(z?—1), and 


ev =chy+shy = x+,/(27—1). 
Since {a + / (a? — 1)} {a — 4/(2?—1)} = 2? -(2?-1) = 1, 


1 
a 2 ghia: oe 
hence ev = a+ /(z2-1) or 24 @®—1)’ 
i.e. Ch-1z = +log{x+./(z?-1)} («2 1), 
and ch-tz = +log {w+,/(z?—1)} (v2 1). 


Thus ch-' x is continuous for x > 1. 


(3) Since «=thy is a continuous 
function of y which increases steadily 
from —1 to +1 as y increases from 
—oo to +00, hence thy takes every 
value between + 1 just once. Thus, given 
z(—1<2 <1), there is a unique corre- 
sponding y, written y = th-'z. 

From 


ay ey —] 
y = th'z, w= thy = aT" 
so 1 
ey = -———_ and y = flog, 
Fig. 53 
1 
ie. th-z = blog = (|z| < 1), 


which is continuous for all |z| < 1. 


(4) The functions Sech-!xz, cosech—!z, coth-1z are seldom used 


because 


Sech-!a2 = Ch-! (;) , cosech-!z = sh-! (;) , ¢coth-!z = th-1 (=) . 
x x x 


They could be treated similarly; see Ex. 4 (h), nos. 38—40. 
9-2 
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(5) Derivatives and integrals. 
(i) y = sha. 
From « = shy, da/dy = chy = +./(1+sh?y) = +./(1+.2), the posi- 
tive sign being chosen since ch y is never negative. Hence 


d 1 
— —1 = ——_—— 
78h a + 74a) (all x). 


(ii) y = ch-!z. 

Since x = chy, dz/dy = shy = +/(ch?y—1) = +./(x?— 1), the posi- 
tive sign being chosen because the values of y = ch~'z are not nega- 
tive, and hence shy is not negative. Therefore 


d 1 
Pahl gh a te eS 
qc x TGs 1) (x > 1) 
(iii) y = th-!z. 
From x = thy, da/dy = sech?y = 1—«x?. So 
| Se ae. 


The corresponding integrals are: 


en de =, 
Ja +a) = . x, JG?—1) = ch-!z (x > 1), 
< =th 2 (|x| <1). 


These should be compared carefully with the last two results of 4.12. 


Exercise 4(h) 


1 Obtain the derivatives of sh—1z, ch—1z, th—!z by using their logarithmic 
expressions. 


Write down the derivative of the following, stating any restrictions on the values of x. 


2 sh-1(2z). 3 ch-1(2x%-1). 4 th-1(2z). 
S$ th-1(tan $2). 6 coth-} (5 (« + -)| ; 7 sh-!(tanz). 
8 th-1(sinz). 9 ch-!(sec zx). 


d. 
10 Calculate [yas by the substitution x = shi. 


d. 
11 Calculate { eer (x > 1) by the substitution 2 = ché. 


By writing x/a (a > 0) for x in the integrals of 4.45 (5), prove that 


dx 2x dx x 
— -1_ ° — —1_ *‘ 
12 laaas sh ate 13 | ea ch nae (a > a) 
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14 lees; Dt (|x| < a). 
15 Calculate the integrals in nos. 12—14 by using suitable hyperbolic sub- 


stitutions. 
16 Show that the logarithmic form of no. 12 is 


dx 
\ yeaa = log {a+ f(a? +2%)}+¢’, 


and state the relation between the constants c, c’. Give similar results for 
nos. 13, 14. 


Write down the integrals of 
7 jase (9) oes, ghee 
a(x? + 25)" a{(a? — 36)’ (422 + 25)" (36 —2?)° 
1 1 1 
* ae= 9) 2 areata) aera 


24 By putting z = ashi# and using ch?¢ = 4(ch 2¢+ 1), prove that if a > 0, 
[ve +a*) dz = 40) (xz? +a?) + 4a*sh—! (z/a) +. 


25 By putting z=acht, calculate [,/(a*—a*)dx (a> 0). [Contrast 4.21, 
ex. (vi).] 


By using a suitable hyperbolic substitution, calculate the following. 
2 
26 fac 9x? — 4) da. 27 i (92? + 4) dx (answer in logarithmic form). 
0 


x 3 /(a* +1) 
28 lye—a* 29 I, —, a. 


*30 If « < —1, what is the substitution to be used in no. 11? Show that the 
result is —log{—2+./(z?—1)}+c. [As cht is never negative, the substitution 
required is z = —chi.] 


—12 dz 
sae, by the substitution x = —5cht. 
—13 V(x? — 25) 
13 
2 


(ii) Also evaluate this integral by first reducing it to { 
1 


*31 (i) Evaluate i 


da 
V(x? — 25) by the 


substitution z = —y. (This obviates the difficulty of signs indicated in (i).) 


Using integration by parts, calculate the integrals of 
32 ch-'z. 33 th-'a. 34 xsh-za. 35 a? tha. 


*36 Ifc, = fa"chaada and s, = [x"shazdz, where a + 0 and nis a positive 
integer, prove a vs a” 
C,= | nat — 7 hua» 8, = | Cat — 7 ont: 


Hence obtain a reduction formula for c,, and for s,,. 

*37 Using no. 5, show that {sec xdz = 2th-!(tan }2) if |tan 4z| < 1. What is 
the result when |tan4z| > 1? Show that both results are given by the log- 
arithmic forms log |tan (42 + 47)| = log |secz + tanz|. 
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*38 Verify the results stated in 4.45 (4), and state for what values of x they hold. 
Use these results to prove that 


d 1 
pee le eit ape Se . 
(i) ay Beck x x (la) (0<2xz<1); 
(ii) Fie es Steed (2 + 0); 
dx a x /(1 +22) : 
d 1 
wea ns 
(iii) ay coth Ors (|x| > 1) 


*39 Sketch the graphs of (i) cosech~1 2; (ii) Sech—1 a; (iii) coth—1 a. 
*40 Prove that 


(i) sech-1” = log paca (0<2< 1); 


1+/(1 +) 
zx 


= 2 
(ii) cosech-1a = log { if x>0, log poste} if «<0; 


(iii) coth-12 = flog es (|x| > 1). 


(B) SYSTEMATIC INTEGRATION 


4.5 Revised list of standard integrals 


In section (A) of this chapter we gave some general methods of 
integration (decomposition, substitution, parts, reduction formula), 
and applied them to a variety of functions. In this section we approach 
the subject from a different point of view by considering various types 
of function and investigating what methods can be used to integrate 
them. Although we cannot give rules which will apply for the integra- 
tion of all functions, we shall see that certain classes of functions can 
always be integrated by following a well-defined procedure. Our 
classification of functions will be the ‘structural’ one outlined in 1.51. 

The following resultst have been obtained in section (A): 


gmtl : 
m — es . 
fe Of nd (m + —1); (i) 
lie = log |x|; (ii) 
x 
[edz == @*; (iii) 
[sin xdx = —cos2, Joos zdxz = sina; (iv)a,b 


tf The arbitrary constant of integration has been omitted for brevity. 
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| sec? xda = tan z, | cosec? ada = —cot2; (v)a,b 
fen xdxz = ch2, fonede = sha; (vi)a,b 
| sochtede = tha, [eosech# de =-—cothz; (vii)a,b 
| ae dx = tan-!z; (viii) 
| Rene, reer ee (ix) 
; (a= 2) 
lara da = sh-!z; (x) 
\a=y dz=ch-!z2 (x> 1). (xi) 
The result ( vas dx = log |f(x)| 


includes the following: 


[teneae = —log |cos |, foot adxz = log|sina|; (xii)a,b 


[enede = logcha, feoth xae =log|shz|. (xiii)a,b 
We shall show (see 4.81, exs. (i), (ii)) that 
i cosec xdx = log |tan $a]; (xiv) 
[sconde = log |tan(4x+47)| or log|seca+tanz}. | 
(xv) a,b 


The reader should know all of these, and should be able to quote 
the corresponding results when z is replaced by any linear function 
px+q (p + 0). Thus by writing z/a for x in nos. (viii)—-(xi), we have 
when a > 0: 


1 1 x 
ey =e -1L. 1 
| aa dx ; tan a (xvi) 

1 x 
—___—_— dy = sin-17: ii 
i (aaa) sin (xvii) 


| sere dx = sh-1= or log{x+./(a*+2")}; (xviii) a,b 
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and if 0 <a<dz, 
lex Ve 3 a = =ch-1~ or log {a +-4/(a?—a*)}. (xix)a,b 


Similarly, on cm x by px+q in (ii), 


] ] 
—dz = -—lo a+q). 
leery 0g Lae +al 


] 1 x—a 
Finall ——_—. dz = — aor 
ally, | Roget 94 8 Paar (xx) 
1 x ( 1 1 =): 
because == —_ 
2*—a 2Qa\x—a x+a 


4.6 Integration of rational functions 


4.61 Preliminary considerations 


(1) Allrational functions of the form kf’ (x)/f(z) (where kis constant) 
can be integrated immediately as klog |f(x)|, by 4.33. 


(2) When the function is not already of this form, we decompose 
it into simpler rational functions. If the degree of the numerator is 
not less than that of the denominator, we begin by using ‘long 
division’ to reduce the fraction to a polynomial together with a 
‘proper’ fraction. 


Examples 
. 1 
’ aap. 
@) e+1 J eras 
hence [ae $02 —a +log |x+1|. 
ad 2x4 — x — 342+ 5a — 4 3x7—3 
ee Se | eee 
@) > — 32+ 1 ig +3041 


so the integral of this function is 
x? — a +log |z— 3x +1]. 


4.62 Digression on partial fractions 


We may suppose that, whenever necessary, the above division 
process has been done. Our problem is then to decompose a ‘proper’ 
fraction into a sum of simpler fractions, known as its partial fractions. 
When the denominator can be factorised into a product of linear and 
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irreducible} quadratic factors (repeated or not), the reader will know 
how this decomposition is made. We give here, for convenience, 
a summary of the working rules; the theory is in the Algebra section 
(10.53), where there is a full formulation of the basis of ‘equating 
coefficients’ (10.13). 

1 (a) For each simple linear factor «—a assume a partial fraction 


A 


L—-a 
(b) For each squared linear factor (x —b)? assume a sum 


B, 


3, Bs Az+B 
z—b (%—6)?’ 


or equivalently ——, 


(a —b)? 
(c) For each cubed linear factor (a —c)*? assume 


Az? + Be+C, 
(a—c)®” 


Se i 1 
=o) or equivalently 
and so on. 
2(a) For each unrepeated irreducible quadratic factor x*+bx+c 
assume a fraction 
Azx+B 


v+br+c° 
(b) For each squared irreducible quadratic factor (x? + bx +c)? 


assume a sum Aje+B,. Agut+By | 
and so on. 

Thus, in general, for a factor of degree n we assume a partial frac- 
tion whose numerator is of degree n—1 (cf. the equivalent forms in 
Rule 1); but in the case of a repeated factor it is usually better to 
express such a fraction as the sum of ” simpler ones, as first stated. 

Having followed the above procedure for all factors of the denomin- 
ator, we convert the relation expressing the equivalence of the given 
fraction and the sum of partial fractions into a polynomial equation, 
by multiplying both sides by the given denominator. The constants 
A, B, C, ... can then be determined either by (i) equating coefficients, 
or (ii) substitution of special values for az, or (most usually) (iii) a 
mixture of these methods. The following examples should revise 
and clarify all that is necessary. 


Tt See the definition in 10.52. 
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Examples 
(i) Simple linear factors. 
_wi+1 =A, B C 
x(2? — 4) 4) ae 2 Peay Lene 
v?+1 = A(u*—4) + Ba(x + 2) + Cx(x— 2). 


Put x= 0: 1=-4A, so A=-}., 
Put x = 2: 5= 8B, so B= §, 
Put « = —2: 5= 80, so C= §&., 
z+ 1 5 5 
Hence xa®— 4) D = et aad +842)" 
Repeated linear factor. 
Tx—4 _ A B C 


(i) (x—1)?(a+2) Pe a PRT MeO 


7a—4 = A(x—1) (x+2)+ B(x+2)+C(a—1)%. 


Put «= 1: 3 = 3B, so B=1. 
Put « =— 2: —18 = 9C, so C=-2, 
Equate coefficients of 22: O=A+C, so A=2. 
Hence ee py eres ee Le 
(w—1)?(a2+2) w—-1 (x-1)? w+2 
(iii) 2x7+ 3x+1 _ A iis Sera ceeree © 


(2—2)8(@—3) 2x—2 (w—2)? (x—2)® 2-3 


and we could proceed as before. The following variation of the method should 
be noticed. 


2a? + 8x +1 = A(w—2)2(a—3) + B(x — 2) (x —3) + O(x—3) + D(x — 2)’. 


Put x2 = 2: 145=-C, so C=-—165. 
Hence 
A(a — 2)? (~a—3)+ B(x— 2) (a—3)+ D(x —2)8 = 2a? + 8a 41+ 15(a—3) 
= 2x24 1827-44 
= 2(a—2)(%+11). 
*, A(x—2)(~%—3)+ B(x —3)+ D(x— 2)? = 2a 4 22, 
Put x = 2: —B= 26, 
and hence A(a — 2) (#%—3) + D(x — 2)? = 27+ 22 + 26(x— 3) 
= 28(2—2). 


A(xz—8)+D(x—2) = 28. 


Putting x = 2 gives A = — 28, and x = 3 gives D = 28. 
When cubic or higher order repetitions occur, it is shorter to use the following 
method (equivalent to repeated division). 
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Putting y = x— 2, the fraction given in ex. (iii) becomes 
Ay+2)?+3(y+2)+1  2y*?+1ly+15 
y*(y— 1) yl) 
Nowt 15+1ly+2y? = —15(y—1)+ 26y+ 2y? 
= — 15(y— 1) — 26y(y— 1) + 28y? 
= —15(y— 1) — 26y(y— 1) — 28y*(y— 1) + 28y°, 


15 26 28 28 
so the fractionis =  ————-— 


28 28 26 15 


z—-3 x—-2 (#—2)? («—2)>° 
Simple quadratic factor. 


: e+4 A Br+C 
(iv) = 


e(at+2) 2 x42’ 
“ @4+4= A(z*+2)4+2(Be+C). 
Put x = 0: 4= 24, so A=2. 
Equate coefficients of 22: 0=A+B, so B=-2. 
Equate coefficients of: 1=C. 

e+4 _2 2e-1 

x(a®+2) a2 at+2° 

xe 2eee Clee. 
(a2+4)(2?+9)  229+4 2849’ 


but if we notice that the given fraction is a function of x* and put y = x*, we 
have (more easily) y A B 


Hence 


(v) 


V+) (Y+9) ytd y HO” 
from which we find A = —4#, B = as in ex. (i). Thus 
x 9 4 
(2?+4)(a#+9) Blx®+9) B(x? +4)" 
at+a8 
xs—]-° 
Here the fraction is not ‘proper’, so that first the division process must be 
applied. It can be combined with the work for finding the constants in the 


partial fractions as follows. Since the quotient is of first degree in x, it has the 
form az +6; so, using the factors (a — 1) (2?+2+1) of z3—1, 
xi+a23 A Be+C 
a—1l aeRO i area 1 
xv*+2a3 = (ax+b) (w®-—1)4+A(e?+24+1)+(Be+C) (x—-1). 
Equating coefficients of x‘ and of z* gives respectively 1 = a, 1 = b. Puta = 1: 


2=3A, so A=}. 


(vi) 


t The following can also be obtained by long division of 15+ 1ly+2y? by —1+y 
(arranged in ascending powers of y). 
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Proceeding as in ex. (iii), first method, we find after a little calculation that 
3(Ba + C)(w—1) = —(2e+1)(%—-1), 
so that 3Ba+3C = —2x-1. 
Equating coefficients of x gives B = —%; and equating constant terms gives 
C =—}. Hence ot +23 9 2241 


een 
m1 **+3@—-1) 3@@+241) 


Repeated quadratic factor. 
x+3 A But Cy Da+HE 
(%—1) (a? + 1? a—1. 2+] alee (2+ 1)?’ 


(vii) 


but it is easier to proceed as follows. Write 
Sac et 
(a—1)(w2?+1)? a2—1l (a?+1)2’ 
2+3 = A(x? + 1)?+(x—1)f(z). 
Put z=1: 4=4A, so A=1. 
F(x) x+3 1 


(w?+1)? (a—1)(2?+1)? x—1 
—2—x*- 32-2 


after combining the fractions and then removing the factor x — 1. We now have 


f(x) = —2®? —2?—- 32-2, 
and this can be put in the form (ax+6)+(cx+d) (~?+1) either by inspection 
or by division by z?+ 1. We find 
F(x) = (— 2a— 1) +(—2#—1) (2? +1). 
The given fraction is therefore 
1 _#+1_ 2041 
a—1l a®+1 (2?+1)2" 
(vili) Case of linear factors with irrational coefficients. 
The method of ex. (i) would apply to a case like 
1 1 
a(x? — 2) ~ x(x + 4/2) (a—./2)’ 
and we could express the result in the form 
A B Cc 
wet yo aye" 
For the purpose of integration, surds can often be avoided by INCOMPLETELY 
decomposing the given fraction. Thus 
1 A Bu+C 


a(x? — 2) 2) ~ ego” 
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and by the usual methods we should find A = — 4, B = 4, C = 0. Then immedi- 


ately 1 
ae, ae i 
las dx slog |x| +} log |x? — 2| 
x?—2 
= tlog|—, 
Exercise 4(1) 
Using the results of the above worked examples, calculate the integrals of 
z+ Tx—4 2a? + 3x2+1 
aa? — 4)" (2—1)?(#+2)° (a — 2)8 (a —3)° 
4 x+4 5 x? x3(%+ 1) 
ar(ae® + 2)” (a® + 4) (x?+9)° a8—] ° 
“7 z+3 


(a —1) (x? + 1)?" 


Express the following completely in partial fractions (using inspection whenever 
convenient), and hence calculate their integrals. 


1 2+] z+1 
8 22—1° 9 a ae 10 (x — 1)?” 

e?+1 x—2 22 +1 

Lie (2 — 2)” S a(a+1)° (a—1)(42—1)° 
2a—1 223 + 7? +4 62+13 

Y x2—x—6° i x(a+1) ~ i (2+ 1) (a+ 2)(2a+3)° 
x+18 22+7 3x? — 3a —2 

" a(x — 3)? is (~—1) (a+ 2)?" : x(xe+1)2 ° 
7x? + 12¢4+2 22+ 3 4+ 42 —16 

2 (a+ 1)? (a—2)° ot (a? +1)" a8 (2 — 2)? (a? + 4)" 

ing, Co eee ee a en 
(1 — 22) (2? + 3)? (2a? + 1) (8a? + 2) 


Express the following in partial fractions involving only rational coefficients, and 
hence calculate their integrals. 


+2 4x +3 Qa8 + a? — 2 
(2a + 3) (a?—3)° - (a — 2) (a? 4+ 4a—1)° at vt-4 
4.63 Summary 


It will now be clear that, provided we can resolve the denominator 
into linear and quadratic factors, any given rational function f(x)/g(z) 
can be expressed as a sum of partial fractions of the types 


A Br+C 
(x—a)™’ (a?+ba+ce)™’ 
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for m = 1, 2,3,..., where z?+6x+c has no factors or else has linear 
factors with irrational coefficients. 

Integration of the first type yields 

1 A 
1—m («—a)y"1 

We examine the integrals of the second type in 4.64, 4.65. 

If the polynomial g(x) cannot be factorised as described above, we 
remark that the method of partial fractions becomes powerless. 
Thus it cannot cope with 


if m+1, or Alog|z—al if m=1. 


328 + 5et+42-—2e-1 de 
(x5 -x +1)? ' 
although the expression for this integral is in fact 
xt) 
ge 41" 
Ax+B 
+04 |e bxte™ 


(1) Constant numerator (case A = 0). 
Complete the square in the denominator, thus reducing the in- 
tegral to one of the standard forms (xvi), (xx) in 4.5. 


Examples 
(i) dx 2 
v24+62—4 J (e+3)?—13° 
dx 1 1 1 x—a 
Si —_—____ = —_— d. =5,! 
se lam lel= —@ ~=5) i °8) eta a+a’ 
1 r+k—a 
herefi ews = — log | ——-— |. 
therefore lox oa ° oe im 
Hence the given integral is 
1 : e+3—,/13 
2/13 °\2+34,/13|" 
(ii) dx 1 dx 
ii FOr WaT PET eT OE WE EME aid eT ere 
4e°4+162+25 4) 27+40+6} 4) (x+2)2+42} 


Since a =F ent” cots 5 oie anaes 
z+a* a a’ J(a+k)?+a2 a a 


Hence the given integral is 
1 1 ,7+2_ 1 22+4 
aioe = —tan-} : 
ii at eS 


$@) a 


ft Hermite has shown how to find the rational part of any such integral ae) ee 


without having to factorise g(x). 
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Alternatively, put x+2 = $tan 0; the integral becomes 
1 fzsec?6dd 1 2a + 4 
ery | sancti eee G= aie 
$sec?0 = s «6 Al i ie hac a 
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In practice the middle step of the working in each example is done mentally. 


(2) Linear numerator (A + 0). 
- Express the numerator in the form 


A (derivative of denominator) + y. 


Hence split the given seri into a sum of two integrals: the first is 


of the form 


the second is covered by case (1) above. 


Examples 
ae 3a —5 
wi) foe 
Write 3a—5 = A(4v+2)+y. 


Then we find A = 2, 4 = —33. Hence the given integral is 


3 4e+2 oe 13 dx 
4} 2n24 e441 2 | Qa2+ 24 41° 
The last integral is 


enw e+ 
= 43.2 tan-!—_— = 18 tan- 
etre = ? me 


Therefore the given integral is 
$ log (2a? + 2a + 41) —3$ tan“! 
; 22+7 
(iv) | ll—32—a08 
Write : 22—7 = A(-3—42) +4; 
then A = — 4, # = 43, and the given integral is 


Asie dx 
2) 11—3a—2a2” ' 2 | 11—3x2—223° 


The last integral is 


2a2+1 
ae 


-U/ _ Uo} jett-3v97 
4 J(v+8)?-23 0 4°2.4,/97 "|e 4+344,/97|° 
Therefore the given integral is 
11 4 + 3— 4/97 
— flog |11 — 3a —2a2| -———_ log | —___*—_|, 
le aaa ead aa WY as Gram 


22+1 
oF 
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4.65 Reduction formula for ee 
(x? +bx+0c)" 
As in 4.64 (2), begin by finding numbers A, for which 


Az+B= A(2x+b)+y. 
Then Az+B 22+b te dx 
(@+bato)" canna # (a? + ba +c)" ‘ 
1 


~ Rd . atepgetee 


where U, = | ——__-—- 
| (a? + ba +c)" 
da 
{(a+ $6)? + c— 4b7}" 


] 
= lary 


on putting ¢ = «+ 4b and k = c—}b*. Writing the numerator of the integrand 
as (1/k) (t? +k) —(1/k) t?, we decompose the integral: 


Pe dt lf de 
"ks (+k) kj (2+k)* 
= z Ug— y+ : t— A at 
hk ™*" 9ke(n—1) J dt \(@+k)2 
_ 1 beet 1 t 1 
he ™** 2k(n—1) (#2 +k)" 2k(n—-1) 
on integrating by parts. Hence 


— 1 t a: 2n—3 7 
" Wn—1)k (2 +kh)"-1 Wn-1)k 


by completing the square, 


Successive applications of this reduction formula will lead to u,, which is 
either (xvi) or (xx) of 4.5. In many cases u, is more easily calculated by means 
of a substitution, as in the following. 


Example 


2¢—1 de 
(a? + 2a + 5)? 


Write 2e—1 = A(Q2e+2)+y. 
Then A = 1 and 4 = — 3, so that the integral is 


22+2 3 dx 
(a? + 2x+ 5)? (a? + 2a + 5)? 
= J BM a= ees ee 
~ gt4+2a+5 {(e+1)?+ 4}2" 
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Putting x+1 = 2tan 0, the last integral becomes 


; 1 
(fz 7] dB = 5 | costeao =< [1 +008 26) 49 


16sect09 = 8 
= 3,(0+4sin 20) = 3,(8 +sin 0 cos 6). 
x+1 2 
Si in 9 = —______ d 9 = ——______, 
ince sin Wi@+)'+5 and cos Vi@+iP+5 
stuake 1 a+l1 2(z +1) 
ae -1 pee EN. 
the expression is ié {tan 3 (e@+1)*+ { 
Hence the given integral is 
I - +1 3 «2#+1 
ee pansies = ee 
a? + 2a+5 2 8 w2+2a+5 
32+ 11 r z+1 
= — —_______ —..3. tan! 5 
8(a?4+2a4+5) 28°" “9 
Exercise 4(j) 
Integrate each of the following functions. 
1 2 1 3 1 
(3a + 2)?+16° (3a + 2)?—16° 2+ 27 +2° 
I 32—1 6 62+5 
5+4a—g2° x? + 27—10° 9a? — 182425" 
x? + 2a7+3 Qu? — 3a —4 aq Ut Ta*®—3x+4 
(1+a) (1+a?)" (a2 — 1) (a? + 2a+ 2)" e*+a2+] 
1 1 x+2 
—___., *11 —__., *12 —_____., 
10 (x? + 25)? ‘ (xv? + 4)8 (a? + 2a + 5)? 
bg 1 1 
* ‘ *14 ——_., *15 —___., 
er te FT 4 +a? pat 


4.7 Integration of some algebraical functions 
4.71 Linear irrationalities 


For functions containing roots of linear expressions, a rationalising 
substitution can always be used. 


Examples 


adx 26 dt 
i) a Pee ti — 72 
(1) [5 iS by putting x 


1 
= 2 eee 
of (eneea—2y)a 


= $8 — 2? + 2¢—2log |t+ 1] 
= gat —2 + 2xt — 2log |at +1]. 


Io GPMI 
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ds dx 
(1) la +t" 
To rationalise both roots, put 2 = ¢* (since 6 is the L.c.m. of 2 and 3). The 
integral becomes 


GiSdt _ #8 os 
2+2 °° © «Jt+1 


= 6(448 — 342+¢—log|é+1|) as in ex. (i) 


= Qat—3xt + Gxt —6 log |x? + 1]. 


ss dx 
(ii1) lexgezp = lyaence where 2x—1 = #?, so that i = 4(+41) 


Qt dt 
(¢+1)? 
= 2 : : dt b rtial fractions 
i ei 1 (i + 1 Vv pa 1 9 


1 
= 2 
flog ++ 1| +o 


3t? dt 
ees —-8=23 
(iv) levies Ge 8) = (@48)e" where x—8=# 


=3 tdt =3 tdt 
~ 7848 ° J (é4+2) (2-244) 


1/ t+2 
=$ iF F («sa ia. “5 dt by partial fractions, 


_1/3@t-2)+3 1 ” 
~ 9g @—2+4 t¢4+2 


dt 


ee aaron | 
Aca Te ETA 


3 
= eng 
The last integral is dt 1 ptt! 1 
G@—12+3 3 AE 
The variable x is now restored by putting ¢ = (x—8)}. 


4.72 Quadratic irrationalities 
For functions containing ./(az* + br +c), the substitution 


azv?+ba+c=? 


is not usually successful; but ‘completing the square’ is useful at 
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some stage. We illustrate by a few particular cases; but it can be 
proved that if R(x, y) is a rational function of x and y, where 


y = (az? + br +0), 


then f R(x, y) dx can always be reduced to the integral of a rational 
function by means of a substitution. 


Ax+B 
4.73 Se ax 
If we remove the factor |a| from under the root sign, we obtain a 
multiple of an integral of one of the types 


Az+B ¥ Az+B ae 
N(e?+grt+h) ? Jal(—#?t+grth) | 


(1) Constant numerator (case A = 0). 
Completing the square in the denominator reduces either type to 
one or other of the standard forms (xvii)—(xix) in 4.5. 


Examples 


w | dx = dx = ah 2+? 
; (a? + 4a + 13) -|lnaa5- 3 


x dx ] dx 
a i V(8 — 5a — 32) ~ “al V(§—§a—24) 

id dx _ 1. _,6e+5 
= 73 Jae oT 7 i” 


Pe dx dx 1 dx 
oe J J e(3+ 22)} J (28+ Bae) — ral a+ a) 
= aay Sirens ee. 
V2 J M{(e+$)?-%} 4/2 3 
(2) Linear numerator (A + 0). 
Since d{,/f(a)}/da = $f’(x)/,/f(x), we begin by writing the numerator 
in the form 


$A (derivative of expression under the root) + x, 


where A, are constants. The given integral is then split into the sum 
of two integrals: the first is of the form 


af"() 4 


the second is as in case (1). 
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Examples 
1l+2z 
(iv) (See poop dz. 
Write 1l+a = 4A(-—14 2x) +4. 


Then A = 1 and pz = 3; the integral is 


$(2a—1) +3 [jase 
V(l- wat)” va- — 


2 2 dx 
Be ol eee 
22-1 


V3 


= (1—2+2?)+$sh7 


» [VE z—1 x—1 
aaa) 4 M(a- 1) (2243) (2a? +a — 37 a 
by ‘rationalising the numerator’. Write 
w—-1= 4A(4e4+1)+y. 
Then A = 3} and pw = — §; the integral is 
bg PEs ay och (a 
2 J (2a? + 2 — 3) 4] ./(2a?+a—3) 


5 
7 Newer) TerH 


4a+1 
= 2 a) rs os | 
= $./(2a +xz-—3) rae ch 5 


Examples (i)-(v) could also have been aang by using a trigono- 
metric or hyperbolic substitution. Thus, after the preliminary steps 
in ex. (v), we could proceed as follows. 


Putting +} = §chu, the integral is 


1 oe | cies = [ERS 1). Sshudu 
V2) e+e V2 “shu 
=a] 1)du = zap (he u). 
From u = ch7! 4$(#+ 4) = Free tes : we have 


shu = (ch?u—1) = JF *)'-1| = $,/(16x? + 8”— 24) 


= 2? (2a? +a—8); 


this gives the result as before. 
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dx 
ane i (x —k) /(ax*® + bx +c) 
This can be reduced by the substitution x—k = 1/t to the form 
' considered in 4.73. 


Examples 
dx 


(+1)./(1+2—2?)" 
Put x+1 = 1/t, so that dx = —(1/t*) dt and 
l4+2—a7 = —(@4+1)?4+3242 = —(24+1)?4+3(24+1)-1 


1 — t+ 3t— 
=-5t2-1 =is" 


The integral is 
— (1/t?) dt 
(1/é).(1/t),(—#+3t—1) Breen i — (¢—3)?} 
t— . _,3—2t . _, 3e+1 
Fis) =e Ga 
by using ¢ = 1/(x+1). 
(iy | a+1 a (x—1)+2 
(2-1) (42? +1) (@— 1) y(4e*+1) 
dx dx 
: |-sases i eae 
The first of these integrals is 4sh-12a”; the second is reduced by the sub- 
stitution x—1 = 1/t to 


-| dt = = dt 
V(52+8t+4) 5) (t+)? -4) 


4.75 i \(ax? + bx +c) dx 


By completing the square, the integrand is reduced to one of the 
forms V(@+k), /(k?-2), /(@-2). 
The integral can then be found by a trigonometric or hyperbolic 
substitution. For example, putting 7 = ashw we have 


Vet+ayax = fachw.achudu 
= at [oh? udu = 30 fa +ch 2u)du 


= $a%(u+ $sh 2u) = 4a2(u+shuchu) 
= $a*sh~! (x/a) + $2 4/(x? +0). 
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We could also rationalise ,/(z?+a") by putting «= atan@; th 
integral would become | 


fo sec 0.asec?0d0 = a? faces dé, 


INTEGRATION 


but this is less easy to calculate. 
Similarly, fa (a? — x?) dx is rationalised by x = asin @ (or less con- 
veniently by x = athu); and {,/(a?— a?) dx by x = achu(orz = asec). 


4.76 Direct use of a trigonometric or hyperbolic substitution 


The substitutions mentioned in 4.75 can often be used directly. 
Others are given in Ex. 4(k), nos. 32, 33. 


Example 


By putting 2 = 2tan0, 
dx = 2sec?0d0 __1 fcos@d0 
a? J/(v?+4) J4tan?0.2sec0 4 


sin? 7 
= ——— (x? + 4) 
~ 4sn0 4a 
Exercise 4(k) 
Write down or calculate (if possible by more than one method) the integrals of 
1 1— Ja 24+1 1 
x J(@+1)° etx 
4 1 5 1 2+./x 
143° x a{(2+4) Sa—1 
ee eee Geet | eee 
J(2e2+1)—/x° JU +a)—-&%(1+2)" al (a? + 6a + 18)” 
1 1 1 
a a (2a? + 4a—7)° - a{(6a —'7 — 22)" He J{(a +8) (2—2)} 
x+2 2 32—5 
: J(u? +1) _ al (a2? + 6a + 13)" as a (2a? + 4a— 7)" 
2a+7 l+a2 Pe : 
6 eee fl) Tera 
2+) I 1 
e+ © aera t Bieta) 
1 32 —2 1 
ae at 4{(3a:2 + 2a— 1)" ae (a—1) ./(a2? +9)" i (a+1)./(1+2a—2?)° 
25 ,/(a?—2?). 26 4/(x?—a?). 27 ./(322— 52). 
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28 ./(2?— 5a +6). *29 (30+1)./(2a*— 6x41). 


& 


0 (a? +4) (e249) [Put t= 1/./(a? + 9).] 


1 ’ _ 
*31 (a® +4) (a? +9)" [First put c= 1/u.] 


32 Ifa < f, show that the substitution x = «cos?+ #sin?@ will convert the 
integrals of {(z—a)(P—z)}, l/y{(e—a)(f—a)}, and J{(e—a)/(P—m)} into 


integrals of rational functions of cos @ and sin 6. 
‘33 Ifa > £, show that the substitution 2 = «ch?u—fsh*u will convert the 
integrals of {(x—a)(x—A)}, I/V{(e—a)(a—A)}, and /{(a—a)/(2—£)} into 


integrals of rational functions of chu and shu. 


4.8 Integration of some transcendental functions 


This class of functions is very wide; we concentrate mainly on the 
circular functions and their hyperbolic analogues, but see 4.85. 


4.81 Rational functions of sin x, cos x 


(1) The integral of any rational function of sinx and cos x can always 
be reduced to the integral of a rational function of t by the substitution 


t = tan de. 


2singx costar —-2t 


FE i = 9gi a ae ee eer 
or sina = 2sin $x” cos 4x gin? dx +o0s* 4a 140” 


cos*4x—sin?4x 1-2 


cos x = cos* 4x —sin? 47 = aero Rea BO do +sin® de 148’ 


er. sinz 2 
~ cosx 1-2? 
dt 2dt 
—_—= 2 = 2 = — 
and. rf sec? 4x7 = 4(1+27), so dz we 


This substitution is especially useful for integrals of the form 


dx 
acosz+bsinz+ec° 
Examples 


(i) fcosec ada. 
Putting ¢ = ca we have 


1+ 2Qdt dt 4 F 
sng | 2 148 Je BMI 


Hence | cosec xdx = log |tan 4a]. 
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(ii) faec ada. 
Since sec x = cosec (477+), we have by ex. (i) that 
[ee xda = log |tan (47 + 42)|. 
sin (}7+432) cos4$x+sin 3x 
cos (}7-+42)  cos4a—sin hx 
_ (cos $x +sin $2)? _ 1+sinz 
~ cos?4a—sin?42 cosa ’ 


As tan (47+ 42) = 


and since the last expression can be written in the forms 


JG ee) 
sec 2+ tana, 2 ’ 
l—sinz 


the result can also be given as 


] | t | j 1+sinz 41 1+sinz 

og |sec , lo , oF te) - ‘. 

8 i ed 8 COs x 8 l—sinz 

(iii) dx 2dt dt 

iii Penance te en as (re eRe Cay (PWN 
5+3cosz (1 +2?) + 3(1 —2?) 4+ 


= 4tan-14t = f$tan-!(4tanz). 
; da = 2dt _ dt 
my) lexan [erzeceacns = l/c 


~ Pie EN 
FAN oe Dag 


2+¢ 
= Hlog |2+¢|—log |2—¢|} = }log oy 
2+tan da 
= Hog |e ° 
(v) dx =( 2dt _f & 
sinz—cosa+1l J 2¢—(1—é2)+(1+@) J e+e 
= {(-ma)# 
t t+1 
= log |é| —log |£+1] = log} —— 
og |¢| —log|t#+ 1] = log) 


tan $a” 


= ———- | = -1 . 
og eg Pare og |1+ cot $2 


(vi) The integral 
acosxz+bsing +c 
Acosxz+Bsinz+C 


is first split into two integrals by writing the numerator in the form 
A (derivative of denominator) + 4 (denominator) + v. 
It then becomes 


da 
Alog|4 cosaz+Bsinx+C| +yo+y{ 


Acosx+Bsinz+C 
and the last integral can be reduced by ¢ = tan $a. 


[4.81 
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(2) Although always available, the substitution t = tan 4a ts sometimes 
not the best one. 

(a) If the integrand is an odd function of cosx, put u = sine. 

Let the given integral be [Risinz, cosx)dx. Then R/cosz is an 
even function of cosx, and will therefore contain only even powers 
of cosx; using cos?x = 1—sin?z, it can be expressed as a rational 
function of sin x only, say S(sinx), and 


[Bax = [stein x) cosadx = [se du. 
Example 
(vii) inte cos? xdxz = [inte cos? x cosxda = J u(1—u?) du 


= Wu®—}u5, where u= cosa, 
= tsin'a—}sin' x. 


(b) If the integrand is an odd function of sinz, put u = cosx. 


Example 
int _ 2\2 
(viii) sin’ a sec’ adx = = gin ade = = er, du 
cos’ x us 
= -{(G-atal du, where u=singz, 
ae ee oe 
~ Bue Bue uw 


= tsec'a~— %sec’ x +secz. 
(c) If the integrand is an even function of both sinx and cosa, put 
u = tanz. 
By writing sinx = cosx tanx the integrand becomes a rational 
function of cos x and tan x which is even in both; using 


cos? x = aL ee 
~ 1+tan2a 
we have a rational function of tanz, say T(tan x), and 
du 
[Rae = [Petana) dx = Koreas 
Examples 
’ ada _ sec! x _ fil +u* 
(ix) laces cos?z lee =| u* om 


= I(a+ 1) du = ee 
u u 


= tanz—cotz. 
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Alternatively, the integral is 
oa 2 
Seo eee = | (sec?x+cosec? x) dx = tanx—cot2; 
sin? x cos? x 
or it can be written 


4 ee = 4 | cosec? 2adxz = — 2 cot 2m. 
sin? 2x 
(x) da : sec? xdx on dividing top 
a?cost?a+b2sin?a J a?+b%tan®x and bottom by cos? 2, 


_ du = ] oe bu 
~ | at+b2u2 ab a 
tan (;tana) 
= —tan—{-—tanz]. 
ab a 


d. , . 
(xi) tiie eee can be reduced to the form of ex. (x) by first using 
a’? +b2sin? x 
cos?a+sin?2 = 1 to make the denominator homogeneous in cosx and sinz. 


The integral is dp 
la cos? xz + (a? + 6?) sin? x" 


4.82 Circular functions of multiple angles 
If the integrand consists of a.-sum of terms like 
A cos™ az sin™ aa cos” bx sin™ bz..., 


where the indices m,m’, n,n’, ... are positive integers and the multi- 
pliers a, b, ... are any numbers, then by the formulae of elementary 
trigonometry each such term can be expressed as the sum of a number 
of terms of the types 


Acos{(patgb+...)a}, psin{(pa+gb+...) x}; 


these can be integrated at once. 

Alternatively, if a, 6, ... are integers, the functions of the multiple 
angles can be expanded in powers of cosz and sinz; here m,m’, 
n,n’, ... may be positive or negative integers. If a, b, ... are not 
integers but rational numbers, and k is the lowest common multiple 
of their denominators, the substitution x = ky reduces this case to 
the one just mentioned. The integral is thus reducible to the form 
already considered in 4.81. 

In practice the elementary trigonometrical formulae can be used 
for small values of the constants m,m’, ..., a,b, ...; for larger values 
the help of de Moivre’s theorem (Ch. 14) becomes necessary (e.g. see 
Ex. 14(6), nos. 6-8), or else a reduction formula is used (see 4.84, and 
Ex. 4(m), nos. 28-30). 
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Examples 
(i) [sin 2x cosadx = atin 3a + sin x) dx 


= —}cos 3x—}cosz. 
Alternatively, the integral is 


[2sine cos*adx = -2 [widu, where u = cos2, 


= — u® = — $cos® x. 


This example is easy by either method. 
(ii) [rine cos 2a sin 3ada = [asin 3x —sin x) sin 32 dx 
Us eee 
= 5 i {sin? 32 — $(cos 22 — cos 4a)} dx 


1 
= A — cos 62 — cos 2x + cos 42} dx 
= }(a—4sin 6x—438in 2x +} sin 42). 
The second method leads to complicated calculations. 


(iii) Joosts sin 2rda = fooste. sins cos’ x dx 


= fe sin®s cos§ xdx = -sfa —u*)uSdu, where u=cos2, 


= — $ue+u5 = cos*x—$cos* x. 


The first method is much less direct. 


4.83 Hyperbolic functions: analogous results 
In addition to the standard forms (vi), (vii) and (xiii) of 4.5, we have: 


dx | dx 4sech? tarda 


(i) [eosech xd = ae eke | aa 


-(%, where 7 = thjz, 


= log |th 4a}. 
- dx dx sech? 4x 
(i) [scchede = Vane - | aE -|Tnte” 


2 
=|. where 7 = th jz, 


= 2tan— (th 42). 
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Alternatively, 
2dx 2e* da 2du 
feccheae = [> - [ES -\ari where uU=e, 
= 2tan—! (e*). 


It can be shown (see Ex. 4 (g), no. 51) that these two results differ 
by a constant. 

The substitution 7 = th $a (cf. Ex. 4(g), no. 15) will convert the 
integral of any rational function of ch x and sh z into that of a rational 
function of 7; but often the substitutions u = shz,u = chz, oru = thx 
are More convenient, as in 4.81 (2). 

Expressions involving powers and products of chaz, shba, ... can 
be dealt with by the formulae of Ex. 4(g), nos. 2—4, 8. 

In general, the procedure for integrating hyperbolic functions is 
similar to that for circular functions. As the results are less useful, we 
shall not give further examples. 


Exercise 4(J) 
Integrate the following. 
1 1 1 
a gta rae, eee © 2 mg EE PRE 3 a ee emt ee 
1—cosz 1+sinz 5—3cosx 
] 1 1 
4 ———, 5 ——————_——-.. 6 —-—___—_... 
cosx+sinx 1+cosx+sin2z 2cosx+sinx+3 
sin 2 — Ccosx cotx 5cosx+7 
71 —-~—-. s§ ———_. 9 ——_______—.. 
sin x -+cosz 1+cotz 2cosx+sinze+3 
*10 ht eee tems aty “11 e+sin 
V{(1+sin x) (2+sin x)} 1+cosx 
1 
12 sin®z cos? x. 13 sin'z cos? a. 14 ——-—__—__. 
sin‘ x cos? x 
15 cos* x cosec? x. 16 tan®zx. 17 cosec? xz. 
: ; 
18 sOeeee =. 19 Pcie ies ect 20 sin 42 cos 62. 
1+sin?z sin? x — cos? x 
21 sinz sin 32 sin 4x. 22 cos’ sin 5x. 23 cos? a sin? 2a. 


*24 Find constants R, a for which acosx+bsing = Reos(x—«a). Hence give 
a method for integrating 1/(acosx+bsinz+c). Apply this method to nos. 4, 5 
above. 

*25 (i) Ifa+b> 0, show that 


dx 2 a—b 
ea. YA ge -1 Sires if 
iF bose |F Jiat— 6%) tan /G 3) tan ge} if a>b, 
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229%) si 
and is 1 steer a*) sin x eek 


—_—_—. ] 

/(b? — a?) a+bcosx 
(ii) If a+b < 0, a change of sign of the whole integral will lead to (i). 
(iii) If a+b = 0, what is the value of the integral? 


dx 
acos?z+bcosz sinx+csin?x 


*26 Calculate | 
*27 Use integration by parts to calculate 


2COS ZSin x 
(a2cos*z + b?sin?x)? ~~ 


*28 (i) If m +n, prove that 


[eosma cosnada = (msin ma cos nx —n cos mex sin nx), 


m?—n? 


(nsin mz cos nz —m cos mz sin nz), 


[sin me sinnadxs = 
mm —n? 


1 ; : 
——;, (m cos mx cosnxz+nsin mx sin nx). 
n 


[sinme cosnieda = — 
m? — 


(ii) What are the values of these integrals when m = n? 
*29 If mand 7 are integers, prove that 


2a 
(i) J sin mz cosnadzx = 0; 
0 


Qn Qn 
(ii) f cosmax cosnadx and i sin me sinnxdx 
0 0 


are zero if m + n, and 7 if m = n. 
*30 Ifm, n are integers, prove that 


7 


T 
‘| cosmax cosnzadzx and i sin me sin nada 
0 0 


are zero unless m = n, when each is $7; 
aT 
(ii) sin mx cos nadx 
0 


is 2m/(m?—n?) or zero according as m—n is odd or even. 
*31 If | 


J (x) = $a) +a, cos x +b, sin x + a, cos 27 + by sin 27+... +a, cosnaz +b, sin na, 


and k is a positive integer not exceeding n, prove that 
2a 2a 2a 
i J (x) dx = 11a, i cos kx f(x) dx = may, | sin ka f(x) dx = 7b,. 
0 0 0 


If k > n, show that the last two integrals are zero. 
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4.84 |sin™ x cos" xdx by reduction formula 


(1) This integral is an important case of 4.82. It can be treated as 
described there, using de Moivre’s theorem when m, n are not small; 
or by using the substitutions given in 4.81; or by a reduction formula. 
As the last method can be used to simplify the integral even when 
m, n are not integers, we consider it here. 

First we suppose m+n + 0. Write 


Un.n = [inn cos” xdx. 
D oeeta 
As sin” x coszdx = sin™tly (m +-—1), 
m+ l 
we can write u=cos™-lz, »v’ =sin™ 2 cos2, 
, 2 ° ] . 1 
so that uw’ =—(n—1)cos*’zsinz, v= aa jain x; 


and integrate by parts: 


1 ; | ee , 
Umm = cos”-1 x sinmtet [= paints. (n—1)cos"-2 xsin xdx 


] : n-l 
cos"! x sin™+1 g + 
] ™ 


[ainms2 x cos” ada, (i) 
provided m + —1. The last integral is 
fain 2(1—cos? x) cos"-? xdxz = [sine x cos” xdx— [sine x cos” ada 

| = Un n—2— Um, n 


Putting this in (i) and solving for w,, ,,, we find that, provided m + —1: 


. n—Il is 
cos"—1 x sin™+1] x + mn mn 2 (ii) 


Unn = 


Similarly, taking 


u =sin™-ly, v' = cos” z sing, 


: j coset (n + —1), 


ll 
| 


wu’ =(m—1)sin™"2zcosz, v 
we have, provided that n + —1: 


| ee m—1 en 
Umm = sin™-1 x cos®t! x + mT m2 n+ (111) 
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and : ee m—1 
Un.n = — sin™—1 x cos"+1 x + 
x M+n M+n 


Um—2,n° (iv) 


If both m, n are positive, repeated applications of (ii), (iv) will 
reduce the indices of cos 2, sinx by 2, respectively. 


If m > 0, n < 0, then (iii) numerically reduces both indices by 2. 

If m < 0, n > 0, then (i) numerically reduces both indices by 2. 

If m < 0, then m—2 is numerically greater than m and the integral on the 
right of (iv) involves a higher power of sina than u,, , does. In this case the 
formula can be reversed by putting m+ 2 instead of m in (iv), and then solving 
for Um, , Which now appears on the right. We obtain (if m + —1, n + —1): 

m+n+2 


i sin™+! g cos"t! x + org Um+e, ne (v) 


Una = 


Similarly, ifn < 0, we obtain from (ii), ifn + —1,m + —1: 


: M+n+2 ; 
Um, n= 5 sin™+! ¢ costt! g + EL lm ee (vi) 


If m < 0 and n < 0, then (v), (vi) numerically reduce the powers of sinz, 
Cos 2, respectively, by 2. 

When m and n are integers (positive or negative), the integral is reduced 
eventually to one in which the indices of sinz and cosz are —1, 0, or 1; this 
is easily calculated. 


The preceding discussion includes the cases 
Um, = | sin™rdz, Uo» = | cos” xdx. 
Secondly, suppose m+n = 0. If m > 0 the integral is 


De [tanned = f tan™—? x(sec? 2 — 1) dx 
= [rane XL sec? cdx—Vy_s 


1 
a m1 
= ; tan L—Um_—o 


if m+1. 


This is the required reduction formula. 
If m < 0, then n > 0; the integral is f cot“xdz, and we obtain a 
formula similarly (n + 1). 


(2) Alternative method for getting the reduction formulae. 

To obtain quickly the formula relating u,,,, to any specified one 
of the six integrals Um,n—2 Um—2,n2 Um, n+2 Um+2,n» Um—2, n+2 Um+2,n—22 
we begin by deriving sin? x cos¢z, where p—1 is the smaller of the 
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two indices of sinz and g—1 is the smaller of the two indices of cos x. 
For 


ad. 
— (sin? x cos?2) = psin?—! x cos?+1 x —qsin?t! x cos?—!2; 


dx 


and after expressing the right-hand side in terms of the required 
powers of sinz and cosz, the formula is obtained by integrating the 
result. 


Example 


Find the formula relating Um,» 0 Um, n—9 
The index of sinz in both is m, so p = m+1. The smaller of the indices of 
coszisn—2,sog=n—1. 


. 
ad 
an (sin™+! x cos"~! x) 
= cos"—!z.(m+1)sin™2zcosz—sin™+! x. (nm — 1) cos"? xsin x 
= (m+ 1)sin™ 2 cos*x —(n— 1) cos"—* x sin™ (1 — cos? x) 
= (m+n) sin™ x cos" x — (n— 1) cos"-*z sin™ x. 
Integrating, sin™+1 x cos"! a = (M+) Um, a—(N—1) Um, n—» 


which gives u,,,, in terms of Um, n—a 


4a 
(3) The definite integral | sin” x cos"xda (m, n positive integers 
0 


or zero.) 
By formula (ii), 


47 
Un,n = iF sin™ x cos” «dx 


] . $n oe ik ae 
= | cos”! sin™t1 e| + a | sin™ x cos" adx 
m+n 0 M+Nn Jo 
—1 : ™ 
= tmnt if n>. (vii) 


Similarly, formula (iv) would give 


m—1 


Unn = min mem if m>l. (viii) 
In particular, if m = 0 we have 
4a —1 fi ; 
| cos” «dx = ~— cos" xzdxz (n> 1); (ix) 
0 0 


and if n = 0, 


7 = $n 
[ sin” ada = ee sin”™-2daz (m> 1). (x) 
0 m Jo 
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By means of these relations the indices m, n can be reduced to 0 
or 1; the final integral is one of the following: 


in : 
m,n both odd: u,,= { sin x coszdx = [4sin? x] = 4; 
0 
$7 
m odd, meven: U9 = I sinadz = 1; 
0 
dn 
m even, n odd: uy. = { cos zdz = 1; 
0 


m,n both even: ty 4 = { “ee = dn. 
0 


If there is an odd index, the working is shortened by selecting this 
(say 2) for successive reduction: the integral becomes a multiple of 


$7 ’ : 4a ] 
i sin™ x cosxdx = en sin™+1 x =——, 
0 m+1 0 +1 


which gives the result without further formulae. 

Also, it is enough to remember the single reduction formula (vii); 
it includes (ix), and also (viii) and (x) because Un,n = Un,m For, 
putting x = j7-y, 


da 0 
Um,n -| sin” x cos" xda = ip cos” y sin” y(— dy) 
0 7 
0 
-| sin” y cos™ ydy = Un m: 
0 


Examples 
in 
(i) I sin‘ x cos’ xdz. 
0 
Selecting the odd index 7 for reduction, we have 
Us? = ty 5 = 77 -$%a,s = 75-95-9441 


6.4.2 (37 . 6.4.2 ; 
= mel, sin‘ cosxdx = T40s [} sin’ xi" 
_ 6.4.2 — 16 


~ 11.9.7.5 1165" 


jv 
(il) I sin‘ x cos’ xdx = Ug = Pty 4 = 5-8 a = 15-3 -3U4,o 
0 


and Uso = FUs 9 = F.4y 9 = §.4. 40. 
_ 5.3.1.3.1 7 _ 3m 
~ 10.8.6.4.2°2 512° 


Ir GPMI 


U4 6 
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" $7 " 
(iii) I sin’ x cos* dx = I sin’ x cos*xdx + | sin’ x cos* xda. 
0 0 ia 


The substitution z = 7—y in the last integral reduces it to 
0 47 
| sin’ y cos? y( — dy) = | sin’ y cos? ydy. 
47 0 


Therefore the given integral is 


am 2.1 4 
2f sin’ x cos* ada = 255 = T5° 
By proceeding in this way for the general case, we deduce the fol- 


lowing rule. 
da Soe 
To evaluate | sin” z cos” xdx where m, n are positive integers or zero, 
0 


write down the expression 


(m—1)(m—3)...(n—1)(n—3)... 
(m+n) (m+n—2)... 


? 


where all three sequences of factors decrease by 2 until either 1 or 2 ts 
reached ; if m, n are both even, multiply the expression by tm (zero counts 
as an even number). 
i 
(iv) I x*?(1 — a*)*dax, where p, q are positive integers. 
0 
Putting x = sin 0, where 0.< 6 < 4m, the integral becomes 


$n in 
i sin?? § cos**@.cos0d0 = I sin2? @ cos*4+1 6d 
0 0 


_ 2p(2p— 2)... 2.(2q+1)(2q—1)...1 
~  (Qp+2q+1)(2p+2g—1)...1 | 


4.85 Integrals involving other transcendental functions 
Integrals of the types 


forein= x)" dx, fem(oos x)" dx, forcan= x)" dx 


can be cleared of inverse functions by a substitution. For example, 
putting y = sin-!z in the first gives i y" sin” y cosydy; and since 
sin” y cos y can be expressed in terms of multiple angles, this integral 
becomes a sum of integrals like A fy" sinaydy, B f y” cos bydy, each 
of which can be found by a reduction formula (see 4.24, example). 
However, direct integration by parts is often successful: see 4.23 (2). 
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Ex. 4 (m) includes some integrals of other transcendental functions 
which can be calculated by a reduction formula. The results of 
Ex. 4(e), nos. 28, 29 are useful in applications. 


Exercise 4 (7) 
Calculate the integrals of the following by using a reduction formula. 


1 cos*z. 2 sin®z. 3 sin®z cos‘ a. 
4 sin‘'z cos* 2. 5 sec® x. 6 sin‘ xz sec’ x. 
Evaluate the following integrals. 
ia }2 n 
7 cos’ dx. 8 I sin’ xda. 9 I cos! 4xdz. 
0 0 0 


in Fd 7 
10 | sin‘z cos'zdx. 11 | (1+ cos x)' dz. 12 | sin® (1 — cos x)! da. 
0 0 0 


1 1 
13 | x8 ,/(1—x*) dz. 14 | x? 4/(a ~— 2) dx. 
0 0 
a 
15 I x"(a — x)" dx, where m and n are positive integers or zero. 
0 


Qn in nT 
16 | sin’ x dz. 17 i sin’ x cos? ada. 18 i sin? z cos? xdz. 
0 0 0 


19 Ifc, = fcos"zdz and s, = fsin* dz, prove that 
nc, = sina cos*-lz+(n—1)c,_. and ns, = (n—1)8,_,—cosz sin*-!2. 


Obtain reduction formulae for the following integrals. (Some of these examples 
have already been given.) 


20 fu"et*dx. (Ex. 4(e),no. 21.) 21 feh* xdz. 


22 fsh"xdz. 23 fz"sinaxdx. (Ex.4(c), no. 12.) 
24 fa chaxdz. (Ex.4(h), no.36.) 25 Ja"shaxdz. 
26 fe*sin" badz. 27 fx™(logz)"da. (Ex.4(d), no. 45.) 


28 Ift, . = [cos™x sinnadz, prove that 


(M+N) Um, n= Mby_y, n-1 — COS™ Z CoB Na, 
in 
and calculate cos? x sin 4xdz. 
0 


29 Assuming m* + n?, obtain a formula relating u,, = fsin™ x sin nadz with 
Um—3,n» Hence prove that 


+7 7 
cme— na) { sin” z sinnazdx = m(m— 1) sin™-? x sin nada, 
0 0 


tn 
and calculate i) sin‘ x sin Sada. 
0 
30 Prove that 


2 
fcosne secxdz = ms jsin(n—1)2~ [cos (n—2) 2 seoxde, 
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and calculate 47 gin 8x sinx 2 
—_——_—_—— da. 
0 cos @ 
aw™dx 
te ime Jeary 
gm-l 
prove that 2(n - 1) Un, a= (m > 1) Um—a, n-1— (2? 1)" . 
1 
*32 If Un,n = | x™(1—2)" dz, 
0 
where m and n are positive integers, prove that 
(i) . Um, n = Un.m [put y = 1-2]; 
a n 
(it) Uma = ne mn 


[integrate by parts, and use a+1(1—2)""1 = a™(1—2)""1—a@™(1—2)"). 


sig min! 
(111) Deduce that Una = (m+n+l))' 
nw 
33 Prove | xsin'z cos? adx = 47%. [Put y =7—2.] 
0 
nu cs 
34 Prove | xf(sin x) dx = in| J (sin x) dx. 
0 0 


*35 Write down the derivative of x" e* cos ba and of x" e%sin bx. Putting 
= fe e**cosbadz, 8,= ia e* sin bxdz, 
deduce that (for n > 0), 
ac, — b8,+NC,_, = xe cosba, a8,+beqa+nS8y_, = xe sin bx. 


Prove also that 
aC, — bs) = e** cosba, asy+ bey = e**sin ba. 


[See Ex. 4(e), nos. 28, 29.] (The pair of reduction formulae will determine c, 
and s, when n is a positive integer. Also see 14.66, ex. (iii).) 


4.9 Generalised integrals 


4.91 The problem 


In our definition of a definite integral (4.15) we required the 
integrand to be continuous, and we implied that the range of integra- 
tion was finite. Expressions like the following are at present undefined: 


+1dx 1 dz o dz 

am Jo jaa J, +a 
For, the integrand of the first is discontinuous at the value x = 0 
within the range of integration; that in the second is discontinuous 


4,92] INTEGRATION 165 


at the upper end x = 1; and in the third the range of integration is 
infinite. 

We now consider how a meaning may be assigned to such integrals, 
which are called improper, infinite, or generalised integrals. 


4.92 Infinite range (‘integrals of the first kind’) 
(a) Suppose that f(x) is continuous for all x > a, and suppose that 


x 
f(x)dz>l when X-> oo. 


a 


Then we define in f(x) dx to be 1; i.e. 


[ott [a 


provided this limit exists. If the limit does not exist, the infinite 
integral is not defined. | 
(6) Similarly, if f(a) is continuous for all x < b, we define 


[) feerde = tim |” fee) dx 


provided this limit exists. 
(c) Finally, if f(x) is continuous for all x and if 


[rea |" ferae 
both exist for some fixed a, then we define | ° f(x) dx by 


co a co 
| f(x) dz = il f(x) du+ | f(x) da. 
; —0co — oo a 
This definition gives a result independent of a; for we have 


b x x 
[ feodes [sear = [ perae, 
a a 
and by letting X -> oo we obtain 


b re) oe) 
i fe) dee+ ih fede fa) de; 


similarly [1 aa+ |" se)ae = f(x) dx. 


Hence 


b 00 b oo 
[_fordes [reas = [nares {" peoraes [peau f" payee 


={" ste) de+ | ° fleyae 
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Examples 


(i) Ifa > 0, then 1/x* is continuous for all x > a, and 
xX] 1 |< 1 1 
—dx=| -—-— = —-— 
‘ee 2x27}, 2%a% 2X? 
2 
2a® 
1 : 1 
Hence ~, dx exists and has the value =— (a > 0). 
a wo 2a* 


(ii) Ifa > 0, then 1/z is continuous for all x > a, and 
Xx] 
| - dx = [logz]* = log X —loga 
a x 
>0o when X >0o. 
o] 
Hence | — dx does not exist. 
a x 


x 
(iii) | cos xdx = [sinz]* = sinX. When X —> o, sin X oscillates between 
0 


[o9) 
+1. Hence | cos xdx does not exist. 


0 
X de [X11 _ 
(iv) ik xe +1) =|" (-=4)#- [log 2 —log (2+ 1)}* (a) 


xz |< xX 
=| log —— =] = 
[toe ey log $ 


+logl—log$}=log2 when X>o. 


o dz 
He = log 2. 

Had we evaluated the integral at stage (a) as log X —log(X +1)+log2, 
it would have been necessary to combine the terms containing X into 
log {X/(X + 1)} before letting X — 00, because neither log X nor log (X + 1) tends 
to a limit separately. 


x dx 1 2|]* 1 X dla 
(v) — = etante | =stnt Se 
9 a+2* a ajo @ a a2 
when X + 00, ifa> 0. Hence 
eae 7 
9 a+2% 2a 
0: "de 1 x 1 
Similarly | Hoa = jt > -2(—-3) when X >—©, 
xyat+s2? a a a\ 2 


0 dz 
and hence i —— = =e 
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Therefore if a > 0, 


7 ae exists and i = + ee 
—~o a?+22 . = 2a 2a a 
x x 
(vi) ze*dz = [-serng+ { e-* dx 
0 0 
= —Xe*+[-e“}F 
= —Xe*—e-*+1, 


foe) 
When X -> 00, e~*-> Oand X e~* +0 (4.43 (6)). Hence [ x e-* dz exists and is 1. 
0 


4.93 Discontinuous integrand (‘integrals of the second kind’) 


(2) Suppose f(x) is continuous for a < x < b, but that f(x) > 00 or 
f(z) > —0oo when x > b-. If 


—h 
f(x)dz—>l when h->0+, 


b 
we define | f(x) dz to be 1, i.e. 


b b-h 
f(x)dx = lim i J (x) dx 
a h->0+ Ja 


provided this limit exists. Otherwise, the generalised integral does 
not exist. 
(6) Similarly, if f(x) is continuous for a < x < b and if 


f(x) dx 


h-> 0+ Jath 
b 
exists, we define I f(x) dx to be this limit. 


(c) If f(x) is continuous for a < x < b, and if for some c satisfying 
a<c<b the integrals ii f(x) dx, i J(x)dx both exist, we define 


i: f(x) dz to mean i f(x) de+ | f(x) dz. As in 4.92 (c), it can be shown 


that this definition is independent of c. 
(d) If f(x) is discontinuous for a value x =c within the range 


b 
x < b, we define i f(x) dx to mean 
a 


[reraes [peas 


provided that each of these integrals exists. 
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(e) Finally, if f(x) is discontinuous for a finite number of values of x 
in the range of integration, this range can be divided into adjacent 
intervals for which f(x) is discontinuous at only one of the ends, as 


b 
in (d). Then { f(x) dx is defined to be the sum of the integrals over 
each part, provided that all these exist. 


Examples 


1] 
@ f at Nee 228? when h->0O+. 
h 


1] 
Hence | ar dz exists and has the value 2. 


ov 
2h] 172-4 1 1 
ii ee fe = fa =2=2 h : 
(ii) I, oon | =|, A 97 © when h>0O+ 
2 1 
Hence i ; @De da does not exist. 


3 
(iii) \ We dx. The integrand is not defined when x = 2, which lies within 
1 = 


the range of integration. To find whether the integral exists we must consider 


the integrals 2 dx 3 dx 
ecery (eye=a 


2-h dx He : 
: Jann — Be-?) }?-4 = —$h +% —> 3 when h->0O+ 
and ie _ 4 _ _ an—2) 3 = §-3hi +>% when h>O+. 
2+n4(%— 2) ae 
Hence I eae exists and has the value §+§ = 3. 
1 Ya=2) 


ol 
(iv) i 7a dx. We may consider separately the integrals 
0 | 


ldx © da 
oe” Jy et 


1 1 
Now [S-[-3] sh Sept as h>0O+, 
Ko x|, A 


1d. © dx . 
so that ee does not exist. Hence — does not exist. 
0 x 9 @ 


+1 0 Jd 1g. 
(v) i ae We consider the integrals | ld ae 
-1 % -1 % 0 
hdxz 
i = [log |a|]=* = logh, 


1 7% 
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d 1g 
on ; [< = [log |a|]}. = —logh’. 


+1do 
Thus neither integral exists separately, and so by (d) i ee does not exist. 
However, ae 


Adz [(lda h 
—+ | —=logh—logh’ = log—, 
ite - + ae logh—logh’ = log Wi 


and if a special relation is assumed between h, h’, this expression may tend to a 

limit when h and h’ > 0+; e.g. if h = kh’ (k being a positive constant), the 

result is logk. In particular, by taking h = h’ we obtain log 1 = 0; Cauchy called 
1 ee: 1 

this the principal value of | Oe ntien P| of For | sl the reader can 
—-1 &% —1 7% —-17% 


1 dz 
verify that P i —; does not exist. 


4 d. 
(vi) An integral like | Taso; is still meaningless because there is an 
—§ a 


tnterval of values of x in the range of integration for which the integrand is not 
defined. 


4.94 The relation | ° F(x) dx = (6) — Pa) 


(1) Application to generalised integrals. 

When we defined the definite integral by this relation in 4.15, we 
assumed that (i) f(x) is continuous and (ii) ¢’(x) = f(z) for all x satis- 
fying a <a <b. If these conditions are not satisfied, the relation cannot 
be used without investigation. 


1 
Thus | which by 4.93, ex. (iv) does not exist, would be 
-1 


‘evaluated’ as [—1/x]1, = 2 by an incautious application. On the 
other hand, the relation gives 


3 
| ery 7 B@-2=4-(- = 3, 


which is correct by 4.93, ex. (iii); this is because ¢(x) is continuous 
at x = 2. 


If conditions (i), (ii) hold fora <x <b Except at x=c (a <c <b), and if 
P(x) 28 continuous fora < x < b, the relation is valid. 

Proof. First supposing 6 is the exceptional value of x, we have by definition 
(4.93 (a), 


b 
) fle)de = lim {4(6—h)—$(a)} = $(6)—9(a) 
a h—-0O+ 


by continuity of ¢(2) at a = b. Similarly, the result follows if a is the exception. 
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If a < c < b, then by definition (4.93 (d)), 


b c 
[ fora = | fle) de | f(x) dx 
= lim {¢(c—h)—G(a)}+ lim {$(b)—P(c+h’)} 
h—>0+ h’0+ 


= {P(c) — $(a)} + {9(b) — d(c)} 
= $(b) — (a). 


(2) Definite integrals found by a special method. 

Although most of the definite integrals in this chapter have been 
obtained directly from the definition in terms of the indefinite 
integral g(x), yet we have given examples where the definite integral 
has been found independently: Ex. 4 (6), nos. 31, 33, 34 and Ex. 4(m), 
nos. 33, 34 depend essentially on the relation 


[se dx = [‘te- x) dx, 


dn 
proved by a substitution; | sin” x cos" xda (m, n positive integers) 
0 


was found in 4.84 (3) by reduction; also see Ex. 4(m), no. 32, Ex. 4(n), 
nos. 26, 27 and Ex. 4(0), nos. 79, 80. 

Calculation of the definite integral may clearly be possible without 
knowing ¢(x) explicitly in terms of x, because by some device it 
may be easy to find the difference $(b) — (a) between two particular 
values of d(x). 


4.95 Integration by parts and by substitution 


In suitable circumstances the formulae of 4.22 and 4.25 can be 
extended to generalised integrals. At this stage it is best to treat each 
example from first principles: an illustration of integration by parts 
occurred in 4.92, ex. (vi), and the following will illustrate substitution. 


Example 
Find 
i ; sa by using the substitution x = a+(b—a)#®,t>0 
a Vle@—a)(b— a)” at i 


When =z increases from a to b, ¢ increases from 0 to 1. Since the integrand is 
discontinuous at both ends of the range of integration, we consider (see 4.93 (c)) 
the transform of each of the integrals 


i dx [ dx 
av{((e—a)(b—2)}? Je V{(a—a) (b—2)}’ 
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where a <c<b. Now 


ib dx i 2(b—a) tdt 2 (*_@ 


arn(e—a)(6—2)} ~ Js, (@—a)ey(I—#) “Js, (12) 


ee en 


so the integral is 
2[sin-1 ¢}* = 2sin-1t,-—2sin-1¢, -> 2sin-1t, 
when h -> 0+, since then ¢, > 0 also. Hence 
g dz 
————_——__——~ = 2sin“'4,. 
i) V{(z— a) (b—2)} : 
Similarly, 
b-—h dx t, at 
e V{(w—a)(b-a)} Jt, ((1-#) 


where a= / CS): 
—a 


When h -> 0+, the expression tends to 


2sin-) 1 —2sin-1t, = m—2sin-"t,, 


= 2sin—1t,—2sin-¢,, 


since t, > 1. Therefore 


= 7T— 2sin-1 ty. 


b dx 
J, V{(x—a) (b—2)} 
Consequently the given integral has the value 7. 


Exercise 4(n) 
Discuss the following improper integrals, and evaluate each that exists. 
ive) ao eo ioe) 
1 f = 2{°%. om 4 { eeinedn. 
17 1 Vz 0 +4 0 
re) 2 de 0 o dx 
= ee tad ° ae ee 
5 I e~* da. 6 aaa Z [ioe dx 8 Pas 
re) ey 1 1 
9 | sech dx. 10 i werd. it i sid 2 | @. 
0 0 e 0 Ya 0 « 
+1dx 1 dz 2 dx e 
13 —. 14 —_——.. 15 ——. 16 i vlog xda, 
-1 Vx fi (1-24) ee er 
tt sect x 1 1 
es n Ee ad 
17 ; Same 18 Ifn>-1l, prove | log xdx (n+1)i 
P “ ui h ike si 
19 Prove I. a?4Bigt = Dob if a, b have like signs. 


dx 


20 W 
Pr $$ ij ‘ 
20 ove [ (a? 4a) (at +3) ~ abla bb) if ab > 0, and find 


0 wtdx 
i (x? + a3) (a? + b*) 
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in dx 
21 Prove | ——_“" _____ = —"_ if ab > 0. What is the value if a, b 
0 @cos?a+b*%sin?a 2ab 
have opposite signs? 
*22 Prove [" _—™ if a>b>0. [Use Ex. 4(J), no. 25.] 
9 a+bcosa see b2) ; ° ire vPayr: 


What happens if b > a > 0? 


im dg 1 b+./(b? — a?) 
#23 PE. —____ = —..—~ log |—__—_—_ } if b 0. 
23 rove [ afbese Gta) og | zi >a> 


co a co : b 
24 Ifa> 0, prove { e-%* cos badx = ab and i e-** gin badx = ab 


0 
[See Ex. 4(e), nos. 28, 29.] 
25 If -7<a<m7anda + 0, prove 


ad da: 9 1 da _ «@ 

0 22+4+27cosatl  Jo2?+2ecosa+l sina’ 
If « = 0, verify that the value of each expression is 1 (which is the lwmit of 
a/sina when a > 0). 


ce 
*26 If u,= x"e-4* dz and a > 0, prove u, = (n/a) u,_,. If nis a positive 


0 
integer, deduce that u, = n!/a"t1. 


1 
*27 If tan = i x"-\(log x)™dx where m, n are positive integers, prove that 
0 


Un,n = —(M/[N)Um—+,n» Deduce that un,=(—1)™n!/n™*1, [See Ex. 4(d), 
no. 45.] 


28 By puttin = : V Te ee ee = ; 
= os ove ns 7 
yP gy PP 1 2?+2xcosa+1 0 v?+2%cosa+1 


dx 
29 Calculate ix by putting 7 = #7 (> 0 
/ eae ee (¢ > 0). 
30 P. i we gn. [Putzx—-1l=#,¢> 0.] 
rove = $n. ~l=#, 4 
1 (w+3),/(x—1) 
© Jada F 
31 Show | ———~=43+}z. [Puta = #*, then integrate by parts.] 
1 (1+2)? 
x™ dx 
32 Calculate iP Jaa) a jaa). m is a positive integer. [Put « = sin, 0 < 0 < 37.) 
0 
° ada eee 
33 Calculate ——_—_— if n and 2n—m-—2 are positive integers. [Put 
o (1+2%)* 
x=tan0,0<0< jz] 
dx 


b 
34 Prove ( =m by putting «=acos?0+bsin?@. (Cf. 
a 


4.95, ex.) 


b xdx 
35 Find = See eS ee 
7? erect 


V{(x—a) (b—2)} 
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Miscellaneous Exercise 4(0) 


For general practice in integration, the reader may try a random selection from 
nos. 1-60 following. 


223 +7 ip xdz x*—5x+9 ' 
(2a: + 1) (a? + 2) 2 (w—1)(%+2)" (a — 1)? (x? + 4) 
1 xdx 1 gtdx Oo g2%412 
4 ee, ——... ——_.—— dx 
I, (a? + 1)(z+1)? : i; (1 +27)? : [, a(x? + 1) 
7{ dx 8 x dax 9 dx 
a2s—1° xt+o2—2° (2? 4+1)(a2+2+41)° 
da da dx 
1 ——, —__—___-—. —_-.—.. 
: le tt la [as ae iE 
5— Tx 2 dx 
HS loi i i a(1+24)° 
1+2? 1 xzdx dz 
*15 | ——dz. 16 ——. 17 | ——_—_———_—__.. 
jie eee laeaeese 


leas SiGe ~ ai Gese 
21 [Pe a? <b, 22 [/(f)e 
0 


da da (a? — 1) dx 
a ieee a Jana: ier 
—2t)-4 Aaa ee [as 
26 fre x*)- dx. 27 | ya Sin 1\ydzx. 28 te’ 


15 dx dz 4 xdx 
is i. (2-3) 4(@+1)° aM laa ie I, a{(6a — 8 — =?) 


1 dz % dz 1 
jo aoe Re ioe te ree SH 3 px* 
ee (apenas: 2 i (x +1)? /(a*+1)° Jie ad 


2. in 
35 | — dee. 36 e-*gin 3xdz. 37 ) a log (1 +2) dx. 
0 
da in 
38 [=teg dog) de. 39 ( tan xda. 40 i sec® x dx. 
fr) 0 
in 
41 [rine cos x cos 2x dx. 42 i cotzda. 


40 
43 (1) [rine log (sinz) des *(ii) I sin 2 log (sin x) dz. 
. 0 
ha 
44 i sin z(1—c?sin? x) dz, 0 <c? < 1. 
0 


‘ iz dz 
e -1 ara ince 
45 ii sin (/x) da. sia I, 3+ 5cosx’ 
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_ lame 48 —e= 
sin x — cos x 1—sin x +cos% 
+47 dz b de 
49 Seine ee. . 
le 5+ 7cosa + sin x 50 | aecaacey 0<a<b 
51 PES 52 7 142cos2 
ir 1 
a I sint w cos? ade. *54 i cost 2¢ sin ddd. 
0 
log 2 dx tn 
55 a ee ‘ 
I, shz+5ch2 56 I. sec’ ada 
$7 gin3 i* 
57 | sin’ a dx », a>-—l. 58 | tan’ ada. 
9 l+acosx ‘ 
2a 2 
59 ( £{(2ax — 2*) dx. 60 i ala —a)-* de. 
0 


61 Calculate flogzdz, and deduce 
[sina log (1—ecos 0) dé = (; - 089) log (-cos3) 3 


62 If atand = btan¢@, prove that 


(a? sin? 6 + b? cos? 0) (a2 cos? ¢ +b? sin? 6) = a?b? 


and d0/(a? sin? 6 +b? cos? 0) = dd/ab. 
Deduce that if a > 0, b> 0, 
Qn d@ _ a? +0? 7 
9 (a?sin? 0 +b? cos? 0)? ~  a8b8 
+1 sinadx 
63 Prove a 1a oycosa a? = 47, —47 or 0 


according as 2nm <a < (2n+1)7, (2n—1)7 < a < 2n7, or a= n7, where n 


denotes any integer. 


™ (a—bcos@) dé 1 


64 If a and bare positive, prove I , 0, ma according 


pa?+b?—2abcosd a 2a 
ia Zbia Sb. | watieinteeendes | 1+ aE 
asa> 0, »>a=0. Tl e egr oa a? 4.6%—2abcosd iu 


65 Ifu, = | antt ,/(2a—x) dx where n is a positive integer, prove 


(n+ 2) Uy, —(2n+ 1) aty_y +2"-1(2ax— x2)! = 0. 


2a 2a 
Hence prove | x? ,/(2ax — 2%) dx = 37a‘, and calculate i x? ./( ax —2*) dx. 
0 0 


tn 
66 If I(m,n) = i cos” 8 cosn0d0, prove 
0 


(m2 —n?) I(m,n) = m(m— 1) I(m— 2, n), 
and calculate I(4, 5). 
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67 If I(m,n) ={ sin” z cosnxdx and J(m,n) ={ sin” x sinnadx, prove 
0 0 


(m+n) I(m,n) = sin }na—mJ(m—1,n—-—1), 
and when m > 2 express I(m, n) in terms of I(m—2,n— 2). 
2cos(n—1)6 
n—I 


+ e 
i 7 cos 50 sin 8 9 
0 cos @ 


68 Prove [inno sec 0d0 = 


and hence evaluate 


— [sin (n—2) 0 soo 048, 


1 
69 Ifu, = I x?(1—2*)" dx where n, p, g are positive, prove that 
0 
(nqg+p+1) uy = nguUy_. 
Evaluate u, when n is a positive integer. 
70 Obtain a reduction formula to express [(x*+a*)i*dx in terms of 


[ortaninrae, Prove if (a? + a*)¥ dx = 4a*{7 /2+3log(1+./2)}. 
0 


in 1 
*71 Ifu, = i tan" rdx, prove Unt Ups = aq and express u,, as a function 
0 = 


of n when n is a positive integer. 
*72 Writing n!y, = {(«—a)"sinzda, prove that ifn > 1, 
_(z—a)*7 . (7—a)" 


If n is @ positive integer, prove 


cos x. 


Sas ee — n-1 
at att ASS (2n)! 


73 Ife = [chaz cosbadz, s = sh ag sin badz, calculate c and s in terms of x. 
74 Calculate fehax sin brdx, fi sh az cos badzx. 


75 If fi(x) = i ; S(t) at, f(x) = : Si(t) dt, ..., f,(x) = ie Sn-x(t) dt, prove that 


[joa sin ede = (—1)°-4(2n)1{cosa— 145 a aa 
0 


(n—1)!f,(2) = ei (t) (w—t)"~* dt. 
0 
{Integrate repeatedly by parts. The result expresses repeated integrations as 
a single integral.] 
2 
76 Prove [ ” #ax) dc = [team + f(x)}dx. Deduce that 
0 0 
2a 
(i) if f(2a—2) = —f(x), thon [ F(x) dx = 0; 
0 


2. a 
(ii) if f(2a—2) = f(x), then ft dx = 2 J (x) dx; 
0 


(iii) [stein 2) ae = 2 | psina) de 
0 
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" ia 
(iv) i (cos x) dz = 0 or 2{ jf (cos x) dx according as f(¢) is an odd or even 
0 0 


function of t. 
$7 iv 
77 Prove i; J (sin 22) sin xdx = 4/2 i (cos 2x) cos ada. 
0 0 
78 Iff(a+zx) = f(x) for all x, and n is a positive integer, prove 


[12x = nf pe dx. 
0 0 
Simplify i ge Ff (cos? x) dx. 

0 


da 
79 (i) By putting 6 = jn-¢, prove | log(1+tan0)d0@ = 4mlog 2. 
0 


llog(1 
(ii) Calculate eG a) 
o 1+2? 


in 1+si 
80 Prove f log ( ites *) dx = 0. 
0 1+cosz 
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5 


DIFFERENTIAL EQUATIONS 


5.1 Construction of differential equations 


5.11 Elimination of parameters from a function 


If y is a function of x, an equation involving at least one of the deri- 
vatives dy/dx, d*y/dx?, ..., and possibly also 2, y, is called a differential 
equation for y. Before considering how to solve or integrate such an 
equation (i.e. to find y explicitly or implicitly as a function of x), we 
give some further examples (cf. 3.53, ex. (i)) of differential equations 
which arise from the process of eliminating parameters from a func- 
tion. The results will be helpful when we turn to the problem of solving 
a given differential equation, because they may suggest what sort of 
solution to expect; see also Ex. 5 (a). 


Examples 


(i) Eliminate a from y? = 4ax. 
To eliminate one unknown we must have two equations. The second one is 
obtained by deriving the given equation wo z: 


2yy’ = 4a. 
Eliminating a, we have 
2zyy’ = 4ax = y?, 


i.e. 2xy’ = y. 

Geometrically, the given equation represents 
a parabola having Oz for axis of symmetry and 
Oy for tangent at the vertex (16.11). The 
differential equation, which is independent of a, 
thus expresses a geometrical property common 
to all such parabolas. Since y’ = tan yw, we have Fig. 54 
NT = ycot yr = y/y’ = 2a = 20N;; the property is 
‘the subtangent = twice the abscissa’ (see 5.71). 


(ii) Eliminate A, « from x = Acos(nt+«a). 
To eliminate two constants we require three equations; hence, deriving 


twice wo 1, d @ 
C . wv 
a Ansin(nt+a), ga = —Antcos(nt+ a). 


12 GPMI 
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From the last equation and the given one, 
d*x 


bP NA gy 
de n*X. 


(iii) Eliminate n from the result of ex. (ii). 
Deriving again wo f, 


ax f . dx 
de dt” 
d®x /dx aa 
Hence a lG--e=G/* 
= da 7 dx dx 
"ae ~ dt de’ 


Practice in forming differential equations satisfied by given functions has 
already been offered in Ex. 3(6), nos. 7-10, and Ex. 3(e), nos. 19, 20, 23-25. 
A few further typical exercises on elimination follow; the reader should do all 
of nos. 1-10. 


Exercise 5(a) 


If y = alogz, eliminate a. 
If 2? +y? = a*, prove dy/dz = —x/y, and interpret geometrically. 
If y = Acosna+Bsinnz, prove d*y/dz? = — ny. 
Eliminate A and B from y = Achpzx+Bshpe. 
If y = ax+a?, prove y = zy’ +y". 
Eliminate c from y® = 3ca +c’. 
If y2 = 4a(2+), prove yy” +y” = 0; interpret geometrically. 
If y = A e**+ Be'*, prove d*y/du* —(k +1) dy/du+ kly = 0. 
If y = (Ax+B)e"*, prove d?y/dz*? — 2ndy/dz+n?y = 0. 
10 If y = e-**(A cospa+Bsin pz), prove d*y/dx* + 2ady/da + (a? +p?) y = 0. 
*11 Eliminate A, B, C from y = A e*+ Be**+Ce*, 
*12 If (a—a)?+(y—b)? = 1, prove (1+y’%)8 = y”. 


Oo ONAN bh WN = 


5.12 Definitions 


All the preceding differential equations involve functions of only 
one independent variable, and are called ordinary differential equa- 
tions. In Ch. 9 we shall construct differential equations in functions 
of more than one variable, called partial differential equations. 

When an ordinary differential equation in y contains d"y/dz" but 
no derivative of higher order, it is said to be of the nth order. Thus in 
exs. (i), (ii) and (iii) the equations are of first, second and third order 
respectively. 

If an ordinary differential equation can be expressed as a poly- 
nomial in all the derivatives which occur in it (but not necessarily as 
a polynomial in z or y), the degree of the equation is the highest power 
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of the highest derivative which occurs. Examples (i)-(iii) are all first- 
degree equations. In Ex. 5 (a), the equation in no. 5 is of first order, 
second degree; in nos. 7-10, second order and first degree; in no. 12, 
second order and second degree. Had the equation in no. 12 been 
written (1+y'2)# = y” (as it may well have been for geometrical 
purposes, cf. 8.32(1)) we should have to rationalise it by squaring 
both sides before deciding its degree. Finally, dy/da = ./z/(/y+-) is 
of first order and first degree, although not a polynomial in z or y. 


5.13 Some general conclusions 


(1) The above examples and Ex. 5 (a) all suggest that the result of 
eliminating n parameters from a function is in general a differential 
equation of order n: from the given function we obtain n further 
equations by deriving n times, and from the total of m+ 1 equations 
we can in general eliminate the n parameters. 

This statement is only true ‘in general’ because sometimes the 
elimination leads to an equation of lower order. Thus, elimination of 
6 from y? = 2axy + ba? leads to 


(4-288) p00) 0 


so that y—ady/dx = 0 in either case; and this equation is of order 1 
instead of the expected 2. Geometrically, the given equation repre- 
sents two lines through the origin (see 15.52); each is of the form 
y = mx, and for both it follows that y = xdy/dz. 


(2) Conversely, we should expect that the most general solution of 
an nth-order differential equation contains n arbitrary constants. We 
shall not attempt a general justification of this here, but its truth 
will be seen in several important cases which follow. 

Given a differential equation, the solution which contains the full 
number of arbitrary constants is called its general solution (a.8.) or 
complete primitive. Any relation between x and y which satisfies the 
equation is called a particular solution (P.8.) or particular integral. 
Usually a p.s. is obtained from the a.s. by assigning special values to 
the arbitrary constants, but exceptionally there are solutions (singular 
solutions) which cannot be so obtained. Thus from Ex. 5 (a), no. 5, the 
a.8.ofy = zy'+y'is y = ax+a*; butit is easily verified that y = —}2? 
also satisfies this differential equation although it cannot be obtained 
from the a.s. for any particular value of a. See also 5.27. 


I2-2 
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We now give methods for solving the simpler types of ordinary 
differential equation which arise in geometrical and physical 
problems. 


5.2 First-order equations 


The standard form is dy/dx = f(x,y), and our problem is to obtain 
a relation g(x, y) = 0 not involving dy/dx but containing one arbitrary 
constant. If possible we try to give y explicitly in terms of x, and free 
of the sign of integration. We do not discuss whether such a relation 
always exists, but show how to find it in certain special cases. 


5.21 One variable missing 
(1) If y is missing, the equation is of the form dy/dz = f(x); the 


solution is 
y = [fle de, 


where the symbol i} ... daz implies the presence of one arbitrary con- 
stant: cf. 4.11. Thus all the integrations in Ch. 4 could be interpreted 
as solutions of differential equations having this very simple form. 


(2) If x is missing, the equation has the form dy/dx = f(y), which 
can be written dz/dy = 1/f(y). The solution is 


Equation (xvii) of 4.41 (5) is an example. 


5.22 Equations whose variables are separable 
If the equation can be written in the form 


d 
fy) z2+9(2) = 0, 


then integration wo x gives 


[rerglac+ forede =o 


i.e. [r (y) dy + face dx = 0. 


Each of the integrals implies an arbitrary constant, which together 
give a single such constant. 


5.22] DIFFERENTIAL EQUATIONS 181 


It is sometimes convenient to obtain this result from a formal} use 
of differentials by writing the given equation as 


fly) dy+9(x)dx = 0 


and then integrating throughout. Compare exs. (i), (ii) following; the 
reader may set out the work in either style, although we shall use the 
former. 


Examples 
dy 
: 27] 3 
(i) ays = lty 


Divide both sides by 2(1 + y3): 


yr dy 1 
1+y? dx x 
Integrating wo zx, [S dy = oe 
1+y? x 


$log |1+y5| = log |a| +e, 
i.e. 1+y° = Az, 
since on freeing the equation of logarithms we get |1+y3|t = |z|e*, and we 
may cube both sides, remove moduli, and write A = +e. 
(ii) sinady/da—y? = 1. 
Rearrange, divide both sides by (1+?) sinz, and multiply by da: 
dy __ da 


l+y? sing’ 


di 
| y = | cosee adx, 
1+y? 


tan-ly = log |tan 42] +c, 


y = tan {log |tan 42] +c}. 


Exercise 5(5) 
Solve the following differential equations. 
1 ow = 52x". . z ou = 3y'5, 3 2 = cos? y. : 
4 (2) = 2%, 5 (4) =y. 6 (2) =1+y%, 
7 oY = 1428 ify =0 whens =1, 8 oY = tana coty. 


{ Cf. 4.11, where dz is not a differential. 
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dy, dy _ - dy 
9 y7 tes lifts =—1 when # = 2. 10 oe ty=l. 


dy : 
11 da = Y loge ify = 1 when a =e. 


12 Show that the general solution of dy/dx+P(x)y = 0 is y = e-JP4, (A con- 
stant is implied in the integral.) 

13 Solve dy/da = (x+y)? by putting z= a+y. 

14 Solve (dy/da +a —2y) dy/dx = 2xy by writing p = dy/dx and factorising 
the quadratic in p. 

15 Solve (3y?— x) dy/dx = y. [The equation is 3y* dy/da = d(xy)/dx.] 

16 Solve dy/dx+y/a = 1/x*. 
*17 If dv/dt = (1—v*/k*)g where k, g are constants, and if v = 0 when ¢= 0, 
prove v = kth(gt/k). What happens when é > 00? 


5.23 Homogeneous equations 
If the differential equation can be written 


where f(x,y), g(x, y) are homogeneous and of the same degree (1.52 (4)), 
then the equation can be reduced to the form 


Fort ¢(z,y) =—g(x,y)/f(z,y) is homogeneous of degree 0, i.e. 
d(tx, ty) = d(x, y) for all t; taking t = 1/x shows that 


P(x, y) = (1,4) = r(2) , say. 


x 


Putting y = vz, then dy/dz = v+2dv/dx and the equation becomes 


dv 
var = F(v), 


in which the variables are separable. 


Example 
a 
Oo Fe = 7% y*. 
Since zy and a? — y* are both homogeneous of degree 2, we put y = vx and get 


ad 
oto(v +2 a) = g?— v2z?, 
dx 


+ Cf. Ex. 1(d), nos. 7(i), 8 (ii). 
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ie. (if x + 0) have = 1—», 
Pe ae 
1-2v°dz x’ 
a5 — flog |1—2v*| = log |x| +e, 
- log Ja4{1—208)} = — de, 
x(1—2v2) = A, 
and al — Paty? = A 


since v = y/x. 


5.24 Equations reducible to homogeneous type 
Examples 


(i) dy _ x+y-—3 
dz 32—-y—-l' . 


This equation is not homogeneous, but by the transformation 


Y=a+y-3, X=32-y-1 
: dy Y 
th ti b = =. 
© given equation becomes anak 


Now dY = ay aX = l+y’ 
aX dzx/{ dx 3-y' 
by the formulae of transformation; hence from (a), 
dY 14+ ¥/X _ X+Y 
dX 3-Y/X 3xX-Y° 
This is homogeneous; putting Y = vX gives 


i.e. X— = ———_, 


3-v dv_ 1 
(v—1)?7dX X’ 
on separating the variables. Integrating wo X, 


3-v 


2 ] 
= {lecp-s} 


ayers lo 1| 
~ y=) vas 


i.e. 


183 


(2) 


184 DIFFERENTIAL EQUATIONS [5.24 


h 2 
i log |X(v—1)| et = ¢. 
Using v = Y/X, this is 
ie P =X | Gs ae b 
and from the formulae for X, Y, 
3a—y—1 
log |y—2—)| +7 = + (c) 


Alternatively, «+y—3 = 0 and 3e—y—1=0 represent two straight lines, 
which intersect at (1,2). If we take new coordinate axes through (1,2), and 
parallel to the old, we obtain two lines through the new origin: their equations 
will contain no constant term. To make the change of axes, put (see 15.73 (2)) 


x=X+1, y= V2; 
then dz = dX, dy = dY and the given equation becomes 


dY X+Y 
dX 3X-—Y’ 
whose solution is (b) above. Using X = x—1, Y = y—2, (b) becomes 
2(v—-1) __, 
bee ek ee (d) 


It is easy to verify that (c), (d) are equivalent, with c’ = 1—log2+e. 


_ te+y—-3 
 40-+2y41" 
The method in ex. (i) fails because, geometrically, the lines 2z-+y—3 = 0, 


4x -+2y+1=0 are parallel. However, the right-hand side is a function of 
22+; therefore put z = 27+y. Then 


(ii) # Find the solution for which y = Owhenx = 0. 


dy dz 9 
da dx’ 
dz z—3 
: aii ae Sl 
and the equation becomes a aa] 
. dz 5z—1 
ie. qe ee 
de 2+1_2, 7 
dz 5e—-1 65 5(5z—1)’ 
e+e = 22+4% log |5z—1|, 
i.e. 25a -+25c = 10(2a+y) + Tlog |10x+ 5y—1], 
or Tlog |10a+ 5y—1| = 5a—10y+ 25c. 


The condition that y = 0 when x = 0 enables us to determine c: 
Tlog|—1| = 25c, 
hence c = 0. The required solution is 
Tlog |10x + 5y—1| = 5a—10y. 
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Remark. Had we written our solution less precisely as 
7 log (10x+ 5y—1) = 5u—10y+ 25c, 


substitution of the values x = 0, y= 0 would have given the meaningless 
equation 7log(—1) = 25c, since log? is not defined for ¢ < 0. 


Exercise 5(c) 


Solve the following. 
dy 
1 Tey: 


d. 
2 (ety) =2-y if y = 0 when z = 3. 


dy sie dy _y y 

3 wy =e ty’, Stes ag 

dy _y Yn _y 2 
5 Fee oe 7 when x = l. 

dy _ a> & dy 2a? +ay+y" 
6 xy Ute ty"). uy dx x* + ay + 2y?" 
8 dy 2u+y-1 dy _ «x+y—1 

dx” x+2y+1° dx x+y+1° 
10 Ya ety- 

dx 4(a—2)? ° 


11 (@+1)*+(y—2)9 4 240-418 + 2¢@+1) (y—2) = 0. 


5.25 Linear equations of first order 


If y and its derivatives occur to the first power only, and in separate 
terms, the differential equation is said to be linear in y. 

The most general first-order linear equation in y can therefore be 
expressed in the form 


ant Play = Q@) (i) 


where P(x), Q(x) are functions of x only, or possibly constants. 
Ex. 5(b), no. 16 is an example, which happened to be integrable 
because on clearing the left side of fractions the equation becomes 
ad(xy)/dax = 1/2. Similarly, no. 12 is the case when Q = 0; the solution 
can be written yelPaz — 1, 


and its correctness verified since 


d d 
ere) = esrae(id +Py). 
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These considerations suggest a method of solving the general linear 
equation:} we try to make the left side into an exact derivative by multi- 
plying the equation by a suitable function R(x). We obtain 

dy 

dix 
and if the left side is now an exact derivative, it must be the derivative 
of Ry, as the first term indicates. Since 


+ RPy = RQ, 


wy ak 
da £ (Ry) = dat de? 
we see by comparing the terms in y that R must satisfy 
ak 
RP = Tx’ 
' Lak _ 
&. R dz =f; 
so that log |R| = | Pdz, 


and hence R = e/P 4, 
Thus we can begin to solve (i) by multiplying both sides by e/?®. 


The equation isthen 4 
Z(yelP®) = QePe, (i) 


and the right-hand side is a function of x only. 

The function e/P4 which makes the left-hand side into an exact 
derivative is called an integrating factor of (i). Notice that there is no 
need to include an arbitrary constant in the expression e/P @, provided 
that a constant is introduced when integrating (ii): any particular 
function will serve as an integrating factor, without any loss of 
generality. Often an integrating factor can be seen by inspection; 
if not, it is best to obtain it from first principles as in the examples 
following. 


Examples 
(i) dy/dx+2y = e%*. 
If R is an integrating factor, the left-hand side of 


ac +2Ry = Ret 
d aR 
must be identical with £ (By) = R ty An 


ft And others: see Ex. 5(l), no. 58. 
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Hence dR I1dR 


so that R = e**, The equation becomes 
+ (y e?2) = e5e, 
y er = 305% +46, 
y = te®*+ce-*, 
Remark. Similar work will show that, if kis constant, an integrating 


factor of dy 
ant ky = Q(x) 


is always e**, In future this case can be done by inspection. 


(ii) dy/da + 2y tan x = sin®z. 
For a suitable R, the left-hand side of 


d 
R24 2hytenz = Rsin® x 


d: dR 
must be identical with = (Ry) = R= a Ys," 
dR 
H 2Rtanz = —, 
ence tan x ae 
ae =2tanz, log|R| = —2log|cosz|, 
and R = sec*z. The equation becomes 
@ a, _ sintz 
ae u cos? 2” 
sec?zg = se 
Z ~ J cos? x 


uz—l 
— ; du, where u=cosz, 
u 


= tite = cosx+seczr+c. 
y = cos*a + cosa +c cos? a. 
5.26 Equations reducible to linear form 
(1) Bernoulli’s equation 


Ys Peay = Qla)y". 
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As a first step towards the standard linear equation, divide both 
sides by y”: 
1 dy oe 

eae Oe m = Q(x). 


As a second step to standard form put z = y!~, so that 


which is linear in z. 


Example 
(i) cosxdy/dx+ ysinz + 2y*? = 0. 
es dy 
This is —+ytanz = — 2y® seca, 
. dx 
ldy 1 
1.e. aaet pine = — 2sec a. 
dz 2 dy 
Put z = 1/y?, so that ae hae: 
dz 
Then —~—+ztanz = —2secz, 
2dx 
i.e. = —2etan 2 = 4sec x. 


The reader should verify that cos*z is an integrating factor; so 
< (zcos*x) = 4cosz, 


zcos*a = 4sinz+c, 


cos? x 


i = 2 z= —_-__., 
and since z = 1/y?, y Gate 


(2) Change to the inverse function. 


Example 
(ii) (2+ 2y*) dy/dx = y is not linear but, regarding z as a function ofy, wehave 
dx 
243 = y—, 
e+ sy y dy 
dx 
i.e. wei aa 2Qy?, 
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which is linear in x and has integrating factor 1/y (seen by inspection, or 
otherwise). Hence 


and x= yr+cy. 


5.27 Clairaut’s equation 


All the standard first-order equations so far considered in 5.2 have also been 
of first degree. Clairaut’s equation 


y= petf(p), (i) 
where p denotes dy/dz, is not of first degree unless /(p) is linear in p. To solve (i), 
derive both sides wo x: 


dp .,, .dp 
p=ptx tf (Pp) 


d: 
(x+(p)) = = 0, 


d. 
and so oP =0 or x+f'(p) = 0. 
dx 
The first alternative gives p = c, so that from (i), y = cx+/(c). This, con- 
taining one arbitrary constant, is the G.s. 
From the second alternative and (i), 


z2=—f'(p), y=f(p)—pf"(p), 


and elimination of p gives another solution. Since these equations do not involve 
an arbitrary constant, nor will the solution obtained from them. 

Nos. 16—19 of Ex. 5(d) illustrate that: 

(a) the second solution cannot be obtained from the a.s. by assigning a 
special value to c; it is consequently a singular solution (s.8.) (see 5.13 (2)); 

(6) the G.s. represents a family of lines which are tangents to the curve 
represented by the s.s. (see no. 20). This fact is confirmed geometrically: for 
at the point of contact of any tangent to the s.s., the curve and tangent have 
the same x, y and dy/dx; hence the tangent satisfies the same differential equa- 
tion (i) as the s.s., so this tangent must be included among the lines in the 
G.s. of (i).f 


Exercise 5(d) 
Solve the following, finding an integrating factor by inspection whenever possible. 


dy , dy , 
1 5 ae ee 2 gt Y Ote = sin 2x. | 
_ dy ; dy , | 
3 sin 27 — y Cosa = sin 2x. 4 dat Oty = 2x ify = 2 when x = 1. 


5 al Bl = 21 
x log ty = ogz. 


{ This fact alone does not show that every line of the a.s. touches the S.8.; but see 
8.52, ex. (vi). 
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d. 
*6 If L— +Raz = Ecos pt, where L, R, EL, p are constants, prove 
E 
x= ce Ml + Fa papa (P sin pt+ F cos pt). 
If p = 0 and R/L is positive, prove > H/R when t > oo. 


dy dy _ 2 : eta — 
7 a y°. 8 ya, Y +x ify = 0 when z = —}. 
dy . ‘ dy sing 
-_ — ; 2 i —Yy. 
9 ays 3y? = 32 10 ee 7 y 
dy dy 
ee = 58 woote. pac As 
11 in t Y tan y® sect x 12 x ae ry ty. 
13 (2a— bya) 24 = . 14 (4¢nenY =e 
dx 9 dx °" 
déy dy _ 
a8 dx®" dx 


Find the G.s. and 8.3. of the following. 
1 
*16 aa a *17 (y—px)? = p?+1. 


*18 y = px+p*. Also find all solutions for which y = 6 when x = —7. 
*19 y= px-+sinp. 


*20 Verify that, in nos. 16-19, the G.s. represents a family of straight lines 
which are tangents to the curve represented by the s.s. 


*21 Find the differential equation of a curve such that any tangent makes 
with the coordinate axes a triangle of constant area 2k?. Hence show that the 
curves are rectangular hyperbolas zy = k?. 


5.3 Second-order equations 
These involve d?y/d2z? and some or all of dy/dx, y, x 


5.31 Some simple special types 


(1) dy/du and y missing. If the equation can be put in the form 
d?y|dx? = f(z), it is solved by integrating twice wo x; two arbitrary 
constants are introduced. 


(2) dy/dx and x missing. If the equation is d?y/dx? = f(y), put 
p = dy/dx, so that 


_@ 7) = Be A 
da? da\dx) dx dydx dy” 


d 
Then Pay = f(y), 
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and by integrating wo y, 

3p" = [re dy = gly) +e, 
say. Thus 


d 
7 = COU) + 2} and x= [29(y)+20-4ay. 
Example 
d*y/da* +n*y = 0 (the equation of simple harmonic motion). 
Putting p = dy/dx, the equation becomes 


dp 


Bee 24, = 
et 'y = 0, 
ld d 
: ess 2 2 2 = 0. 
oe Say Pt m dy? 
$p? + $n*y? = constant = $n*a%, say. 
od 2 
(z) = p? = n(a?—y?), 
dx 1 


—=+ 


dy n {(a? — y?)° 


dy : ¥y 
— + = + -1¥4% . 
n2+b laze wat sin a 


y= tasin(ne+b). 


Since the constants a, b are arbitrary, there is no loss of generality in taking 
the ambiguous sign as +. The general solution is therefore 


y = asin (nx +b). 
It can also be written in the forms (cf. 5.11, ex. (ii), and Ex. 5(a), no. 3) 
y= acos(nx+b’), y= Acosnx+Bsinnz. 
The above differential equation will be met frequently when solving 


others, and for convenience we will quote the solutions when needed; 
the last is usually the most suitable when finding a general solution. 


(3) y missing. The equation has the formt 


The substitution p = dy/dx immediately reduces it to a first-order 
equation in p, viz. f(dp/dax, p, x) = 0. 


{ This includes (1). 


192 DIFFERENTIAL EQUATIONS [5.32 
(4) x missing. The equation ist 


d*y dy 
(Ga ae) =° 
Putting p = dy/dz as in (2), it becomes f(pdp/dy, p, y) = 0, a first- 


order equation in p. 


Exercise 5(e) 


Solve the following. 
1 ay” = 1. 2 yy” = a’. 3 y= ny. 
4 y’ =3y’. 5 ay” = 3y’ if y = § and y’ = 2 when z = 1. 
6 y” = byy’. T y= 1t+y”. 


8 Solve 2y”’+y’2= 4y, where y = 1 and dy/dx = 0 when z = 0. 
9 Solve d(ydy/dx)/dx = 6y with the conditions that y = 0 and dy/dx = 0 
when x = 0. 
Given that u = 1/c and du/d0 = 0 when 6 = 0, solve d*u/d6? +u = P/(h?u?) (the 
equation for central orbits) when h, yu are constants and 
10 P= pu. 11 P= pi, 12 P=plu. 


5.32 Linear second-order equations 
The general linear equation (see 5.25) of second order is 


dy dy eX, 
P(e) Tat Ua)a +r(x)y = g(x); 
p(x), g(x), r(x) are called its coefficients. It can always be reduced to 


the standard form dy 


FY sal) +b@)y = fle), (i) 


where f(z) and the coefficients a(x), 6(x) are functions of x or possibly 
constants. 


(1) The complementary function. 
Let y = u be any particular solution of (i), however simple and 
however obtained. Then 


“ +a(x) a +b(x) wu = f(z). 


The function y = z+ will satisfy (i) if and only if 


d’z du 


Fe + (0) + a(n) Fe + Bf) 2+ B(x) 4 = fla), 


+ This includes (2). 
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i.e. if and only if z satisfies the aa 
d*z 
dx? 
which is simpler than (i). 
The general solution of (ii) will contain} two arbitrary constants. 
When this solution is known, the general solution of (i) is given by 
y =z+4u, also involving two arbitrary constants. Thus 
a.s. of (i) = a.s. of (ii) +P.s. of (i). 
The general solution of (ii) is called the complementary function (C.F.) 
of equation (i). Hence 
a.s. of (i) = o.F. of (i) + P.s. of (i). 


To tala) +-B(a)2 = Gi) 


Example 
dy 
dx 
To discover a P.s., try y = ke”, where k is some constant, to be found by 
substitution in the given equation. (This trial is reasonable, since the term in 
e* on the right can arise only from derivatives of functions containing e*.) Then 


ke*+9ke* = 5e*, «. k= H. 
Hence a P.s. is y = $e*. 
The C.F. is the solution of d*y/da? + 9y = 0; by 5.31(2), example, this is 


y = Acos 3x+ Basin 32. 


—-+9y = 5e*. 


The a.s. of the given equation is therefore 
y = Acos3x+ Bsin 32+ $e*. 


(2) C.F. as a linear combination of independent particular solutions of (ii). 
I. Ifz= (2x), 2 = p(x) are two solutions of (ii), then so also is 
z= Ag(x) + BYy(2) 
for arbitrary constants A, B. 
Proof. We have 


¢’+ad’+bd=0 and wp’+ay~’+by = 0, (ii) a, b 
d? d 
so that qi (Ab + By) +a— (Ag + By) +b(Ad+ By) 


= A(g” +ad’ + bp) + By” + ap’ + by) 
= 0; 
therefore 4¢ + By satisfies (ii). 

If ¢(x)/y(x) is not constant, i.e. if 6(x), y(x) are ‘independent’ solutions, 
then the solution z2 = A¢+By involves two arbitrary constants A, B. Con- 
versely— 

II. If $, y are independent solutions of (ii), then any solution z is of the form 
Aé+ By, where A, B are constants. 


{ From the considerations in 5.13(2); but see 5.32(2) for a proof. 
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Lemma. If y,, y, are any two solutions of y’ + Py = 0, then y, = Ay. 
For by elimination of P from 


yitPy=0, yyt+Py, = 0 
we have y,¥,—Yay; = 0, ie. d(y2/y,)/dx = 0, ie. ya/y, = A. 


Proof of II. 
By elimination of 6 from (ii) and (ii) b, we get 


pz" — 2p" +.a(pz’ —2p’) = 0, 
Le. £ (pala) tale! af’) = 0; 
Similarly from (ii) a and (ii) }, 
d 
= (0d — $0) + a9’ — $y") = 0. 


Hence, by the lemma, 


ya’ —2y’ = Ayo’ — doy’), 


" £()=a2(9 
so that i= AC +B and z= A¢d+By. 


Hence the a.s. of (ii) ts a linear combination of any two independent particular 
solutions. 

If ¢ and y are not independent, i.e. ¢ = ky for all x, then AP+By = Cy 
where C = Ak+B, which involves effectively only one constant C. Thus a 
knowledge of a single particular solution will not give the G.s. in this way; 
but see 5.64 for a method applicable in this case. 


From the preceding account it appears that, to solve equations like 
(i), our first problem is to solve the simpler equation (ii). We do not 
attempt this in general here, but confine ourselves mainly to the case 
when a, b in (ii) are constants; see 5.6, however. 


5.33 Linear second-order equations with constant coefficients 


Our standard equation now is 
where a and 0 are constants. 


(1) Direct solution. 


The equation d_, : 
75 Y — By) = Uy — ky), (iv) 


i.e. y" —(k+)ly' +kly = 0, 


5.33] DIFFERENTIAL EQUATIONS 195 
will be the same as the given equation (iii) if and only if 


—(k+l)=a and kl=6, (v) 
i.e. if and only if k, J are the roots of the quadraticinm: __ 
m*+am+b = 0. 


Case (t): suppose k, | exist and k + 1. 
Put z = y’—ky, so that (iv) becomes dz/dxz = Iz. This has solution 


=Cek 
z = Ce, so that y’ —ky = Ce. (vi) 
This can be solved EITHER by use of the integrating factor e-*: 
é (y e7 ka) = C et-*) z 
Cc 
~kr — ~~ (-Wa 
y = Ae®+ Be, 
where A = C/(l—k); or by observing that, since the relations (v) are 
symmetrical in & and 1, the given equation (iii) is also equivalent to 
dy , 
aa Y —'y) = Hy’ —y), 
from which we deduce that (C’ being another arbitrary constant) 
y' —ly = C’ ek, (vii) 
Elimination of y’ from (vi), (vii) gives 
(k-l)y=C' e@—Ce®, 
so that y has the form Ae” + Be** as before. Of. Ex. 5(a), no. 8. 
Case (it): suppose k = l. 
Proceeding as before, the given equation is equivalent to 
y' —ky = A e*, (vi)’ 
Using the integrating factor e-**, it becomes 
d 
— (y e-kt) — 
mye =A, 
ye = Ax+B, 


y = (Ax+B)e™., 
Cf. Ex. 5(a), no. 9. 


13-2 
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Case (11): suppose the m-quadratic has no roots. 

The preceding method then breaks down because (iii) cannot be 
expressed in the form (iv). However, taking our clue from Ex. 5(a), 
no. 10, we write equation (iii) as 


y" +ay' + (2a + p*)y = 0. (viii) 
This is justified because the m-quadratic has no roots, and so 
a*?— 4b < 0, i.e. b—4a? is positive and equal to p?, say. 
If we now putt y = ze-#, ie. z = yet, we have 
2’ = (y'+4ay)et and 2” = (y"+ay’ + fay) eb. 
Hence (viii) becomes 2" + pz = 0. 
“. 2&=Acospx+Bsin px 
and y = et (A cospx+Bsin pz). 


Conclusions. We have now proved that, in the case of linear second- 
order equations with constant coefficients, the G.s. always involves 
two arbitrary constants; and that the form of the solution depends on 
the nature of the roots of the quadratic m*+am+b = 0, called the 
auxihary equation. 


Examples 


(i) y” — 6y’ + 8y = 0. 
This is equivalent to d 
ag Y — BY) = Hy’ — ky), 


i.e. y” —(k+)ly’+kly = 0, 
if k+l1=6 and k=8. 


Hence k, / are the roots of m?—6m+8 = 0, viz. 2 and 4. Taking k = 2,1 = 4, we 
have dz/dx = 4z where z = y’ — 2y. Therefore z = Ce**, and 


y’ —2y = Ce*, 
-. (ye~**) = Ce™, 


ye** = 4C e+ B, 
y = A e4@ + B e?®, 


where A = 3C. 
Alternatively, by the symmetry in k, | we also have 
y’ —4y = C’ e**, 
Elimination of y’ gives 2y = Cet*—C’ e*, 


+ Cf. Ex. 4(e), no. 23. 
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80 y= Aet*+4+ Be% 

as before, where A = $C and B = — $C’. 

(ii) y” — 6y’ + 9y = 0. 
Proceeding as before, the auxiliary equation is found to be 
m’—6m+9= 0, 

which has the repeated root m = 3. The given equation is equivalent to 
dz 
dx ~- 325 

where z = y’— 3y. Hence z = A e®*, and so 


y’ —3y = A 2, 
d 

— —82) — 
dx (ye ) A, 


ye = Av+B, 

and y = (Av+B) e*, 

(iii) y” — 6y’ + 25y = 0. 

The auxiliary equation is m?—6m+25 = 0, i.e. (m—3)2+16 = 0, which has 
no roots. We therefore write the given equation as 

(y” — 6y’ + 9y) + 16y = 0, 
and put y = ze*, i.e. z = y e-3%, so that 
2’ = e-82(y’—3y), 2” = e-8# (y” — by’ + 9y?). 


Hence 2”+16z = 0, 
z= Acos4x+Bsin 42, 
and y = e®*(A cos 4x+ Basin 42). 


(2) Solution by trial exponentials. | 
Since the linear first-order equation dy/dx+ Py = 0 with constant coefficient 
P has solution A e?* (Ex. 5(b), no. 12), we may try to find a P.s. of this type for 
equation (iii). The function y = e™* will satisfy (iii) if and only if 
em? (m?-+am-+b) = 0, 
i.e. m+am+b = 0. 


If this quadratic has distinct roots m = k, m = I, then e* and e'* are indepen- 
dent solutions of (iii). Hence by 5.32 (2), the a.s. is 


y = A eke+ Bele, 


If the roots are equal, say m = k, then we seek a more general solution than 
y = e** by putting y = ve**, On substituting in (iii) we find that e**v” = 0, so 
that v” = 0 and v = Av+B. The a.s. is thus y = (Ax +B) e*. 

If the quadratic has no roots, the trial method fails without the aid of complex 
numbers: see 14.66, ex. (ii). 

The reader may feel that, when it is applicable, the trial method is quicker than 
that in (1); but he may wonder why only the exponential function is selected 
for a trial p.s. The direct calculations in (1) make clear why exponentials 


198 DIFFERENTIAL EQUATIONS [5.33 


are involved, without a priori assumptions about the form of the solution. 
Both methods can be applied to linear equations with constant coefficients 
and order greater than 2: see Ex. 5 (1), no. 56. 


We have now discussed completely the equation (ii) for the case of 
constant coefficients. With the same restriction we next consider the 
P.S. of (i); Ex. 5(f), nos. 9-28, provides essential information, and 
the reader should consider these examples carefully, especially 
nos. 9-18. 


Exercise 5(f) 


Find the general solution of the following. 
1 y”—4y’+3y = 0. 2 y’-y’—l2£y=0. 3 y”+10y’+25y = 0. — 
4 y’-4y=0. 5 y’+4y=0.. 6 y’+4y’+13y = 0. 
T y’-yt+y=0. 8 y’+3y’ = 0. 


By substitution find the values of the constants A, B, C for which the following 
equations have the particular solutions indicated. 


9 oy’ + By +2y= 5; y= A. 

10 y” —2y'+3y = 62; y = Av+B. 

11 y’+5y’—2y = 422; y = Av? + Bet+C. 

12 y’—3y’+y = Te**; y = A e** (cf. 5.32, ex.). 

13 y’—y'+Ty = 8sin 3z7+ cos 32; y = A cos3x+ Bain 32. (This is reasonable 
because terms in sin 3z and cos 3x can arise by derivation only from similar 
terms.) 

14 y’+4y’ = 82. If we try y = Ax+B, as suggested by no. 10, we find that 
there are no values of A, B for which this can satisfy the equation. Integrating 
once (without arbitrary constant, since only a P.s. is required) gives y’ + 4y = 42? 
and no. 11 suggests trying y = Az?+ Bx+C. Values for A, B can now be found. 
Hence a suitable trial for the given equation is y = Az?+ Bz. 

15 y’+ 5y’ = 323; y = Axv?+ Ba? +Cz. 

16 y”—2y’—3y = 4e3*. The trial y = A e®* suggested by no. 12 fails, so put 
y = ve®*; we find that v satisfies v” + 4v’ = 4, and to solve this we try v = Az 
asin no. 14. Hence y = Ax e®* would be a suitable trial for the original equation. 
(The trial y = Aec®* for a pP.s. is futile since the o.¥. of the equation is 
y = Ae~*+ Be**, which already involves e**.) 

17 y”—6y’+9y = 268%; y=ve** gives v’ = 2, whence v=z2*, and so 
y = Az*e®* would be a suitable trial. (Here the c.¥. is y = (Ax + B) e**, so the 
trials y = A e?* and y = Axe®* would both be futile.) 

18 y’+9y = 3cos 32— 2sin 3x. The o.F. is y = A cos3z+ Basin 3x, s0 we may 
try y = x(A cos 32+ Bsin 32). 

*19 yy’ — 5y’ + by = we*; y = ve* gives an equation for v like no. 10, hence 
y = (Ax+ B)e* would be a suitable trial. 
*20 y” — 5y’ + by = xe**; y = ve** gives type of no. 14; hence y = (Az? + Ba) e®*. 


*21 y”— by’ + 9y = we**; y = ve*, ie. v = ye-**, gives v” = x; 80 y = Ax e**. 
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*22 y” — By’ + by = xe"; y = (Az? + Brt+C)e*. 

*23 yy” — By’ + By = x2 e%*; y = (Ax? + Ba? + Cz) e*. 

*24 y” — 6y’+ Sy = x2 e8*; y = Antes, 

*25 y” + 3y’ + 2y = 10e*sin 2x; y = ve* gives type like no. 13. 

*26 y” + 3y’+2y = 10e-*sin 2a. *27 y” — by’ + Sy = e**sinz. 

*28 y” —4y’+ 13y = 6e?*sin 32; y = ve** gives type of no. 18. 


5.34 Particular solution in the case of constant coefficients 
(1) The results of Ex. 5(f), nos. 9-28 suggest useful trial methods 
for finding a P.s. of : ; 
os y" +ay' + by = f(x) 


when f(x) is a polynomial, an exponential function, a sine or cosine, 
or certain products of these. Our conclusions are summarised as 
follows: 

(i) Lf f(x) is a polynomial of degree n, a P.S. is also a polynomial of 
degreen unless 6b = 0,in which case a P.S.is a polynomial of degreen + 1. 

(ii) If f(x) = ke?*, a P.s. is usually A e?*; but if e?* belongs to the 
C.F.,a P.S. is Az e?* unless x e?* also belongs to the o.¥., in which event 
a P.S. is Ax? eP@, 

(iii) Lf f(x) = Acos px + psin px, a P.S. is usually A cos px+ Bsin px; 
but if these terms occur in the c.F., a P.S. is z(A cos px + Bsin pz). 

(iv) Lf f(x) = ke" e?*, a P.s. is usually e?* x (polynomial of degree n); but if 
e”* belongs to the c.F., a P.S. is e?* x (polynomial of degree n +1), unless a e?* 
also belongs to the c.¥., in which case a P.s. is Ax"t? e?, 

(v) If f(a) = e?*(Acosqx+ psin ga), a P.S. is usually e?*(A cosqx+ Basin gz); 
but if these terms appear in the C.¥., a P.s. is 2 e?*(A cosqx + Bain qz). 


(2) Nos. 14-28 also suggest that in solving a differential equation 
it is desirable to find the c.f. first, so that when we seek a P.S. we shall 
be aware of what trials to avoid. 

Sometimes we are asked for the special solution in which y, y’ have 
prescribed values for given x. This information (called initial or 
boundary conditions) enables us to determine A, B from the a.s. (not, 
of course, from the c.F. alone). Boundary conditions are important 
in applications; e.g. see Ex. 5(h), nos. 1 (ii), 2 (ii). 

Hence the order of procedure is: 

(a) Find the c.r. 

(6) Inspect it, and then try a suitable p.s. as indicated in (i)-(v) 
above. 
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(c) G.S. = O.F.+P.S. 
(d) If required, find the solution which satisfies given boundary 
conditions. 


(3) When f(z) consists of a sum of terms f,(x), f(x) of the above 
types (i)-(v), we can use the following theorem. 


if y =u, 18 aP.s. of y” +ay’ +by = f, (x), 
and y =U, 18 a B.S. of y” +ay’ + by = f(x), 
then aP.s. of y” tay’ +by = f,(x) +f.(x) is y = Uy + Up. 


Proof. If u = u,+ Us, then 
wu” tau’ + bu = (uy + Ug) +a(uy + ug) + b(u, + U2) 
= (uz +n; + buy) + (ug + aug + bug) 
= fi(z) +fo(2). 


Therefore y = u satisfies the original equation, i.e. u, +4, is a P.S. 

If f(x) = 2a—2?, we should not apply this theorem with f,(x) = 2x 
and f,(~) = —2? because it is easier to make the trial y = Az?+ Br+C 
(or whatever is appropriate) for the whole p.s. directly. The theorem 
is used when f,(x), f,(z) are functions of different ‘types’, as in the 
following example. 


Example 


Solve y” — 6y’ + 8y = e?*+sin 2x, and find the solution for which y = 0 and 
y’ = 0 when x = 0. 

First consider the c.F., which is the general solution of 

y” — by’ + 8y = 0; 
it is (see 5.33, ex. (i)) y = Ae#*+ Be?*, 

Next, seek a p.s. of y” — 6y’ + 8y = e?*. Since e?* occurs in the o.¥F. but xe?” 
does not, we try y = Axe**; this is found to give A = —}, so a P.s. for this 
equation is — $7 e?*, 

Finally, seek a p.s. of y’ — 6y’ + 8y = sin 2x; wemay try y = A cos 2x + Bsin 22, 
for which y’ = —2Asin27+2Bcos 2x and y” = —4y, so that A, B must be 
chosen to satisfy — 4y — 6y’ + 8y = sin 2x, 
i.e. 4(A cos 22+ Bsin 2x) — 6(—2A sin 27 + 2B cos 2x) = sin 22. 


This requires 44 —12B = 0 and 4B+12A4 = 1, whence A = 3, B= q. APS. 
of the last equation is thus 25(3 cos 2a + sin 27). 
Hence a P.s. of the given equation is 


— dv e*+ 75(3 cos 2a + sin 22), 


ee y = Aet*+(B— 4a) e?*+4,(3 cos 2a + sin 22). 


From this 
y’ = 44 68% +. (2B—2— $4) e?* + 35( —3 sin 27+ cos 22); 
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hence for the special solution required we have, when x = 0: 
O=A+B+S, 0=444+(2B-4)4+4, 
from which A = 8, B = —3. This solution is therefore 


y = Be4* — (3+ gx) e?*4+3,(3 cos 2a+8Iin 2x). 


Exercise 5(g) 
Find the as. of the following. 
1 y”—3y’ + 2y = 6. 2 y” —2y’ + 3y = 6x~1. 
3 y"—y’ —2y = — 32%. 


4 2y”’ — 5y’+3y = 4e*, Also find the solution for which y = 0 and y’ = 0 
when x = 0. 


5S y’—y’—l2y = 2e4*. 6 y” —2y’ + 2y = sin 32. 
7 y’—14y’+ 50y = 2cosz2. 


8 y+ 16y = cos 4x. Also give the most general solution which vanishes when 
x = jn. 


9 y+ 8y’+ 16y = 6e-**. 10 y” + 6y’ = 4a. 
11 y’+4y = sinz sin 32. 12 y’—3y’+ 18y = sh 22. 
13 y” — By’ + 8y = ef* —cos 2a. *14 y”’+3y’+2y = e-*sina. 
*15 3y” — By’ + 2y = xe. *16 y”+ by’ + 9y = (1+2)e-*. 
*17 y’+y'+y = e*(a@+cos2). *18 y” —4y’ + 4y = 82% e%* sin Qe. 


5.4 The operator D; calculation of a P.s. 


In 5.34 we gave some trial methods for finding a P-.s. of a linear 
second-order equation with constant coefficients. We now show how 
it can be found more systematically (and often more easily) by formal 
calculation. The discussion, given here for second-order equations 
only, extends naturally to higher orders. 


5.41 Algebraic properties of D 


The notations Dy, D*y for first and second derivatives of y were 
mentioned in 2.11, 3.51 respectively. We now write the standard 
linear equation dy dy 


qa t gq, + by =F) 
as D*y + aDy + by = f(x), 
or (D?+aD+b)y = f(z), 
or briefly F(D)y = f(x), 


where F(D) = D?+aD+b. 
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When the coefficients a, b are constants the operator F(D) can be 
treated for certain purposes as if it were an algebraical polynomial 
in a variable D, because D obeys the same laws of addition and 
multiplication as do algebraical symbols. For, by the rules of deriva- 


nem: D(u+v) = Du+ Dv (distributive law) 
D™( Du) = Dery = DY Dy) (index law) 

where m, n are positive integers; and if k is constant, 
D(ku) = kDu (commutative law). 


Example 
If x?+axv+b has factors (x—k)(x—1), then k+1 = —a and kl = b. By the 
Procoaing IWS) (D—k) (D—ly = (D—k) (Dy—ly)t 
= D(Dy—ly) —k(Dy—ly) 
= D*y—(k+1) Dy+kly 
= D®y + aDy + by 
= F(D)y. 
Hence the operator F(D) can be ‘factorised’ as (D—k)(D—1), (or, if we wish, 
as (D—1)(D—k) by a similar argument), just as if it were a quadratic in D. 


For the same reason, polynomials in D with constant coefficients are 
added, subtracted and multiplied just like algebraic polynomials. 

If Dty = d(x), we write y = D-"¢(x), so that D-" denotes n 
integrations wo «x, thus introducing n arbitrary constants. Observe 
that D"(D-") y = y, but that D-"(D”y) = y +a polynomial of degree n 
in « with n arbitrary constants for coefficients; the above index law 
fails for negative indices. 


5.42 Shift theorem 
Ifu = u(x), then F(D) {e?* u} = e?* F(D + p)u, where p is constant. 
Proof. By the product rule, 


Dez u\ = e?® Dut pe? u = eP* (Du+ pu) = e?* (D+ p)u. 
Repeating this, with w replaced by (D+) u, we get 
De? u} = e?* (D+ p){(D + p) uj = e?* (D+ p)Pu. 


+ An operator is understood to act on the function placed immediately after it. 
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Hence F(D) {e? u} = (D?+aD +b) {eP* u} 

= @{(D+p)+a(D+p)+b}u 

= ert F(D+p)u. 


5.43 Calculation of P.s. by symbolic methods 
If f(x) = f(x) +fo(z) +... +f,,(z), then by 5.34(3) we can seek a 
p.s. of each of the equations 


oY + by =fi(z) (r=1,2,...,%), 


and add the results. We therefore suppose f(z) to be one of the 
following simple types. 

Case (1): f(x) 1s a polynomial in x of degree m, say P. The equation 
to be considered is then F(D)y = P. 


Method. Write y, = Foy? 


by algebraic long division (in practice by resolution of 1/F(D) into 
partial fractions, followed by use of a relation like 
tas! 
a—-D «a 
which is verified by summing the geometrical progression). Here 
0 <4 < 2, which covers the cases when 


D?+aD+b (uw =0), 
F(D)=4,D(D+a) (6=0,n=1), 
D? (a=b=0, w= 2). 


1 
(14+5D+5D'+...), 
a a 


Hence y, = Deg te, D+...+¢,,D") P, 


since P is a polynomial of degree m. 
Justification. We have to show that y, constructed above is a P.s. 
of F(D)y = P. Write 


F(D) = DG(D), where 0<4y< 2, 
and G(D) = bo +b, D+...+b,_,D**, 
and consider the polynomial in z, 


G(x) = bo tb, e+ eve + be_,2?-¥. 
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By long division, or otherwise, 


R(x) 
= Cy tC 2+... Fm + Gey? 
where R(x) is a polynomial of degree greater than m. Clearing of 
fractions, 


1 
G(x) 


1 = G(x) (Cg teat... +¢,2™)+ R(x). 
This results holds for all values of x: it is an identity between two 
polynomials. On replacing x by D and recalling the principle if 5.41 
that polynomials in D are manipulated like algebraic polynomials, 
we obtain the following equivalence of operators (cf. 5.62): 
1 = G(D) (eg +¢,D+...+¢,,D™)+R(D). 

Operating on P with both gives 

P= G(D)(c9+¢,D+...+6¢,D")P+R(D)P 
= G(D)(¢9+¢,D+...+¢,D")P since R(D)P=0 
= G(D) DAD-"(cg+¢,D+...+¢,,D™)}P 
= F(D){D-#(e9 +¢,D+...+¢,D™)}P 
= F(D)y. 


Hence y, does satisfy the given equation. 


Examples 
(i) Find a p.s. of y” +4y = a. 
Rewriting the equation as (D? + 4) y = 23, a p.s. is given symbolically by 


I geet, Oe ‘ 


Y= Diya” ~4144D*" 
= }(1—}D?+4,D!—...) a3 
= } (x — ga). 


(ii) (D?+3D—4)y = 2%. 
‘Here F(D) = —(1—D)(4+D), so by partial fractions 


1 i a | 1 
=" !— pepepa es = sen eeo) ce 
= —H{(1+D+D?+D°+...)+}(1-}D+7;,D?—2,D? +...)} 23 
= —HE+ED + SED" + FEED? +...) a8 
= — {42° 48,3277 +4362 +55, 6} 
= — 40° — a" — fla — 5. 
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Case (1): f(x) = e?* P, where P is a polynomial. 
Method. From F(D)y = e?* P we have, proceeding symbolically: 


1 
Y= FD)” *P} 
1 
P 
F(D+p) 
by an extension, at present unjustified, of the shift theorem to 
rational functions of D. The calculation is now formally reduced to 


= ePe ______ 


Case (i). 
Justification. Suppose that work as in Case (i) gives 
] 
Fou so that P=F(D+p)u. 


Then we have to show that y, = e®* u satisfies F(D) y = e P. 
By the shift theorem, 


F(D) {e?* u} = e?* F(D+p)u = e?* P; 


so y, does satisfy the equation. 
Short method when F(p) + 9. 
If F(p) + 0, we have 
1 i 
Fle+p) F(p) 
since the two sides must agree when x = 0. Hence if f(x) = ke? (i.e. if 
P =k), the Ps. is 


+C,¢+.. 


k epz 


ep are 
ia F(p) 


] 
eee eee D es 
Fos (Ate + )e 
Examples 
(iii) (D?-—3D+2)y = 8e4*. 
A P.S. 18 
1 


D*'—3D+2 
1 


=: pate aTs 8 by ‘extension’ of 5.42, 


1 
— o DRL BD4O® 
oO een. 
61+4(D?+ 5D) 
= fet" {1-—4(D*+5D)+...}8 
= tet?.8 


= $et*, 


8 et” 


= eft 
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Alternatively, since F(4) = 16—12+42 = 6, the ‘short method’ at once gives 


(iv) (D?—3D+2)y = 3e*. 
Here F(D) = (D—1)(D—2), and F(2) = 0, so the ‘short method’ is not 
applicable. We have 


1 
s. = ——___— 3e2# 
fee Fi apae 


1 
= (D—1)(D—2)°” 


=e 3 by ‘extension’ of the shift theorem (5.42), 


2a L 
(D+1)D 
I 
= 62% {J — Sas 
e pil D+...33 


= e?% D-13 = 3a e**, 
omitting the arbitrary constant of integration since only a P.s. is being sought. 
(v) y”— 6y’ + 9y = 202% e5*, 
F(D) = D?—6D+9 = (D-83)?, 


sO P.S. 20x? e8* 


_ I 

— (D-3) 
1 

= ere a 202° by ‘extension’ of 5.42, 

= we on integrating twice and omitting constants. 


Case (iii). If f(2) involves cos qx and sin gz linearly, we use 
e = cosP+isinO, e” = cosO—isind 


(equivalent to Euler’s exponential forms, 14.65) to express such 
trigonometric terms as complex exponentials, thus reducing the work 
formally to Cases (i), (ii). In practice it is easier to select the real or 
imaginary part at the end of the work, as in the examples below. 


Examples 


(vi) y” +4y = cos 2a. 
Consider instead the equation (D? + 4) y = e*#*, of which the given equation 
is the real part. 1 


= 2tex 
. D?44° 


P.S 


: 1 
(D+2i)?+4 
1 


= e2t#@____ J 
° D(D +44) 


— pte 


= 
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1 D 
= ete D-1f(]—-— +...) 1 
e u (1 at ) 
1 1 
= qe Pl = ne? 


= — iz(cos 27 +7 sin 22). 


The P.s. of the given equation is the real part of this result, viz. }2 sin 22. 
Alternatively, using complex factors of the operator, 


1 
= 2i a 
P.S. Diy z° 
= ak = ee 
D—M\D+% 
1 1 ‘ r) 
= as (z, en) by the ‘short method’, 
1/1 
= ene (3) by the ‘extension’ of the shift theorem (5.42), 
= z ert as before. 


(vii) (D?—6D+183) y = e®*cos 2x. 


1 
3s. = ——___—_—__ g3# 
P Di—6D+13° cos 2x 
1 


= ¢32 
(D+3)?—6(D+3) +13 


cos2z (u = cos 2x7 in the shift theorem) 


= e8* cos 2x2 


1 
D +4 
= e*}rs8in 22 as in ex. (vi). 
(vili)* (D?-—3D+4)y = zsinz. 
Considering (D?—3D + 4)y = ze'®, 
1 
P.Ss. = D?—3p447" 
1 
=" pyar 3D4) 44" 
1 
D*+(2i—3) D+3(1—1) 

1 fi D?+4(2i—3) D)-"} 
3(1—4) 3(1 —1) 
ef@ ee 
3(1—1) 3(1—2) je 
ee 21-3 
~ 3(1 —4) *— aa 
= ge (1+4) {z+ }(t+5)} 
= fel {(1 +4) 2 +43(3¢+2)}. 


= ett 


tx 
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The required P.s. is the imaginary part of this, viz. 
4{(2 +1) cosx+ (a+ #) sin 2}. 


The reader should now find by the symbolic method the P.s. of some 
of the differential equations in Exs. 5(f), (g); e.g. Ex. 5(f), nos. 16-28 
and Ex. 5(g), nos. 13-18 are best done this way. Ex. 5(h) includes 
some general examples from Mechanics and Electricity. 


Exercise 5(h) 


2 
Forced harmonic motion: ae +n*a2 = acos pt. 

1 (i) If p +n, show that x = Acosnt+ Bsinnt+ {a/(n?— p*)} cos pt. (The 
c.¥F. represents the free oscillations, and the P.s. represents the forced oscillations. 
When p = n, the amplitude of the forced oscillations becomes large—a pheno- 
menon known as resonance.) 

(ii) Find z if z = 0 and dz/dt = 0 when? = 0. 

2 (i) Ifp =n, prove z = Acosnt+Bsinnt+(a/2n)tsinnt. (The amplitude 
of the forced oscillations therefore increases without limit when t -> 00.) 

(ii) Find « if « = 0 and dx/dt = 0 when t = 0, and verify that the result is 
the limit when p > n of that in no. 1 (ii). 


dx 
di? 
3 If n? < k*, prove x = Aexp{—hkt+.,/(k?—n*) + Bexp{—kht—./(k?—n?) } 
(which represents a non-oscillatory motion). (Here exp u denotes e*.) 
4 If n? = k?, prove x = e—*(At+B) (also non-oscillatory). 


5 If n? > k, prove x = e-* {A cos (¢ N(n?— k?)) +Bsin (t A (n?— k2))} (repre- 
senting damped oscillations). If k is small compared with n, prove that 


d; 
Damped harmonic motion: +2k = +n*z = 0. 


x = e-*x (the solution which would be obtained if k = 0). 


(Hence smal damping changes the period only slightly, but diminishes the 
amplitude of successive vibrations in geometrical progression.) 


Damped forced harmonic motion: 


bs d 
+ 2k +n*xz = acos pt. 


6 (i) Prove that the p.s. can be written bcos (pt+«a), where 
b = a{(n? — p?)?+4k*p%}-t and tana = 2kp/(p?—n?). 


(This represents the forced oscillations; if n? > k?, the free oscillations are given 
by no. 5.) 

(ii) If a, k, n are constants and p varies, prove that 6 is greatest when 
p =(n?—2k*). If also k is small compared with n, show a = — 37, b = a/(2kn) 
(resonance again). 
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7 If the free vibrations (no. 5) are in resonance with the applied force, and 
both are damped, then ,/(n?— k?) = p and the equation becomes 


d*x d. 

7) + 2k + (k? +p?) a2 = ae—*cos pt. 

Show that the p.s. represents an oscillation of amplitude (a/2p)te-*, and that 
this has a maximum value a/(2pke) when ¢ = 1/k and tends to 0 when t > oo. 
(Thus if the damping is small, the forced vibrations become large but remain 
bounded.) 


Electric circuit with self-inductance, capacitance, resistance, and applied electro- 
motive force: Dex dx 


bo Rea 


— t. 
get ato UEP 


(Observe the analogy with no. 6.) 
8 Find the c.r. when CR? < 40. 
9 Find the p.s. in the form x = bcos(pt+a). 

10 When ¢ + 00, no. 8 shows that the free oscillations die away. Ignoring 
these, prove that for given H, L, p, R, the greatest values of x occur when 
V(LC) = 1/p. 

11 If F(x) is a polynomial in x, prove F(D*) cosaxz = F(—a?) cos az. 

12 Assuming that this result can be used when F(z) is a rational function, 
. find a p.s. of (D?+D+1)y = cos 2z as follows: 


: cos 27 = : 24 = f 32 ee 
Dia Da1 Os sees BE SW hs = 590° %=7i9 
D 
= ae cos 2x = —4;(3 cos 2x — 2sin 22). 


Verify this solution directly. 
*13 Generalise this method to {¢(D*) + Dy(D?)}y = Acosax+psinazx, where 
$(x), f(x) are polynomials in x. 


5.5 Simultaneous linear first-order equations with constant 
coefficients 


We restrict ourselves to the case of two functions z, y of ¢ related by 
two linear equations of first order with constant coefficients. 


Examples 
(i) Solve dx dx dy 
sa —y = 25tet esti a Ae t 
at y Btet, 2y ata 25e 
Using D for d/dt here, these equations can be written 
(D+1)x2-y = 25tet, (i) 
—~ Dz+(D+2)y = 25e. (ii) 


As in algebraic simultaneous equations, we eliminate one unknown. We 


14 GPMI 
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choose y for elimination because it is more simply involved in the equations 
than x. First operate on (i) byt D+ 2: 

(D+ 2)(D+1)x—(D+2)y = 25(D + 2)te, 
i.e. (D?+8D+2)a—(D+2)y = 25(3t+ 1)et. (iii) 


N dd (i d (iii): 
ow add (1i) and (iii) (D?+2D +42) a = 25(3t+2)e', 


which is a linear equation for x. The c.¥. is e~*(A cost+ Bsint), and a P.S. is 
found to be (15¢— 2) e'. Hence 
x = e~*(A cost+ Bsint) + e*(15t— 2). 
From (i), y = (D+1)x—25te; 
and since 
(D+1)a = e-{(-—Asint+ Bcost)—(A cost+ Bsint) + (A cost+ Bsin?é)} 
+e'{(15¢— 2) +15+4 (15¢—2)} 
= e-*(Bcost—Asint) +e#(30¢+ 11), 
y = e-*(Bcost—Asin#) +e'(5¢+11). 

We could find y independently of x by operating on (i) with D, on (ii) with 
D+1, and adding. This would lead to a linear second-order equation for y, 
whose solution would introduce two further constants of integration, say A’, B’. 
The relations between A, B, A’, B’ would then have to be found by substituting 


the solutions for x, y in both of the equations (i), (ii). This method, clearly 
involving more work, should be avoided. 


i dx dy _ dx dy _ Fe 

(ii) Solve 23k =, at a = 6u+yte 

The equations are (2D—1)x+ Dy = 0, (i) 
(D—5)x+(D—-l)y = e-+. (ii) 


To eliminate y, operate on (i) with D— 1, and on (ii) with D: 
(2D?-—3D+1)2+D(D—-1)y=0, 
(D?-—5D)«+D(D—-1)y =—e-+ 
Subtract: (D?+2D+1)x% = e-*, 
The o.F. is x = (A + Bt) e-*, and the P.s. is 4¢2e—*; hence 
z=et(A+Bt+ $e). 
Before finding y, eliminate dy/dt from the given equations by subtracting: 


Seah os Se —— — et 
y= a 4x4 —e-*, 
Now substitute for x: 
y = —e*[{B—-A+(1—B)t— 434 {44 4 4Bt4+ 28341] 
= —e-{((84+B+1)+(3B+1)t+3e}. 


{ In full this means deriving (i) wo *, and adding twice (i) to the result. Thus 
symbolic methods are convenient but not essential in examples like this. 
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Had we substituted directly for x in either of the given equations, we should 
have obtained a differential equation for y, and hence a redundant constant of 


integration. The method used avoids this, and involves no more than derivations 
wo Zt. 


Exercise 5(i) 
Solve the following pairs of simultaneous differential equations. 


dx d. dx 

1 me Ty = sins, 2 att =e 3 gy tty =9, 
dy dy dy 
— = A _ —Zt= vU. aa = 0. 
at +2 = cost 7 +y—x2=0 Fr +a+2y 


d. 
4 = + 80—2y = 1, 
if « = 0 and y = 0 when ¢ = 0. 
Y ont =e 
dt o 


dx .dy : 
5 55 +34,7 le—Ty =, 
dx _dy 
—— sb OG Bay ee eft 
ray at Tx — By =e 
dx dy 
6 35 tay te = Scosz, 


de ody, saat spite if « = 0 and y = 0 when ¢ = 0. 

ety t By = 7008 sin 

7 Writing u=2+y and v=2-y, show by adding and subtracting the 

equations in no. 2 that du/dé = et and dv/dt + 2v = e', and solve each of these. 
Hence find a and y. 


8 Solve no. 3 by the method of no. 7. 


dz d d 
9 Solve — be + + 2a = 4e0st, 3— +y = Ateost. 
*10 Solve aoe = eH —evH, Pd = euH, 
dt dt 


where m, e, E, H are constants (the equations of motion of a particle of mass m 
and charge e in perpendicular electric and magnetic fields of strengths E, H). 
If also u = a, v = y, and x = y = u = v = 0 whent = 0, prove 
EH E : 
oa oH | —coswt) and y= ob (vt sin ot), 


where w = eH/m. (Hence the particle moves along a cycloid: 1.61, ex.) 


5.6 Some linear second-order equations with variable coefficients 
5.61 Euler’s ‘homogeneous’ equation 


This is of the form By dy 


wyatt by = f(x), 


14-2 
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where a, 6 are constants. It can be reduced to an equation with con- 
stant coefficients by the substitution x = e'; for then 


dy _ dy fax _ dy 
dx dt] dt dt’ 


d*y d (dy d[( _,dy\\ jdx sf _jd’y dy 
me ee -z(2) - FA Cae 2) at fer ae ° 4 


= e72t d* oe _ dy 
dt? dt|’ 


and the equation becomes 


dy dy\ dy ' 
(a Gf) at sty = f(e), 


: t) 
i.e. TY 4 (a 1) 4 by = = f(e), 


which gives y as a function of ¢. 


Examples 
(i) sot 4 oy =x+logza. 
Put x = e*; then as above the equation becomes 
(C88) yon 
1.6. 4 3 y=e'+i. 


The c.¥. is A et+ Be-*, and the p.s. is found to be #te'—t+3. Hence 
y = Aet+ Be-t#4 bet—-t+ 3 


= Ax+ Bu-t + 4elogx—logx+3. 
(ii) The equation 
(pe+q) 4+ al peta) oe + by = = f(x) 
can be reduced to the standard homogeneous form by putting z = px+4q, for 
then dy _dydz_ dy, y_ dy 


de dae a da 


5.62 Remarks on the use of equivalent operators 


If y is any derivable function of x, and x = e!, then by 3.2 (4) y is a 
derivable function of ¢ and we showed above that 
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The operations d/dx on y (as a function of x) and e+ ddt on y (as a 
function of ¢) therefore have the same effect. We say that these 
operators are equivalent, and write 


qd _ tt 
dx dt 


Since the operator acts on the function which follows it, we must 
avoid writing the second operator as (d/dt) e~; this expression already 
denotes the function which is the derivative of e~. 

By applying these operators to dy/dx we have 


Py A [sdy\ _ ae ay) 
da? di\° at} ° \ae~ atl? 


as before. The use of other equivalent operators will be illustrated 
in 5.63. 


5.63 Solution of other equations by a given substitution 
Examples 

(i) Solve (1 taysou + 20(1 +an Q(1+22)y = 22-1 
by putting x = tand. 


We have dy dy /dx _¥ ge 1 dy 
dx do/ do d6/* 1+22d0’ 
d 
so (he) ae ag: (a) 
Deriving both sides of this wo x, 


dy - 3/37 1 dy 


1 oe Bes ss Ran 
Pe) ea aa abe) ab 1a ae (8) 


Alternatively, applying the equivalent operators 
d 
1+z27)— =—, 
te Vie d0 
obtained from (a), to both sides of (a), we get 


d dy\ dy 
: 2) | 2 ee 
. om F(a | dg” 
‘ d?y dy dy 
0. 1+242)2—2 oS, 
i.e (1+ 2?) qyat Al +% er io (c) 


Hence from either (6) or (c) the given equation becomes 


(1 +01 Q(1+2%)y = a?—1; 
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and since z = tan 0, we have 


d*y _tan?d-1_ ap ee 
qn Y= ae = sin® @— cos? = —cos 20. 


The c.F. is y = Ae + Be-*9, and the P.s. is found to be #; cos 20. 
“ y=Ace%+ Be + 3,008 20 


= A estan + Be-stan™* 2 4 saat, 
13(1+2%) 
2 2 
i 20 = 2cos?6@—1 = ——-1 = ——— 
since cos cos 50088 ipa 
af d? d 
(ii) Solwe cosa +sina + 4y cos? x = 2cos' x 
by putting x = sin=!u. 
dy dydu dy dy 
—= = —,/(l—u?); 
dx dudz ao au “7 


so, by using equivalent operators, 
d*y o 2 dy 
—~ = — 42) — 1 /(] — ut) —% 
se = vw) man ut) 3 
dy dy 
= amg 8) ape 
= ae aa. 
The equation becomes 


d’y 


[5.63 


V(1l- w){a- ee ae Fh uly (_l- wy} +4 —unty = 2(1 —u2)f, 


i.e. oY at Ay = A1—ul), 


We find as usual that the a.s. is 
y = Acos 2u+ Bsin 2u+ }(3 — 2u*) 
= Acos(2sinz)+Bsin (2sinz) +}(3—2sin*?2). 


(iii) Transform the equation 
ry” + (3a? + 4x) y’ + (207+ 62+ 2)y = e* 


by the substitution x*y = z. Hence solve the equation. 
Deriving the relation z*y = z twice wo 2, 


uy’ +2ay=2’ and 2%y"+4xy’+2y = 2”. 
Hence the equation becomes 
2” +32’ +22 = e*, 
and the a.s. of this is z = A e-*+ Be-?*+4e*. Hence 
1 
y = —,(Ae*+Be** + fe*) 
x 


is the G.S. of the given equation. 
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(iv) Express the equation 
d®y dy\* _ al 
a+3(Z) = (2a—y) = 
as a differential equation for x as a function of y, and hence solve it. 
From 3.53, ex. (iv), dy de ae) 
dx? —— dy®/ \dy} * 
Hence the given equation becomes 
d*x | (dx\§ da\? da\§ 
mpc) FF (bated pan) eae ee esa Oe 
dy? (=) - 3/ (=) | (i) 
da dx 


1.0, i aye 


which is a linear second-order equation with constant coefficients whose 
solution is found to be 2 = Ael+ Bethy th. 


5.64 General case: one integral belonging to the c.F. known 
Consider the general linear second-order equation 


dy 


54+ ate) +b a)y = f(x), 


and suppose that a solution y = u(x) of 


dy dy 7 
qa t UX) ag + Ola) y = 0 


is known. Then the given equation can be reduced to a linear one of 
first order in v’ by putting y = vu; for by hypothesis 


u” +a(x)u’+b(x)u = 0, 
and y =vu't+o'u, y” = vu" +20'u' +0"u, 
so the given equation becomes 


(vu” + 2v'u’ + vu) + a(x) (vu’ + v'u) + B(x) vu = f(z), 


i.e. o(u" + a(x) wu’ + B(x) u) +0'(2u’ +(x) u)+v"u = f(a). 
Hence uv" + (2u’ + a(x) w) v' = f(x), 
ie. use 4 (2u’ + a(a) u) w = f(x), 


where w = v’; this can be solved by using an integrating factor, or 
otherwise. 
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Example 
uy” — (22 + 2x) y’ + (x+2)y = we, 
We easily verify that y = x satisfies 
uy” — (a? + 2x) y’+(x+2)y = 0. 
Putting y = vz, so that y’ = v+v'« and y” = 2v’+v"x, we have 


x?(2v’ + va) — (x? + 2a) (v+0'x) + (24+ 2) va = x e*, 


which reduces to wy” — xv’ = og e%, 

1.6. vy” —v! = e*, 

Integrating, v—va=e"te, i.e. = (ve-*) = 1+ce-*, 
e*v=a—ce*“+A, v= (x+A)e*—e, 

and hence y = e*(Ax+2*)+ Ba, 

where B = —c. 


Exercise 5(j) 
Solve the following homogeneous equations. 


a2 
1 wt 30c! +4y = 2 loge. 2 2 ot a8 Yay = 2°. 


dx 


ste d 
3 path 4 80h ty = log x if y = Oand = = 0 when 2 = 1. 


dy , dy 
4 i eas 
5 (1+ 20) a — 61 + 20) 4 24+ 16y = 8log(1 +2). 


*6 Solve the simultaneous equations 


d*y dy 
2)_— — -1y)2; ¢ = sh. 
8 (l+2 ate rT 3(sh-1x)?; 7 =8 


d 
9 (+022 Y 4 m1 +02) 4 dy = 0; 2 = tony. 
dx? dx 
i d 
10 0? + 22043) + 3(a2 + 40 +.2)y = 0; y = 20-8. 
da? da 
11 Show that the constant n can be chosen so that the substitution y = x%z 


reduces the equation 2%y”+4a(~%+1)y’+2(4e%+1)y=cosx to the form 
2” +az’ + bz = cosa, where a, b are constants. Hence solve the given equation. 
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Solve the following, in which an integral belonging to the .¥. is given. 

12 ay” —2y’+2y=0; y=. 

13 (x+1)y” —2ay’+(x—l1l)y = 0; y = e*. 

14 xy’ —2(ex+1)y’ +(x+2)y = (~—2) e®*; y = e*. 

15 xy’ + xy’ —9y = 23; try y = ke, or treat as ‘homogeneous’ type. 

16 x?y’ + a*y’ + (a—-2)y = 2 e*; y= 2-1, 

17 Prove that ay’ + by’ + cy = Oissatisfied by y = e*ifandonlyifa+b+c=0, 
and by y = wif and only if b+cxz = 0. 


*18 Riccati’s equation dy/dx = P(x)+Q(x)y+R(x)y*. Prove that the sub- 
stitution y = —u’/Ru reduces this to the linear second-order equation 


Ru’ —(QR+ RB’) u’ + PR*u = 0. 
*19 Solve 2°y’+3— 3ry+x%y? = 0. 


5.7 Some geometrical applications 
We now illustrate how differential equations arise geometrically. 


5.71 Definitions 


Given a plane curve, let P be a point at which there is a definite 
tangent (2.15); PN is the ordinate of P. If the tangent and normal at 
P cut ie at TG, then NT is the sub-  y 
tangent and NG is the subnormal to the 
curve at P. Also PT’, PG are called the 
lengths of the tangent and normal at P. 

Since tany =y’, it is clear from P (#9) 
fig.|55 (where 2, y, y’ are positive) that 

| AT=yly’, NG=yy, 

| PT =y(it+y)ly’, eee 

| Pda yi(1 +y"2). Fig. 55 
In the general case these results are obtained from the equations of 
the tangent and normal at P by finding the intercepts on Oz; the lengths 
are signed magnitudes. Thus, the tangent at (x,, y,) has equation 


Y-Y. = Yi(e—2)), 


and cuts Ox where y = Oand —y, = y;(%—2,), i.e. 2,—a% = y,/y); and 


Example 


For the parabola y? = 4az (16.11) we have 2yy’ = 4a, so that the subnormal 
NG is 2a. 

It is often stated that ‘the subnormal of any parabola is constant’; but this 
is true only if N, G are understood to be points on the axis of symmetry. 
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5.72 Orthogonal families of curves 


For a fixed value of « (supposed independent of x and y), the 
equation I(x, y, «) = 0 represents a plane curve (1.61). For different 
values of « we thus obtain a family or system of curves; a ‘labels’ the 
individual members of the family. For example, x?+y? = a? repre- 
sents a family of concentric circles of various radii; y? = 4ax repre- 
sents a family of parabolas situated as in 5.11, ex. (i). The curves of 
the family may not all be of the same geometrical ‘type’: thus 
x*+ ay? = 1 represents ellipses for a > 0, hyperbolas for « < 0, and 
a pair of lines for « = 0, as will be shown later. 

The angle of intersection of two curves is the angle between the 
tangents at the common point. 

Two intersecting families of curves are orthogonal, or orthogonal 
trajectories of one another, if each member of one cuts each member 
of the other at right-angles. 

Let F(x, y,a) = 0 be the equation of the given family. We first 
get its differential equation by eliminating a (5.1); suppose the result 
is f(z, y, y’) = 0. When P(x, y) is given, this equation determines the 
gradient y’ at P of the member(s) of the family through P, say 
y’ = $(x,y). The gradient of the orthogonal curve through P will 
therefore be — 1/4(x, y); hence on this curve, 


, 


___ 1 
YS ~ ble, y)’ 


This is the differential equation of the orthogonal family; its solution, 
involving one arbitrary constant, is the equation of the orthogonal 
family. 


1 *) 
——=¢(2,y), 80 x,Y, -—} = 0. 


Examples 


(i) Find the orthogonal trajectories of the family of concentric circles 
ue + y? = q?, 

The differential equation of the family is x+ yy’ = 0. The gradient of the 
circle through P(x, y) is therefore y’ = —x/y. Hence the gradient of the ortho- 
gonal curve through P is y/z, so that on this curve we have 


d 
» Le. awy’—-y=O9, Le. ae (2) = 0. 


The orthogonal family is y/z = c, a system of straight lines through O. 
The result is evident geometrically: the diameters of a circle cut the curve 
orthogonally. 
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(ii) Prove that the system 
Er y? 
ata B+A 
where A is the parameter, is identical with the orthogonal system. (For a@ geo- 
metrical interpretation see Ex. 18 (d), nos. 18, 19.) 


To form the differential equation of the family we must eliminate A. First 
clearing of fractions, 


A? 4 A(a? +b? — x? —y2) + (a%* — b%x* — a®y?) = 0. 


Rene: Ala +yy') + (6% +a%yy’) = 0, 
2 2a s0;" 
80 ene 
e+yy 
— $2 2 2 , 
and ata= Ls etaa@ ead 
a+yy at+yy 


The required differential equation is therefore 
ae+yy’)  yletyy’) _ 
at— 62 (62a?) y’ ; 


i.e. (a+ yy’) (« - 4) = a?— 67, 


Since this equation is unaltered by replacing y’ by —1/y’, the orthogonal 
family is the same as the given family. 


Exercise 5(k) 


Find the differential equation of curves having the following properties, and hence 
Jind these curves by solving (notation of 5.71). 


1 Subnormal is constant k. 2 Subtangent is constant k. 
3 Projection of the ordinate on the normal is constant k. 
4 OP = PT. 5 OG = OP. 6 OT = OP. 7 ON =NG. | 
8 OT=KkPN. 9 PG=k. 10 PG = kPN*. | 
Find the orthogonal trajectories of the following families, a being the parameter. 
11 zy =a’. - 12 y® = 4az. 13 ay? = 23. 
14 xt+yt = af. 15 y®—82%y = a. 16 y = axe*. 


17 (i) Prove that the system of parabolas y? = 4a(x+<a) is identical with the 
orthogonal system. 
*(ii) Show that the curves corresponding to a = a, a, will intersect only 
if a,, a, have opposite signs. [Consider y? = 4a(x+a) as a quadratic in a.] 
18 Prove that in general there are two curves which satisfy the differential 
equation dy\? 
y dy 
=|) —22— =0 
y (2) gore 
and pass through a given point. Prove that these curves coincide if and only 
if the given point lies on the parabola y = x®, 
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19 Find the inclinations to Ox of the two curves through (3, 5) which satisfy 
the equation in no. 18. 


20 Find the locus of a point such that the two curves through it in no. 18 
cut at right-angles. 


Miscellaneous Exercise 5(1) 
Eliminate the parameters from the following functions. 
1 y=cch(a/c). 2 y=Acos12+B. 
3 y= Acos-!2+ Bsin-' zg, and explain why the result is the same as for no. 2. 
4 y= Azxsin(x21+B). 
Obtain the differential equation of 
5 all straight lines. 


6 all circles which touch both coordinate axes. 


7 all tangents to the rectangular hyperbola xy = 1. [The general point 
is (2, 1/t).] 


For general practice the reader may solve a random selection from the following 
differential equations (nos. 8-52). 


dy _1+y? 9 dy _ 
dx 1+22 he es 
d: d: 
10 (x+y)? = 1. 1 (e—y) 4 =a4+y. 
dx dx 
, j dy 
12 (1—4y')y = (4+y’)@. 13 (ey)? = (e—y—1) 
dy dy 
2 y2)—— = ‘ 5 — = Te—3y+2. 
14 (x eee 2Qay 15 (3x¢+ ytlje. Tx —3y+ 
d: 
16 nw = y—weost®, ; 17 oY _ a = ay. 
dy ¥_o. 211d _ 
18 Gee 19 (x +e xy = 1. 
dy dy 1 
— 4 Qny = 2x37, 3 td — a 
20 ant vy aay 21 (xy tye. i 
d d: 
22 a 4y = ytloge. 23 °F sine —y cosa = e*sin®a. 
dx dx 
*24 y = pat yp’. *25 y= pute?. 
26 y’+y"=0. 27 (a?+1)y’+2y’ = 0. 
28 yy’ +y7=1. 29 xyy”+ay’*+yy’ = 0. 
30 y’-y’ +24 = 0. 31 y’—2y’+y=0. 
32 yf” —3y” = 0. 


*33 y+ 3y"+3y’+y = 0 [put u = ye* and calculate w’]. 
34 y” —3y’—4y = 10cos 2a. 35 y” — By’ + by = 4a7e*. 
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36 y” —4y’ + 3y = 23. 37 y” — 10y’ + 29y = e**sin 2a. 
38 a®%y” —20y = 723. 39 wy” —a2y’+2y = xlogz. 
40 xy” —2xy’+2y = x*cos(logz). 41 y’+(2/x)y’ = 0. 
*42 xy" + 38xy” +4’ = loga. 
43 y”+y’tanxz—ycos?z = 0 [put w = sing]. 
44 (1+2?)8y” + 20(1 +27)? y’+(1+2%)y = x [put = tan 6]. 


45 +20 = By, 46 H 3H 4 20-4 by = 0, 
Ys y = Be. H 3 on + by = 0. 
47 © + 5a — 2y = 40e', 
OY _ + by = 20 
48 iF +y=0, i +o = loge *49 = =, Y Xs, a ae, 
*50 we +8 44 by = 0, oY ont dy = 0. 


[For nos. 49, 50 see no. 56.] 

51 wy” —(2e+1)y’+(x%+1)y = 0; particular solution y = e*. 

52 x(1+2)y” = 2y’+ 2y; particular solution y = 1/(1+72). 

53 Transform 4a*y” + 4ay’ + (42?—1)y = 0 by the substitution y = za~-t, and 
hence solve the equation. 

54 Show that the constant n can be chosen so that the substitution y = 2% 
transforms the equation x*y” + 2a(x%+2)y’+2(2+1)%y = e-*cosx into one 
with constant coefficients. Hence solve the given equation. 

55 Prove that a differential equation of the form p? + p¢(x, y) —1 = 0, where 
p = dy/dax, represents a system of plane curves such that in general two pass 
through every point and intersect at right-angles. Find the system of curves 
when ¢(2,y) = — 2y/x. 

*36 Show that y” + ay” + by’ +cy = 0 is the same equation as 


d 
qe YR +) y’ + kly} = my” —(k+1) x’ + kly} 


if and only ifk+l+m = —a, lm+mk+kl = 6 and klm = —¢, i.e. k, 1, m are the 
roots of #+a+bt+c=0. Putting z= y”—(k+l)y’+kly, show that the 
solution of the given equation is reduced to solving one of second order in y. 


*57 If [ f(x) de = log{1+f(a)}, find f(z). 


*58 Verify that cos nz and sin nz are both integrating factors of y” +n?y = f(x) 

and obtain two first integrals. By eliminating y’, obtain the a.s. and express 

it in the form 1 fe 

y=A cosne + Bainne-+” | J (é) sin n(x — #) dé. 
0 
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*59 Solve y”+y = seca by the method of no. 58, and show that it will succeed 
also when f(x) = cosec 2, tan x, or cotz. 


*60 (i) If u, v, w are functions of z, and constants a, 6, ¢ not all zero can be 
found such that au + bv +cw = 0 for all x, prove that the determinant 


uv iw 
W=|\w vw w’ 
uy vw” wy” 


(the Wronskian of u, v, w) is zero for all x. 

(ii) Conversely, if W = 0, prove that u, v, w are connected by a linear 
relation. [Consider the linear second-order equation in y obtained by replacing 
u,u’,u” by y,y’,y” in W: it has solutions y = u, v, w; use 5.32 (2), IT. 
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6 


SOME THEOREMS OF THE 
DIFFERENTIAL CALCULUS 


6.1 Two properties of continuous functions 


This chapter contains a sequence of theorems, some of which are 
‘obvious geometrically’; they are of considerable importance. All 
of them depend for their proof on the following two properties of 
ae functions, which we will state and then explain. 

) Iff(x) 1s continuous ina < x < b, then it ts bounded in this range. 
) If f(x) ts continuous in a < x < b, then tt possesses a greatest and 
a ae value when x varies in this range. 

Property (1) means that, for all values of x satisfying a < x < b, 
there exists a positive number K such that |f(x)| < K. In other words 
(cf. 2.4(3)), f(z) cannot tend to +00 or to —o or oscillate infinitely 
when x varies in a < x < b: it is ‘bounded’ by the number K in a 
its numerical value ee exceed K; we can write —K < f(x) < 
and call K an upper bound for f(x), and — K a lower bound. Clearly any 
fixed positive number greater than K would also serve as a bound 
for f(z)ina<a2<b. 

It may happen that some numbers less than K would serve as 
bounds for f(x). It can be proved that, of all numbers which serve 
as upper bounds for f(x), there is a smallest such number, say VM; 
i.e. f(x) < M for all x for which a<a< b, butif H is any number just 
less than M, there is at least one value x, of x in the interval such 
that f(z,) > H. Similarly, of all lower bounds for f(z) there is a largest, 
say m, which has the property that f(x) > m for a < x < b, while if 
his any number just greater than m, ee is at least one oie L= Ly 
in the interval for which f(x.) < h. These numbers VM, m are called 
the upper, lower bounds of f(x) in a < x < 6. Functions other than 
continuous ones may possess upper and lower bounds in a given 
interval; on the other hand they may not. Property (1) implies that 
for a continuous function these numbers always exist. 

Property (2) asserts that, for continuous functions, these bounds 
are actually values taken by the function for suitable values of x in 
the interval: M is the greatest and m the least value of f(x) fora < x < b. 
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The property is usually expressed by saying that ‘a continuous 
function attains its bounds in any closed interval’. This may or may 
not be true for a discontinuous function: even if it possesses upper and 
lower bounds If, m, there may be no xin the range for which f(x) = M 
or for which f(x) = m. 


Fig. 56 


The properties (1), (2) and others can be deduced from the definition 
of ‘continuity’ given in 2.61 with the help of some fundamental 
theorems on bounds of a function. We shall assume them, because to 
give rigorous proofs would deflect us too far from the course in view. 


In the following theorems we use the closed interval a < x < 6 for 
continuity of f(x) (see 2.61, Remark), and the open interval a < x < b 
for derivability. This is reasonable because (3.11, Remark), if f(x) 
is defined only in a < x < 6, then f’(x) will not be defined at x = a or 
at a2 = 6; hence existence in the open interval is as much as we can 
demand of f’(z). 


6.2 Rolle’s theorem 


6.21 If (i) f(x) ts continuous fora < x < b, (ii) f’(x) ewists fora < x < b, 
(iii) f(a) = f(b), then there 1s at least one number € for which a < — <b 
and f'(E) = 0. 

Geometrically the result is obvious (figs. 57, 58): a continuous curve 
with a definite tangent at every point between A and B, where it meets 
the line y = k, must have a tangent parallel to y = k at some inter- 
mediate point or points. The reader who is willing to accept the 
theorem on these grounds may omit the following proof. 

First suppose f(a) = f(b) = 0 in hypothesis (iii). Since f(x) is continuous, then 
by 6.1, Property (1), the function has upper and lower bounds M, mina < x < b. 


As f(a) = 0 = f(b), therefore M > 0 and m < 0; we consider the following three 
cases. 
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(a) M > 0. By Property (2) of 6.1, there is a number £ such that a < £ <b 
and f(g) = M. Since f(a) = f(b) = 0 and M > 0, € must be different from a 
and b, so that a < £ < b. We now prove that f’() = 0. 

Let h be any positive number such that £ +h lies in a < x < b. Then since 
f(E+h) < M, it follows that f(g +h) <f(&), and so 


f( +f) —f(&) 20 


Letting h > 0+, we have f(é) < 0 o using hypothesis (ii) of the theorem 
together with a variant of the lemma in 3.63. 
Similarly, if h > 0 and £—hliesina <2 <b, then f(é—h) < f(£), so that 


fE-W-FE) Sg 
—h - 


Letting h > 0+ gives f’(£) > 0. Comparing the two conclusions shows f’(£) = 0. 


Fig. 57 Fig. 58 


(b) M = 0, but m < 0. There is a number £ for which f(£) = m, and as before, 
a<£<b; f(€+h)>m=f(é), from which f’(£) =0 by an argument similar 
to the above. 

(c) Jf M=0=m, then f(x) =0 everywhere in a<a2<b, so f(x) =0 
everywhere in a < x < b; any number in a < x < b would do for &. 

Secondly, suppose f(a) = f(b) = k in (iii). Apply the result just proved to 
the function ¢(x) = f(x) ~k, which clearly satisfies hypotheses (i) and (ii) and 
also ¢(a) = $(b) = 0. Then Rolle’s theorem follows. 


Remark. The number £ depends on the function f(x) and on the 
interval; thus for a given f(x), € is in general a function of a and 0. 
See Ex. 6(a), no. 3. 

Definition. If f(x) is continuous for a < x < 6 and derivable for 
a<x <6, we say that f(x) satisfies the Rolle conditions ina < x < b. 


6.22 If the Rolle conditions are not satisfied, there may not be a 
number & with the required property. Figs. 59, 60 illustrate cases in 
which hypotheses (i), (ii) respectively are not satisfied; but fig. 61, 
in which neither is satisfied, shows that the result of the theorem may 
still be true—the conditions are sufficient but not necessary. 


15 GPMI 
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Fig. 61 


6.23 Application to algebraic equations 

If f(x) is a polynomial, then f(x) and f’(x) certainly satisfy the 
Rolle conditions in any interval. Taking a, b of 6.21 to be roots of 
f(x) = 0, we have (cf. Ex. 3 (e), no. 14): 


(1) Between two roots of f(x) = 0 lies at least one root of f'(x) = 0. 


Further (cf. Ex. 3(e), no. 15) 


(2) Not more than one root of f(x) = 0 can lie between consecutive 
roots a, B of f'(x) = 0. 

If there were two, then by (1) there would be a root of f’(z) = 0 
between them, so that «, # would not be consecutive roots of f’(x) = 0. 
(There will be exactly one root of f(x) = 0 between a and f if and only 
if f(x), f(2) have opposite signs, by 2.65.) 

The result (2) is helpful in locating the roots of an equation f(x) = 0 
when those of f’(~) = 0 are easily found; see 13.62 (3) for some worked 
examples. Finally 


(3) If f’(x) = 0 has s roots, then f(x) = 0 cannot have more than s+ 1 
roots. 
For the roots of f’(z) = 0 must separate those of f(x) = 0, by (1). 


6.3 Lagrange’s mean value theorem 


In 3.81 we conjectured on geometrical grounds the following mean 
value theorem. 
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If f(x) satisfies the Rolle conditions in a < x < b, then there is at least 
one number € for which a < & < band 


f(b) —f(a) = (b—a) f'(6). 


6.31 Linear approximation to f(x) 

We may prove this theorem by applying Rolle’s theorem to the 
error obtained by making a linear approximation to f(x) ina < x < b. 
When a is given, any linear function g(x) can be put in the form 
g(x) = Po + py(z—a). 

We choose the coefficients pp, p, so that it takes the same values as f(x) 
at the ends of the interval: g(a) = f(a) and g(b) = f(b), so that 
=f(a) and py+p,(b—a) = f(b). 


g(2) = f(a) LOL (a), 


Hence 


(Geometrically, g(x) = 0 is the equation of the chord AB in fig. 41 
of 3.81; we now consider the error caused by replacing the are AB by 
the chord AB.) 

At any point xin a < x < b, the error involved in the approximation 
fle) + oa) i ble) = 2) ale). Now g(a) = 0 and (0) = 0, and $a) 
Dace the Rolle conditions in a < x < b because f(x) and g(x) do. 
Hence there is a number € for na. a<£< band ¢’(£) = 0, ie. 


o=/'6)- W)- ROG), 


from which the mean value theorem follows. Incidentally we have 
justified the geometrical conjecture in 3.81; Rolle’s theorem is the 
case when AB is parallel to Oz. 


6.32 We may set out the preceding proof as follows. Consider the function 
P(x) = f(x) —f(a) + A(z—a). 
Clearly ¢(a) = 0; we choose A so that also ¢(b) = 0: 
0 = f(b)—f(a)+ A(b—a). (i) 


The hypotheses of Rolle’s theorem are now satisfied by ¢(x), so that 
there is a number £ for which a < £ < band ¢’(£) = 0,i.e.0 = f’(£) +A. 


Pen OM FOS ha ae =a) @: (i) 


15-2 
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6.33 Alternative versions of the theorem 


(1) If0 < 6 < 1, then a+ 6(b—a) lies between a and J, so that for 
a suitable 6 we can write =a+0(b—a). Putting b=a+h, the 
result (ii) takes the form 


f(ath) =f(a)+hf'(a+0h) (0<6@<1). (iii) 
Remark. Since £ depends on a and 6 (6.21, Remark), hence @ in (iii) 
will be some function of a and h. 
(2) Since b—h = a, we also have from (ii) that 
f(b) = f(6-—h) +hf"(b-(1—6)h). 
Putting h = —h,, 1—6 = 0, (so that 0 < 0, < 1) and rearranging, 
f(b + hy) = f(b) +h, f(b +, hy), 


which is the mean value theorem for the interval b+h, < x < b where 
h, < 0. Hence the result (iii) remains valid when h < 0; in the statement 
of the theorem the only modification required is the replacement of 
agu<athbyath<u<a. 


Example 
Take f(x) = logz,a > 0,a+h > 0. Then (iii) becomes 


h 
log(a+h) = loga +7 oh 


i ] in" rae 
i.e. og a) aa OR’ 


1 a 


og = 


Put u = h/a; then since a+h > 0 and h + 0, also u > —1 and u + 0, and 


from which we find = 


_ 1 1 
~log(l+u) u 


. 1 1 1 
Since 0 < @ < 1, area, a" 
* U 
1.6. Tae < log(1+u) <u, 


the logarithmic inequality (4.43 (1)). 
This example illustrates how the mean value theorem can be regarded as a 
disguised inequality owing to the condition 0 < @ < 1. 
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Applications of the theorem to increasing functions and to in- 
equalities were given in 3.83. A few further examples appear in 
Ex. 6(a). 


Exercise 6(a) 
Find when Rolle’s theorem is applied to 
1 x(1—zax)"*in 0 <x < 1, being a positive integer. 


2 e*sinz in 0 <2 < 2z. 3 (cx—a)(b—-x}?ina<2x<b. 


4 Iff(x) satisfies the Rolle conditions in a < x < band f(a) = 0 = f(b), prove 
that for any given number A the equation f’(x) +Af(x) = 0 has at least one root 
between a and b. [Consider e4* f(x). Cf. Ex. 3(e), no. 16.] 


Find & when the mean value theorem is applied to 
5 cosainO<x<hn. 6 x"in0 <2 < 1,7 being an integer > 1. 


Find 6 when the mean value theorem is applied for the interval a < x < a+h to 
7 2. 8 x®, and verify that 0 > 4 whenh > 0. 
9 e*. 10 Deduce an inequality from the result of no. 9. 
11 Explain why the mean value theorem fails when f(z) = 2-1 and 
a<0<arth. 
12 Mean value theorem for integrals. If f(x) is continuous in a < x < b, apply 


xz 
the mean value theorem to ¢(x) = I f(t) dt to show that there is a number & 
a 


for which a < £ <b and [sera = (b—a)f(é). [Use 4.15 (7).] 


13 If f(x) and g(x) satisfy the Rolle conditions in a < x < b, prove that the 
functions Af(x)+Bg(x) (A,B constant), f(x) g(x), f(x)/g(x) do also, provided 
that in the last case g(x) is never zero for a < x < b. 


14 Iff’(x) satisfies the Rolle conditions in a < x < b, prove that f(x) does also. 
[See 3.52.] 


*15 If f(a) =f(c) = f(b), where a <c <b, and if f’(x) satisfies the Rolle con- 
ditions ina < x < b, prove there is a number £ for whicha < § < bandf”(£) = 0. 
[Use Rolle’s theorem three times. ] 

*16 If {f(b)—f(c)}/(b—c) = {f(c)—f(a)}/(c—a), where a<c<b, and f"(z) 
satisfies the Rolle conditions in a < x < b, prove there is a number & for which 
a<£<band/f’(£) = 0. Interpret geometrically. 


*17 Ife> 1, provex+2+loge > ./(z*+102—2). [Use 3.83, Corollary 2.] 
log (1 
log(1 +9) < eee?) | Prove bd ae — <0. 
logy log x dt\ logt 


*19 If f(0) = 0 and f’(x) is an increasing function for z > 0, prove that when 
x > 0, (i) fla) = af (x), 0 < 0 <1; (ii) f(a) < af’(a); (iii) d£flz)/x}/de > 0, and 
deduce that f(x)/z is increasing for x > 0. 


*18 If0 <2 < y, prove 
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6.4 The second mean value theorem 
6.41 An algebraic lemma 


In 6.31 we proved the first mean value theorem by considering a 
linear approximation to f(x). By using other polynomials, we obtain 
mean value theorems of higher orders. 

Any polynomial of degree n in x can be written as a polynomial of 
degree n in (x—a). 

If the given polynomial is 

g(x) = Ay +X +4,%7+...+0,2%, 
put} x = a+y and expand each term. The term of highest degree in 
y will arise only from a,(a+y)", and hence is a,y”. We obtain an 
expression of the form 


Pot Pry t+ Poy" + + Pay” 
which is a polynomial in x—a = y of degree n. 


6.42 Quadratic approximation to f(x) 
For given a, every quadratic can be written 
g(x) = Pot Pi(¥— a) + a(x — a)? 
We choose the coefficients 7, 91, YP, 80 that g(a) = f(a), g(b) = f(b), 
and g’(a) = f’(a). (Geometrically, the quadratic curve passes through 


the extremities A,B of the given arc 
and has the same gradient at A.) Then 


Po = f(a), 
Pot Pilb—a@)+p(b—a)? = f(b), (i) 
and since 


g(x) = p,+2p(%—a), py = f"(a). 
The ‘error’ function ¢(x) = f(x) —9(x) 
clearly satisfies 
o(a) = 0 = g(b). 
Hence by Rolle’s theorem there is a number £, for which a < £, < b 


and $’(£,) = 0. 
Since also ¢’(a) = 0, we may apply Rolle’s theorem to ¢’(z) for 
a<ax < &, to show that there is a number é for which a < ¢ < &, and 


Fig. 6 2 


+ Another proof is indicated in the Remark of 10.53. 
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p"(£) = 0. Now ¢$"(x) = f’(x)—2p,, and hence p, = 4f"(&); therefore 
by (i), ; ie _ 
TO) fb) = fla) + 0-2) f(a) + 40-7". Gi) 
For the preceding applications of 6.21 to be valid, the Rolle con- 
ditions must be satisfied by $(x)ina < x < bandby¢’(z~)ina <a < §}. 
Since we know only that £, lies somewhere in a < x < b, weshallrequire 
p(x), and consequently f’(~), to satisfy the conditions in a < x < b. 
As in 6.33(1), we may write b=a+h and €=a+6h (0 <0 <1) 


since & certainly lies between a and 6. Hence— 
If f'(x) satisfies the Rolle conditions ina < x < ath, then 


f(ath) =f(a) +hf'(a) + 4$hf"(a+ Oh), (iii) 
where 0 < 0 < 1, and in general 0 depends on a and h. 


Remarks 


(x) The result (iii) remains true when h < 0 if we write the interval 
as ath <x<a. For, the same proof now shows that ¢,, ¢ satisfy 
ath<£&,<a, &,<&<a respectively, and therefore a+h < € <a. 
We can still write § = a+ 0h where 0 < 6 < 1, sinceh < 0. 

(2) From fig. 36 in 3.11 we see that 


f(at+h)—f(a)—hf'(a) = NQ—-MP—-PRtanTPR 
Hence 7'Q = $h*f"(a+ 6h). Compare the comments on the approxima- 


tions (i)—(ii) of 3.91. 
We give some applications of (iii) in 6.7. 


6.5 Theorems of Taylor and Maclaurin 


6.51 Approximation to f(x) by a polynomial of degree n 


The first and second mean value theorems are particular cases of 
the following mean value theorem of order n, called T'aylor’s theorem. 
If f(x) satisfies the Rolle conditions fora < x < a+h, then 


n—-1 


flath) = fla) +hf'(a) +5 f"(a) +... 2 foe-ay(a) +2 f(a + Oh), 


(n—1)! 


where 0 < 0 < 1 and 6 depends in general on a, h and n. 
Proof. Choose the coefficients in the polynomial 


9(&) = Pot pi(X—a) +p,(4—a)? +...+p_(u—a)” 
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so that 
g(a) =f(a), g'(a=f'(a), «5 9 Ma) =f" (a), 

gath)=f(at+h). (i) 

If (x) = (c—a)™ where m is a positive integer, then it is easily 

verified that 


WO nit oom 
It follows that g(a) =r! p,, 
and hence py=f(a), Pi=f'(@), 2!p2=f"(a), 
vey (W—1)! py = f(a), (ii) 
and Pot pyht+ poh? +...+p,h” =f(ath). (iii) 
Write d(x) = f(x) —g(x); then by (i) 
$(a+h) = $(a) = $'(a) =... = Ma) = 0. 


Also ¢(z) and its first n — 1 derivatives satisfy the Rolle conditions in 
a<x <a+hsince by the hypothesis and 3.52 this is true for f"—(z), 


SOR), +0 F'(%), F(@). 
Since (a +h) = 0 = (a), there is a number £, for which 


a<&,<a+th and ¢'(f,) =0. 


Since also ¢’(a) = 0, there is a number €, such that a < & < ¢, and 
$”"(€) = 0. Proceeding similarly, there is a number £,_, for which 
f™-W(E_1) = 0. Lastly, since also Ya) = 0, there is a number & 
for which a < § < &,_, and ¢™(é) = 0. We know that 
a<&<£4<...<&< 8 <ath, 

so we may put £ = a+0h, where 0 < 0 < 1. 

Now O(a) = f(x) — g(x) = (ee) — 1 Py 
hence {M(E) = 2! p,- 
From this with equations (ii), the result follows by using (iii). 


With a modification as in Remark («) of 6.42, the result holds for 
h< 9. 


6.52 Maclaurin’s form of the theorem 


If we replace a by 0 and h by z in Taylor’s theorem, we get the 
following. 
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If f(t) satisfies the Rolle conditions in 0 < t < x, then 


fle) =f(0) +2f'(0) +5700) +.. +o ih O+s = f™(6x), 


where 0 < 0 < 1 and in general 6 depends on x and n. 

Conversely, starting from Maclaurin’s form, we could apply it to 
the function g(x) =f(a+z) in 0<t<h and arrive at Taylor’s 
theorem: 


g(x) = g(0) +29'(0) +5 


n—1 n 
= 9"(0)-+ tay P00) +5 Ee) 


= Ha) +f (a) +50) te 


since g(x) et art (a+az) = fOa+z). 


* ging) open) 


Thus the two forms are equivalent. 


6.53 Closeness of the polynomial approximation 


When the conditions of Taylor’s (or Maclaurin’s) theorem are 
satisfied, we can apply the theorem to approximate to the given 
function by a polynomial of degree n — 1. The closeness of the approxi- 
mation is measured by the size of the ‘remainder term’ 


R= a fateh), or ei {6x 
“ae ; n! ) 


Considering the Maclaurin form, we see that R depends on n and z; 
we may be able to make R small (a) by increasing n when =z is given 
(i.e. taking more terms); (b) by decreasing x when n is given (i.e. nar- 
rowing the range). 

Keeping n fixed, suppose f(@x) is bounded for all x sufficiently 
small, say for || < 7. Then |R/x"| < K,where K is independent of z; 
we say that R is of order x” when «x is small, and write R = O(2”). 
Standing alone, O(x") means ‘any function which is of order 2”’. 
We can now write either 


F(x) = (0) +af"(0) +... + pitt 0) + O10"), 


= 


or 


f(x) = f(0)+af"(0)+.. tie he) correct to order n—1. 
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Example 
If f(x) = e*, then f(x) = e* and f“(0) = 1 for each r. Maclaurin’s theorem 
gives Po 
e=] —e (0<0< 1). 
e tote e.. es Ty Dit ni e ( ) 
n-1 ' 
Hence e = lte+e 4. cee hy) Di (1) 


Since e* possesses derivatives of all orders, n can be as large as we please; 
and the conditions of the theorem are satisfied for all x. 

(a) When «x is given, we know by 2.74 that 2"/n! > 0 when n - 0, which 
shows that the more terms we take, the better does the polynomial (i) approxi- 
mate to e*; and this happens to be true here for any x. (In general it will be true 
of f(x) only for x within some definite pa? ) In particular, by taking x = 1 we get 


1 1 
sltltgtyt- aes 

Successive terms in this expression are easy to calculate, because the (r+ 1)th 
term is 1/r! = (1/r){1/(r—1)!}} = (1/r) x rth term. With n = 11 we find that 
e = 2-718282, correct to 6 places of decimals. A much rougher result was 
obtained in 4.32 (5). 

(6) When n is given, the approximation (i) is correct to order x"-1, and im- 
proves the smaller || becomes; for e9* < e7 when |x| < 7. 


In order to use Taylor’s or Maclaurin’s theorem directly in this 
way, it is essential to be able to find f(a) or f™(0) explicitly in terms 
of n. Consequently, in 6.6 we obtain formulae for the nth derivative 
of some elementary functions.t For most functions f(x) the formula 
for f™(x) cannot be found explicitly; but we may still employ the 
theorem to infer approximations of a given order, expecting these to 
hold ‘for all x sufficiently small’ (see Ex. 6 (6), nos. 26-30). 

We return to Maclaurin’s theorem in Ch. 12 when we discuss 
infinite series; there we shall sometimes require a different expression 
for the remainder term. 


6.54 Other expressions for the remainder term 


(1) Alternative proof of Taylor’s theorem. 
For a proof involving only one application of Rolle’s theorem like 
that in 6.32, we could begin by considering the function 
(a) = F(z)—Ab-2) (p> 0), 
where F(x) = f(b)—f(x)—(6-—2)f'(x)-... ae a f(z) 


= f(b) fle) "5 oo 2" 90(2), 


¢ In Ch. 3 this would have seemed an academic exercise ; we now see its significance. 


6.54] DIFFERENTIAL CALCULUS: THEOREMS 235 
Clearly (6) = 0; we choose A so that (a) = 0: 
0 = F(a)—A(b—a). 


By the hypothesis of Taylor’s theorem and 3.52, (x) satisfies the 
Rolle conditions in a < x < b. Hence there is a number é for which 
a<£<bandy'(é) = 0. Now 


i a 


w(x) = —f"(x) + = ae Ce 3 Po all Ct ft+0(a2) + pA(b—x)P- 


3 oo -2), 


="5 SSP” poem) —"S OTS prema) 4 pA—n)r4 


= pA(b—x)P-1— (6— 0-29 py fa) 


_ - ; ayn? f(a) 
= b-ap {pa SS. 
From w’(é) = 0 and the fact that b—£ + 0 we now have 
_ (b- 8)" PFE) 
Ae Dp 


and so F(a) = eae 


Writing b =a+h and £ = a+0h (where in general 0 will depend on 
a, h, n, p), we find (1 — 0)" 
MO) = Tp 


so that from our definition of F os we have 


’ 


fo(a-+Oh), 


fa+h) = f(a) +hf'(a)+.. +4 nT ae 


The last term is known as eee remainder. In particular, by 
taking p = ” we recover that given in 6.51 (Lagrange’s remainder); 
and by taking p = 1 we have Cauchy’s remainder 

hn(1—6)"-1 
(n—1)! 
which will be used in Ch. 12. 


f(a+ Oh). 


f™(a+ 6h), 


(2) Remainder as a definite integral. 
From (1) we have F(b) = 0 and 


b-— n—1 
P(e) = - API). 
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If we suppose f(x) is continuous for a < x < b, then 


b 
F(a) = FO) | F' (x) dx 
eee eee uae 
7 anal, Genre ee 
Putting 6b = a+hand z =a+th, we find 


F(a) = aa i, (1 —£)"-1 f(a + th) dt. 


This form of the remainder term does not involve an undetermined 
function 0; but we have assumed more about f(x) than in 6.51. 


6.6 Calculation of some nth derivatives 


6.61 Elementary functions 
(i) 2”. Here f'(a) = me", f(x) = m(m—-1)e"-4,_ ..., 
fa) = m(m—1)...(m—n+1) a", 


(a) In particular, ¢f m is a positive integer, 


m! m 
(m—n)! amen (n < mM), 
fe) = ne lao, 
0 (n> m). 


(6) When m = —1, f(x) = 1/x and f(x) = (—1)* n!/x"+}. 
(c) Iff(x) = (ax+6)”, then similarly 


f(x) = a"m(m—1)...(m—n+1) (ax +b)", 
(ii) logx. Since f’(x) = 2-1, we have by (i) () 


d*-1 /] -1)! 
fa) = aren (:) = (-—1)*-1 eS. 


(iii) e?*. Clearly f(x) = a e*, 
(iv) sin (ax+b). 
S’(x) = acos(ax+b) = asin (ax+6+ 47). 
Thus each successive derivation will add 47 to the ‘angle’; hence 
f(x) = a" sin (ax+6+ 3nz). 
(v) cos(ax+6). Similarly 
f(x) = a" cos (ax +6+ 4nz). 
(vi) e?*sin ba. 
J’'(x) = e** (asin bx +b cos bz). 
This can be written in the form e** FR sin (bx + @), i.e. 
e** (FR cos 0 sin ba + Rsin 6 cos bx) 
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if we choose F and @so that R cos 0 = aand Rain O = b. These give R = ,/(a? +6), 
and @ is determined from 
cos @:sind:1=a:b:R. 


The next derivation gives 
d 
B gid) ae 23 ot {e%* sin (ba +6)} = Resin (bx + 26), 


with the same R, @ as before since the equations for determining these are 
independent of x. Hence we see that 


Sx) = Re sin (ba +76). 
n 
Similarly, {e2* cos bx} = R" e** cos (ba +n6), 
where R, @ have the same values as before. 


*(vil) tan-'z. (This example requires complex numbers and de Moivre’s 
theorem.) 


Since 1 d*-1 1 
‘i =o (n) = ——— | ———_]. 
Sf ’(x) Tha? we have f((x) gaat (; = 3) 
1 1 1 1 
en ie" x(sa-za): 
hence by (1) (b) 
ae. J 1 1 1 
———_ ——_— = (~1)*-1(%,— 1)! — { —__ ______}, 
dara teat PN Dy, (ea am 


Write x+%= p(cos ¢+7sin ¢), 


so that x = pcos ¢, 1 = psing and p = ,/(1+2*), 6 = cot-1z. By de Moivre’s 
theorem, 
= p—"(cos ¢ +isin d)—-" = p-"(cosng —isinnd) 


(a-+7)" 
and. <> = p—"(cos  — isin g)-" = p-"(cosn¢g + isin ng). 
qt 1 pet 3 
eis St ar i 
i.e. f™\a) = (— 1)" (n— 1)! (1 +22)-4"* sin (n cot-12). 


6.62 Theorem of Leibniz on the nth derivative of a product 
If f(z) = wv, where u and v are functions of x whose successive 


derivatives are known, then f(z) can be found by the following 
theorem. Write 
U, ioe v Jue (uv) Ss eg 
7 dar’? 7 dat’ ane oa 
Then 
(U0) = Uy V+ Cy Ung Vy + Cg Uno Vet 01 $°CLUn gp Up tive EUV: 


This result has already been verified when n = 2, 3 in Ex. 3 (b), no. 17. 
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Proof by Mathematical Induction. (The general principle is explained 
in 12.28.) 

Suppose the result is true for some particular value of n, say 
n=m. Then 


(UY) mn = UnV +r ™CO Um 101 + eos + CC Um —r Up + eee + UW») 
d 
and (UW) moi = ag (U0) m 


= (Un Vy + UUs) + MC L(Um—1V 2+ U1) + +: 
+ Chg (Um —r41 Ur + Um—r-2 U1) 
+™C,(Ur—r Unga + Um —r41 Up) + 02 + (Uma + U1 Um); 
= Um Vt (LAMC]) Un Oy + ++. + (Ca + Cp) Uri Ur 
+ eet W yg 
= Ung VM Uy Vy Hee FOO, Up Up Hoe FW ns 
since mt MC, = ™1C, (r 2 1). 
Hence, if the theorem holdsforn = m, thenit also holds forn = m+ 1. 
It does hold when n = 1 (it is then the product rule of 3.2), therefore 
when n = 2, therefore when n = 3, ..., and so for all positive integers n. 


Alternative proof. Successive derivation of uv (asin Ex. 3 (6), no. 17) 
shows that the expression for the nth derivative will be of the form 


(UV) 4 = CoUn V+ Cy Un _1 V1 Co Un _2Vot ++ OpUnp Up t oo $Oy Wy; 


where the coefficients cy, C1, ..., C, are numbers independent of u, v. 
We can therefore determine these coefficients from the convenient 
special case when wu = e, v = e®* and hence uv = e@+4*; for then 


U, = are, y= bre, (uw), = (a+b) eerhz, 


and the above formula becomes 


n n 
(a +b)" eth)z = § (c,a" 7 e% bt eb®) = elatb)z >’ (c,a"—b"). 
r=0 r=0 


2. (a+6)" = s (c,a"—b’). 
r=0 
Hence c, is the coefficient of a”~*b" in the expansion of (a+ 6)", viz. 
nC, and the result follows. 
Leibniz’s theorem is easily remembered by analogy with the 
binomial expansion of (uw +v)". 
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Examples 


(i) Find the nth derivative of x* sin x. 
Taking uw = sinz and v = 2? we have 


U, = sin(t+4$r7), v= 22, v,=2, v% = 0 forr> 2. 
Hence 


(asin) = x* sin (x + 4n7m) + 2nxsin (x& + 4(n— 1)7) 
+n(n— 1) sin (a +4(n—2)7). 


(ii) Find a relation between any three consecutive derivatives of sin (psin-!). 


We first find a relation between y = sin(psin-'z), y,, and y,. By direct 
derivation, , 


1 =P 0 (Paina) 
i.e. Y,4{(1—2x?) = pcos (psin—z). 
Deriving again, 
1-21)-_* = ii sin (psin-! 
Yan (1-2?) Jaa" se ah x), 
(1—2*) y,—ay, + p*y = 0. (a) 


Now derive this equation n times, using Leibniz’s theorem: 


(1-27) Ynsg + — 22) Ynys + dn(n—1)(—2)y, 


~LY nit —NYn 
+p*y, = 0, 
i.e. (1—2*) Ynsa— (20 +1) 2Y gi +(p?—n*) y, = 0. (b) 


This is the required relation, and it holds for n > 0. 


6.63 Maclaurin coefficients from a recurrence relation 


In Maclaurin’s theorem it is only the values of the successive 
derivatives of f(x) at x = 0 which are required. A relation between 
any three consecutive coefficients can be obtained as in ex. (ii) above. 


Example 
Obtain the first 4 terms of the Maclaurin expansion of sin (psin~!z). 
In equation (6) of ex. (ii), put x = 0, and denote y, when x = 0 by a,; then 
Ania +(p?—n*) a, = 0. 


Hence if a, is known, a,,, can be found. 
Now a, = sin(psin-!0) = 0, so that a, = 0, a, = 0, ...; i.e. all coefficients 
with even suffix are zero. 


t Had the given function been sin (n sin-1 2), we should say ‘derive k times’, 
to avoid using n in two senses. 
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Also a, = pceos(psin0) = p; 
therefore a, = (1?-—p*)a, = (1°-—p?) p, 
ds = (3?—p")a, = (3?— p?) (1? —p?) p, 
A, = (5°—p*) as = (5? — p*) (3? — p*) (17—p*) p, 
and so on. The required expansion is 
as 


; : a 
sin (psin-!”) = a)+a,2+—2?+— 


2! 3! “nl 


x3 eb 
= px+(1?—p*)p ape PY (—p) pe, 
x? an 
+ (5? — p*) (3? — p?) (1? —P') PT tet nit (92). 


This method only shows what the Maclaurin expansion would be 
uf the conditions of the theorem were satisfied: it does not discuss the 
existence and continuity of the successive derivatives, nor does it 
help us to calculate the remainder term. The method is formal, and 
approximations so established may only be expected to hold ‘for x 
sufficiently small’. 


Exercise 6(5) 


Calculate the nth derivative of the following functions. 
1 cos*z [first express in terms of 22]. 


‘ x 
2 sin®z. 3 cha. Bee" 
5 wzte*, 6 2% /e*, 7 s*logz, n> 4. 
z®sin?a, n > 3. 9 sinz sin 22 sin 32. 
10 If f(x) = e*sinz, prove f(0) = 2!" sin (}n7). 
11 Iff(x) = loga/z, prove f(x) = (—1)"n! {loga—1—4—...—1/n}a-*-1, 


12 Ify =f(x) = (sin z)/,/(1—2*), prove that 
(l—2*)y,-ay=1 and fi"t(0) = nifin-0(0). 
13 Ify =sin(logz), prove z*y,+2y,+y = 0 and deduce that 
OY nse t(2n+1)2Y ni +(m*+1)y, = 0. 
14 Ify = et2”**, prove (1+) Ynye+ {(2n + 2)2—V} Yn t+ 1) yp = O. 
15 Ify = tan-'z, prove (1+?) y+ 2ay, = 0 and deduce that 
(1+2?) Ynigt An +1) 2Y ni tU(n+1)y, = 0. 


Hence calculate the first four non-zero terms of the Maclaurin expansion of tan x, 
assuming that an expansion of tan~1x is possible. 


16 If y =(sin“2)*, prove (1—2*) Yn,2—(2N +1) tn —N7Yn = 0 (n B 1). 
Hence find the values of all the derivatives of y when x = 0, and write down a 
few terms of the Maclaurin expansion (assuming this exists). 
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17 Explain why Maclaurin’s theorem cannot be applied to logz or to 
sin (log x). 
Verify the following expansions. 

mr-lyn-1  mnryn 


18 et = ae a ee +—— embe, 
2! (n—1)! on! 


19 log(1+2) = x—}2?+ 423— +(—1"— + (- 1S (14 62), 


20 3 xz? ne g2k-l z wrk 6 
sing = 2— 31 oe .- +(—1) (Qe—pit'—) ee 0). 
ee vaste 
21 cose = 1-47 — .-+(-1) (E— (kat \~ 1)* i078 (02). 
- —1)...(m— 2 
22 ea = Tag ee gad 
2! (n—1)! 
4 OE at (1+ 02m 
n! 
h? h3 
*23 sin (z +h) = sine +heosx—~ sinx— = cose+... 
jaune’ 
a ])2~1 CS — 
+(—1) (an Spor 1)" (On aon (0+ Oh). 
Give the corresponding formula up to h2"+1, 
h? hs 
*24 cos(x+h) = cos2— hamam coset sinz—. 
h2n-1 6 
= ]1)* at a 2 
+(-—1) TPES FT ieee "On Fe 008 (+ h) 
Give the corresponding formula up to h2"+1, 
25 Writing a* = e*!0¢2 (@ > 0),-obtain an expansion for a’. 
Verify the following approximations ‘for x sufficiently small’. 
26 tanx = x+42°+-,%:25. [See Ex. 3(b), no. 10.] 
27 sine = #4423 +3525, 28 ec8* = e(1—fa?+s4e4), 
29 seca = 1+ 427+ 5574, 30 a+ 1 +40? +3352. 


*31 Prove the second mean value theorem by one application of Rolle’s 
theorem to the function (x) = f(b)—f(x) —(b—x)f’(x)—A(b—2)*, choosing 
A so that (a) = 0. 


6.7 Further applications of the mean value theorems 


6.71 Turning points; concavity, inflexions 
(1) The second mean value theorem can be written 
f(ath)—f(a) = hf'(a) +4ef"(at+Oh) (0<0<)). 


16 GPMI 
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For x = a to give a turning value of f(x), f(a+h) —f(a) must have the same sign 
for all h sufficiently small, positive or negative (3.62). This can be so only if 
f’(a) = 0, otherwise the right-hand side would change sign with h. Hence 


S(at+h)—f(a) = $h?f"(a+Gh). 


If f’(a + Oh) is positive for all h sufficiently small, then f(a +h) —f(a) > 0 for 
all such h, and hence x =a gives a minimum. If f’(a+0h) is negative, we 
similarly find that x = a gives a maximum. 

If f’(x) is continuous at x =a, then f’(a+0h) > f’(a) as h -> 0, and hence 
f’(a+@h) has the same sign as f’(a) for all h sufficiently small (assuming 
f"(a) + 0). Hence if f’(a) > 0, 2 =a gives a minimun; if f”’(a) < 0, it gives a 
maximum. These results agree with 3.65, but here we have assumed more 
about f”(z). 


(2) Definition. A curve is concave upwards at P if, in the neigh- 
bourhood of P, it lies*above the tangent at P (fig. 63). 

If f(x) 1s continuous at x = a, the curve y = f(x) is concave upwards 
or downwards at x = a according as f" (a) 2 0. 


Fig. 63 


Near P we have by 6.42, Remark (f) that 
ordinate to curve — ordinate to tangent = 4h?f"(a+ 6h), (i) 


and this expression has the same sign as f”(a) for all h sufficiently 
small since f’(x) is continuous at x = a. The result follows. 
CoROLLARY 1. At a point of inflexion the concavity changes sense. 
For by 3.71, f’(x) changes sign as x increases through a point of 
inflexion. 
CoRoLLARY 2. At a point of inflexion the curve crosses tis tangent. 
For f”(a + 9h) has opposite signs when / $ 0, so that the difference (i) 
changes sign as x increases through a (fig. 64). 


(3) The preceding results ean be generalised by using Taylor’s theorem. 
I. Iff’(a) = 0, and f(a) is continuous at x = a and is the first of the derivatives 
of f(x) which is non-zero at x = a, then: 
(i) if n ts odd, there is no turning point at x = a; 
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(ii) af n is even, there is a maximum at x = a if f(a) < 0, and a minimum if 
fa) > 0. 
For from the hypothesis, 


h” 
fla+h)—f(a) =— Fath), 


and the results follow immediately from the definitions in 3.62. 

Il. If f’(a) = 0, and f(x) is continuous at x = a and is the first of the deri- 
vatives of f(x) of order greater than 2 which is non-zero at x = a, then x =a isa 
point of inflexion of f(x) if and only if n is odd. 

Applying Taylor’s theorem to f’(x), we have by hypothesis: 


f'(a+h) —f'"(a) = =I) ina +Oh). 


Hence f’(x) has a turning point at x = a if and only if n— 1 is even, i.e. n is odd. 
The result follows from the definition in 3.71. 


6.72 Closeness of contact of two curves 
Geometrically, 6.53 shows that in the neighbourhood of x = a, the 
closeness of the curve y = f(x) to the polynomial approximating curve 


y =f(a)+(w—a)f'(a)+ eee oa f*-\a) (ii) 


is measured by (1—a)"f™(£)/n!; in particular, }(a—a)? f’(€) mea- 
sures the closeness of the curve to its tangent (cf. equation (i) above). 

If two curves y = f(x), y = g(x) have a point P in common where 
x = a, we now consider how their closeness near P can be defined. If 
they merely intersect at P, then f(a) = g(a). If also f’(a) = g’(a), they 
have the same tangent and are said to touch at P. If further 
f’(a) =g"(a), they have the same quadratic approximating curve. 
In eee 

Definition. Tf m is the largest integer for which the two polynomial 
approximating curves of degree m are the same near P, then the given 
curves are said to have mth-order contact at P. 

The necessary and sufficient conditions} for this are that 


f(a) = g(a), f'(a)= 9a), «4. fa = ee 
but fea) += g(a). 
Remarks 

(x) Iff(a), g(x) were polynomials, then by Ex. 3 (e), no. 13 (or 10.43) 
the conditions (iii) show in turn that the equation f™(x) = g™(2) 
has a simple root x = a, f(™—)(z) = g(x) has a double root x = a, ..., 


(iil) 


} Subject, of course, to the validity of Taylor’s theorem for n =m+2. 
16-2 
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and finally f(x) = g(x) has an (m+1)-fold root x = a. On account of 
this it is customary to say that the curves y = f(x), y = g(x) possess 
‘m+ 1 coincident points’ in common at P. 

(f) The above definition fails if the tangent at P is parallel to Oy, 
since then f’(a), g'(a) would not exist and the conditions of Taylor’s 
theorem would be violated; but the curves could be taken in the form 
x = F(y), x = Gy), and approximating polynomials in y considered 
similarly. 

THEorEM. If two curves have mth-order contact at P, they cross there 
af m is even, and do not cross if m is odd. 


Fig. 65 


For, near P, the difference of corresponding ordinates is 


QR = f(a+h)—g(at+h) 


™m™ hr hm 1 
= >) I {fa) —g®(a)}+ Gi oH i {f(a + Oh) — g(a + h)} 
Amri 
= Gaga frat Oh) — gi4(a-+ Oh)} 


by Taylor’s theorem with n = m+ 1, and the conditions (iii). Assuming 
that f(x), g@*(x) are continuous at x =a, the content of the 
braces has the same sign as f@+)(a)—g™*(a) for all A sufficiently 
small, positive or negative. Hence f(a+h)—g(a+h) has the same 
sign for all small h if m is odd, so that the curves do not cross at P. 
If m is even, the expression takes opposite signs for h < 0 andh > 0, 
i.e. the curves cross. 


6.73 Approximate solution of equations by Newton’s method 


(1) Outline of the method. Let f(x) be such that f”(x) (and hence by 
3.52 also f’(x), f(x)) is continuous in a < x < b, and suppose f(a), f(b) 
have opposite signs. Then (2.65) there is a root of f(z) = Oina < x < 6. 
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Let x = c be an approximation to this root, and suppose the actual 
value of the root is ¢+h (h may be negative). If cis a fair approxima- 
tion, 4 will be small. Since f(c+h) = 0, the second mean value 
theorem gives 


0 =f(c)+hf'(c)+he2f"(c+ 0h) (0<0<1). 


Assuming that f"(c+ 6h) is not large, and that f’(c) + 0, we may 
neglect the term in h? and get 


0 =f(c)+hf'(o), 


so that h = —f(c)/f’(c). Thus, in general, a closer approximation to 
the root is c, = c—f(c)/f'(c). 

This process can now be repeated, starting with the approximation 
% = Cy, and leads (in general) to a closer approximation 


F(ca) 


a Fey 


and so on. It is an example of an iterative process or iteration; i.e. a 
process by which the accuracy of an approximation is improved by 
repeating the calculation on successive previous approximations. 


C 


(2) Geometrical interpretation. The equation of the tangent to the 
curve y = f(x) at the point x = cis 


y—f(c) = f'(c) (@—e). 


It meets Ox where y = 0 and x = c—f(c)/f'(c), ie. at x =c,. Hence 
the approximation is geometrically equivalent to replacing the arc 
of the curve for which a < x < b by the tangent line at x = c. 

For the process to be successful, the situation must be as indicated 
in fig. 66, where the numbers ¢,, c,, ... approach c+h. In fig. 67, the 
approximation gets worse: the trial c is too rough. 


(3) Estimation of the error at any stage. Let c,, Cy, Cz be successive 
approximations. Then 


f(¢1) _ _ Ses) 
Cg—-Cy = Fe)’ Cg — Cg Fe)’ 
and C3 —~— Cy = Here) 


f(a +h)’ 
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where h = —f(c,)/f’(c,) and is supposed small. Then 
_ SG) FAP (Gy) + BF "(C1 + GA) 
f(a. +h) 
gh*f"(c, + Oh) 
f(r. +h) 


Ba gh*f" (cx) 
f'(e1) 


C3—Ca = 


Fig. 67 


by the assumed continuity of f’ and f”; hence, substituting for h, 


Qf" 
anege HOL, a 


The expression (i) will be small if 

(a) f(c,) is small, i.e. if the first approximation is good; 

(6) f’(c,) is small, i.e. if the direction of the curve is changing 
slowly—the curve is approximately straight; and 

(c) f’(c,) is large, i.e. the curve is steeply inclined to Ox. 

The method is most effective when these conditions are satisfied 
near the required root. Figures 66, 67 confirm this. 


6.73] DIFFERENTIAL CALCULUS: THEOREMS 247 


When a specified degree of accuracy is required, and (i) is small 
enough not to affect the result, then c, is the approximation sought, 
and cs need not be calculated at all.+ 


Example 
Solve x+sin x = 1-5 correct to four places of decimals (x in radians). 
Trying x = 1 as a first approximation, we find 
sin] = 0°8415 and cosl1 = 0-5402, 
f(1) _ 14+0-8415—1-5  0-3415 
fl): 140-5402 «1-5 402 
A second approximation is therefore 1—0-2217 = 0-7783. Similarly, 
J(0-7783) = 0-7783 + 0°7022 — 1-5 =— 00114, 
f’(0°7783) 1-7120 
and a third approximation is 0-7783 + 0-0114 = 0-7897. 
This result is in fact correct to four places of decimals; for by taking 


¢, = 0°7783 in the expression (i) above, it can be shown to be of order 
+2-7 x 10-5, and hence c, = 0-7897 is the required value. 


80 =: 0-2217, 


(4) Refinement of Newton’s method.t By using a quadratic approxi- 
mation for h we can improve the linear one 0 = f(c)+Af"(c). For 


0 = fle) +hf'(c) + thif"(c), 
and since h? = —hf(c)/f’(c), we have 
is rn) _ Bd OF" (C) 
0 =fle)+hf (c) f'(c) r 


The next approximation is therefore 


1.) 2d ()F el 
¢, =c-fi(c c)—- “—}. 
= ef) || roe 
It can be shown} that the error diminishes very rapidly. Taking c = 1 
in the above example, we should find c, = 0-7909, which is very near 
the correct value. Taking c = 0-7909 in Newton’s process, we should 
reach the result. 


Exercise 6(c) 
Test the stationary point x = 0 for each of the following functions. 
2 
*1 cosx—1. *2 sing—2. "3 cosz—14+5. 


+ Without an error estimate we should have to calculate c, and then observe that, 
to the required degree of accuracy, it does not differ from cz. Our estimate involves 
only the previous approximation. 

} E. H. Bateman, Mathematical Gazette, xxxvit (1953), p. 96. 
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3 2 4 3 5 
a" “5 cose 1+. *6 sing—2+5——. 
7 Prove that at a point of inflexion, a curve and its tangent have contact 
of at least the second order. 
8 Show that a root of 24+ 5x2—15 = 0 is approximately 1-6206. 
9 Show that the smallest positive root of 2sinz = 1/x is about 0-741. 
10 Find correct to three places of decimals the smallest positive root of 
sing = $2. 


*4 sina—axv+ 


Further examples on approximate solution will be found in Ex. 13 (f). 


6.8 Cauchy’s mean value theorem 


6.81 For a curve given parametrically by x = g(t), y =f(t), the 
gradient of the chord joining the points given by t=a, t= b is 
{f(b) —f(a)}/{9(b) —g(a)}, and the gradient of a tangent is f’(¢)/g’(). 
The geometrical principle is 3.81 suggests that there is a value ¢ = § 


for which {f(b)—f(a)}/{g(b) —g(a)} = f'(€)/9'(€). We now prove this 
under suitable conditions. 


6.82 If (i) f(x) and g(x) satisfy the Rolle conditions in a < x < 6, 
(ii) f’(x), g'(x) are not zero for the same value of xina <x < 6, 


and (ili) g(6) + g(a), 
then there is at least one number & for which a < & < band 


f)- fla) _ f'® 
g(6)—g(a) — gE) 


Proof. Consider the function 
p(x) = {f(x) f(a} + A{g(@) — g(a}. 
Clearly ¢(a) = 0; let us choose A so that ¢(b) = 0: 
0 = {f(b) f(a} + Aig(b) — 9(a)}, 
and hence by hypothesis (iii), 


fO)-Ff@) 


~~ g(6)=g(a)’ 
By hypothesis (i), ¢(x) now satisfies the conditions of Rolle’s 
theorem, so that there is at least one number £ for which a < £ < b 
and ¢’(&) = 0. Since ¢’(x) = f’(x) + Ag’ (x), we have 


vey — £)-f@)_, 
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We cannot have g’(£) = 0, otherwise the last equation would imply 
f'(é) = 0 and hypothesis (ii) would be contradicted. Hence we ‘can 
divide both sides by g’(&), and obtain the result. 

CoroLuaRy. If g’(x) never vanishes in a < x < b, then hypothesis 
(ii) is satisfied; and so is (iii), for if g(b) = g(a) then Rolle’s theorem 
shows that g’(x) would be zero between a and 8. 

Remarks 

(x) The mean value theorem (6.3) is the case when g(x) = x. 

(8) The result is more general than that obtained by applying the 
mean value theorem to f(x), g(x) separately and then dividing. For 
we should have 

f(b)— f(a) = (b-a) fi) (@< & < 4), 
and g(b) —g(a) = (b—a)g'(E,) (a < £2 < 8), 
fe)—fla) _ f'(&) 
g(b)—g(a) g(a)” 
There is no reason why £, and &, should be equal, and in general 
they will be different (see Ex. 6(d), no. 1). 


from which 


6.9 ‘Indeterminate forms’: l’Hospital’s rules 

6.91 Suppose f(a) = 0, g(a) = 0; then the function ¢(x) = f(x)/g(x) is 

not defined when xz = a because it takes the meaningless or ‘indeter- 

minate’ form 0/0. Yet lim¢(x) may exist: e.g. when f(x) = sina, 
wa 


g(u) = x,a = 0. The following two rules give means of calculating this 
limit when certain conditions are satisfied. 


6.92 First rule 
If (i) f(a) = 0, g(a) = 0, (ii) f’(a) and g'(a) exist and g'(a) + 0, then 
f(z) _ £(@) 
z->ag(x) g'(a) 
Proof. If x + a, then by hypothesis (i) 


f(x) _ fe)-f@) 


g(a) g(x) — g(a) 
_F(e)-f(@) / g(x) — g(a) 


x—a x—a 


— f'(a)/q’'(a) when x>a 
by hypothesis (ii) and the definition of ‘derivative’ in 3.11, (ii). 
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CoroLuaRy. If f’(a) +0 and g’(a) = 0, the conclusion is that 
| f(x)/g(a)| —> oo when x > a. 


Example 


l—-e in 0 
lim or si 


6.93 Second rule 
If (i) f(a) = 0, g(a) = 0, (i) f(x), g(x) are continuous at x=a, 


(iti) lim a a exists, then 
PC) pe 


wag) sag) 


Proof. Hypothesis (iii) implies that f’(x)/g’(x) exists throughout 
some sufficiently small interval a < x < a+, ie. that f’(x) and g’(x) 
exist and g’(x) + 0 in this range (otherwise f’(z)/g’(x) would be mean- 
ingless for an infinity of values of x just greater than a). If0 <h < H, 
the conditions of Cauchy’s mean value theorem are satisfied for 
a<x<a+h: condition (i) since f’(x), g’(x) existina < « < a+h, and 
f(x), g(x) are therefore continuous in a < x < a+h, using our hypo- 
thesis (ii) for 2 = a; conditions (ii), (ili) by 6.82, Corollary, since 
g(x) + O0fora<xa<a+th. 

Hence by Cauchy’s theorem and hypothesis (i) 


fath)_ f'® 
g(ath) g'(&) 
When h-> 0+, also a+ and f’(£)/g'() tends to its limit, say 1. 
Hence f(a+h)/g(a+h)>1l when h>0+, ie. f(x)/g(z)>1 when 
L>at+. 
Similarly, hypothesis (iii) implies that there is an interval 
a—k<2x<a for which Cauchy’s formula holds, and hence that 
f(x)/9(x) > when x > a—. Consequently, 


(a<&<a+th). 


f(z)/g(z) >t when x—>a, 


and the result follows. 
CorotuaRy. If f’(x)/g’(x) > 00 when xa, the same argument 


shows that also f(x)/g(x) > 00 


Remarks 
(«) The conditions of the rule are sufficient but not necessary, i.e. 
lim {f(x)/g(x)} may exist when lim {f’(x)/g’(x)} does not. For example, 
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if f(x) = asin (1/x), g(x) =a, then f(x)/g(x) = xsin(1/z)> 0 when 
x —> 0; but f’(x) = 2asin (1/x)—cos(1/x) (a + 0) and g’(x) = 1, so 


F@) 
g'(x) 
and this does not approach a limit when x->0 because cos (1/2) 
oscillates. 
(8) The second rule can be used repeatedly, provided the conditions 
are satisfied; and it can be used in combination with the first. 


| 1 
= 2vsin——cos-, 
x a 


Examples 
(i) lim 


(We cannot use the first rule to show limsinz/z = 1 because this result 


xr->0 
was assumed when proving that the derivative of sin z is cos x (3.32): we should 
be ‘arguing in a circle’. We could use the first rule to prove lim tanz/z = 1 


x2>0 
because this last limit has not been employed fundamentally in finding 


d (tan x)/da. 
(ii) - im aoc aha = lim cosx—2sinz i =l =e 
gon s8ine eon COS x -1 


This could also be done by the first rule. 


2 log sec 2 — 2? tan x — 2 
(ii) Tim = O8800@— A" _ yi, tana Be 
z->0 aA xz->0 4a: 
27-1 
= lim —— by the second rule again, 
a> Sa 


1 /tanz\? 
= lim - (=*) by trigonometry, 
a>o06\ x 
t 
=} since lim ae 1. 
z>0 & 


The expression should be simplified at each stage of the work whenever 
possible: the trigonometrical reduction eases the calculation here, as the 
reader may verify by proceeding directly by rule to 


. sectag—1l 2 lim 2tan x sec? x ae 
x20 6x 


(iv) lim(1—«)tan 42x (the form 0 x 00) 
rl 

— i 

~ gy Cot dna 


= 
g->1 —¢7cosec* kre oT 


(the form 0/0) 
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To find limits when x -> co we may put y = 1/x and consider the 
corresponding limit when y > 0+. 


x ty" 
(v) lim (« tan) = lim (= “) » where y= lI/z. 
x—> co x y>0+\ ¥ 


yy" tan 
Put u= (=) and consider logu = log (=) / y*. 


lim log u = lim {2 (eae ee) / 2u\ 
y—>0 y>0 tany y* 
_ a. ysec?y—tany 


y>o 2y’tany 


aes sec? y + 2y sec y sin y—sec? y 
geet 4y tan y + 2y*sec? y 
tan y 


= lim —————-__§ after reduction, 
y+o8in 2y+y 
sec? y 
= li ——— a e 
ag 2cos 2y+1 $ 


Hence wu -> et when y - 0, i.e. when x -> 00. 


Exercise 6(d) 


1 Find , £,, & in 6.82, Remark (f), when f(x) = «°, g(x) = z? and the in- 
terval is 1 <2 < 2. 


Calculate the limits, taken when x -> 0 unless otherwise stated, of the following. 


= 
ee 3 2etanxa—msecax (x > 47). 
x 
4 tog (2). 5 10°—e? 6 et — e—ae 
sin x x log (1 + bx) 
7 cos? 47a fect). 3 tang— 2 eee 
ex — e* x2—sinzx x— sna 
2 
ig Cee) 11 (cosx)¥. 12 |tanx|s!n22 (~ > 47). 
a(e*— 1) 
13 (cosa+2sinz)e%*, 14 cotx—I1/x. *15  1/x?—cosec* x. 


Miscellaneous Exercise 6(e) 
Verify the following approximations ‘for x sufficiently small’. 


x 


1 xcota + 1—4x*— pga. y. = 1—fo+Agn%. 


e=*—] 


3 log (=) = — ge? — hy. 


DIFFERENTIAL CALCULUS: THEOREMS 253 


4 Prove that the nth derivative of cos 72 is 7” cos (7x +4n7). Show that the 
2mth derivative of x*cos 7x has the value (— 1)™+172™-2(772 + 2m — 4m?) when 
x=1. 


3 Ifm, = 1 and m, = m(m—1)(m—2)...(m—r+1)/r! (r + 0), prove that 
My Ng + Mp1 Ny + MWg Ng + eee + mn, => (m+n), 


for all values of m, n and any positive integer r by deriving the identity 
x” .2" = amt" r times by Leibniz’s theorem. 


Calculate the limit when x > 0 of each of the following. 


Z esing_]_—» ; x?shx 8 2a — 2a? —log (1 + 2x) 
1 ] 2 

9 _{eoseome =. 10 (cosx) cot, 
xv NX 


11 Apply the second mean value theorem to e* to prove that e* > 1+” (x + 0). 
12 Apply Maclaurin’s theorem to prove that, when n is odd, 


a a” 
e* > 1+a+—+...4— (x #0); 
2! n! 


and that if n is even this result holds for x > 0, while for x < 0 the inequality 
is reversed. 


f(a) g(a) h(a) 
In nos. 13 and 14 (x) =| f(b) g(b) h(d) 
F(x) g(x) h(x) 


*13 Iff(zx), g(x), h(x) satisfy the Rolle conditions for a < x < b, apply Rolle’s 
theorem to ¢(x) to prove that there is a number £ for which a < & < b and 


f(a) g(a) h(a) 
f(b) g(b) = h(b) | = 0. 
£8) 98) h(E) 
Deduce (i) the first mean value theorem; (ii) Cauchy’s mean value theorem. 


*14 Iff’(x), g’(x), h’(x) satisfy the Rolle conditions fora < x < b,anda <c <b, 
prove by considering the function 


_ —b 
F(a) = be) ee = = 5 


that there is a number ¢ for which a < £ < b and 
P(c) = $(c—a) (c—b) 6*(£). 
*15 By taking g(x) = x and A(x) = 1 inno. 14, prove 
f(e)—f(a) _ f(b) —f(@) 
~ ba 


c—a@ 


d(C) 


—4(b—c) f*(). 


The value of f(x) is known when a = a and when zx = b, and the value at an 
intermediate point «= c is calculated approximately by the ‘rule of pro- 
portional parts’ (see 13.71). Prove that the error in the value thus found does 
not exceed $(b—c)(c—a)M numerically, where M is the upper bound of 
|f’(z)| fora <2 <b. 
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*16 (i) If f’(z) satisfies the Rolle conditions in a—h <2 <a+h, prove by 
considering the function ¢(x) = f(x) —Aa— Bz’ that there is a number & for 
which a—h < £<a+hand 

a+h)—2f(a)+f(a—h) ” 
[Choose A, B so that ¢(a—h) = d(a) = ¢(a+h), and apply Rolle’s theorem for 
a—-h<«x<aand fora<x<ath.] 


(ii) If also f’(x) is continuous at x = a, deduce that 
lin 10244) — 2a) +fla—h) 
h->0O h? 
*17 Apply Cauchy’s mean value theorem to the function F(x) defined in 
6.54(1) and G(x) = (b—2z)?, 0<p<n, to obtain Taylor’s theorem with 
Schlémilch’s remainder. 


= f"(a). 
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INTEGRATION AS A 
SUMMATION PROCESS 


7.1 Theory of the definite integral 


7.11 ‘Area under a curve’ 


In 4.14 we gave an account of the process for calculating the area 
under a continuous curve y = f(x). It is now desirable to re-cast the 
argument. 

Suppose that the area under y = f(x) between 2 = a and x = b is 
divided into n strips by ordinates through the points 


L = Uy, Lo, ..-, yr, 
where Gi, < By <i. Hy < O. 


(The points need not be at equal distances apart.) It will be con- 
venient to write 2, for a, x, for b. 

Referring to fig. 68, suppose Vf corresponds to x = x, and N to 
2% = 2,,,. Then the area of the strip PMN@Q lies in value between the 
areas of the rectangles PUNR and SMNQ, viz. 


S(%,) (%pp1—%,) and f (p41) (%p41— 2p). 
Hence the total area under the curve lies between the sums of the 
areas of all such ‘inner’ and ‘outer’ rectangles, viz. 


n—-1 ee 
Teena) and S fle e-a) 


Geometrical intuition leads us to expect that, as we make the divi- 
' sion of the given area gradually finer by increasing the number of 
ordinates and consequently decreasing the width of each strip, the 
sum of the corresponding outer rectangles will approximate to the 
required area ‘from above’, and the sum of the inner rectangles will 
approximate to it ‘from below’. That is, as 7 — oo and the width of 
each strip tends to zero, the sums (i) will tend to a common limit 
which is the required area. 

For a steadily falling graph like fig. 69, the rectangles PMNR, 
SMNQ have respective areas f(x,,,)(%,4;—2,) and f(z,) (%,41—2;); 
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but the required area still lies between the two sums (i), and the argu- 
ment is essentially unchanged. 

For a curve like fig. 44 of 4.14 (a mixture of parts like figs. 68, 69) 
some of the strips will be like that shown enlarged in fig. 70. The area 
of this strip still lies between the areas of the inner and outer rectangles 
L’MNE, SMNS", although their heights are no longer f(2,), f(%,4+1) 
but the least and greatest values of f(x) in the range x, < 2% < %p43- 
If f(x) is continuous, we know (6.1, Property (2)) that these are attained 
at points x = é,, 7, in the range, and the areas of the rectangles are 


f (2;) (Vpsa —2,) and f (4) (Tpit = r) 


The total area then lies between the two sums 


n—1 n—1 
uf (5) (X41 — iy), x f (1,) (%41— Hy), (1) 
r= T= 

where 2, < £ < Wpi3, Lp < Mp < X41 for each r= 0,1,...,n—1; and 


we expect it to be their common limit when n > oo and each difference 
Ly — Ly > 0. 

We pause at this stage to re-emphasise (cf. 4.16(1)) that the dis- 
cussion given so far assumes that we know what is meant by ‘the 
area of a strip’ and ‘the total area under the curve’. Although in 
elementary work we have definitions of the term ‘area’ as applied to 
figures bounded by straight lines, we have not yet stated precisely 
what is to be understood by ‘the area’ of a figure bounded by one or 
more curves. The preceding considerations are therefore only sugges- 
tive, and are based on ‘what seems reasonable’. 

Although we would not so readily associate an ‘area’ with a curve 
having one or more discontinuities like that shown in fig. 71, the same 
argument as before can be begun. The heights of the inner and outer 
rectangles are now m,, M,, where these numbers are the lower and 
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upper bounds (see 6.1) of f(x) in x, <x <4,,4,. (In this figure, MV, is 
actually a value of f(x), but m, is not because the function is not 
defined at the discontinuity.) The inner and outer rectangles now 
h reas 
wm M,(Lp44— Lp), M, (%p44 — rs 


and we may consider the sums 
n—1 n-1 ‘2 
o> 2 Mol r41 — Xr)s S= eM na — r) (iii) 
r= r= 


which may be called lower and upper sums for the function f(x) over 
the rangea <2 <b. 


My £&N 
Fig. 70 


7.12 The lower and upper sums 


There is nothing vague about the sums (iii): we have obtained them 
by (a) taking a subdivision of the range a < x <b by n—1 points 
Hy < Lg <... <%y_4; (b) taking the lower and upper bounds m,, M, 
of f(x) in x, < x < 4,,,, for each of these subintervals; (c) adding up 
the products like m,(z,,,—%,) corresponding to each subinterval, to 
obtain the sum s, and similarly for 8. We may therefore consider these 
sums quite independently of any notions of ‘area’ (although we may 
visualise them geometrically as sums of areas of rectangles associated 
with the curve y = f(x) and the points x = a, 2, %, ...; %,-4, 0). 

We remark first that, given f(x), there is still plenty of choice in 
the way in which we can construct s, S: the number n—1 of points 
chosen can be as large as we please and (subject only to the restriction 
&< % <%y<... <2%__, < 5) the points themselves can be arbitrarily 
placed ina < x < b. Thuss, S depend on n, thenumber of subintervals; 
and even when n is assigned, both depend on the numbers 2,, 2», ..., 
%n_,. We express this by saying that s, S are functions of the subdivision 
{21, 2g, ...,%__s$ ofaca<b. 


17 GPMI 
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When we vary the subdivision, s and S will in general vary. We 
may ask (in view of the intuitive considerations in 7.11) what happens 
to s and S when n-> oo and each subinterval tends to zero. This 
question was considered by Riemann (1826-66), and we shall state 
the answer without proof (because this would involve fundamental 
theorems on bounds of a function, and would take us too far afield). 
It can be proved that, provided f(x) is bounded for a < x < b, there are 
numbers j, J such that, when » -> oo and each interval of the sub- 
division tends to zero, then,s > j and S > J; andj < J. 

Definition. If j = J, then f(x) is said to be integrable ina <x <b 
(in the sense of Riemann). 

In this case the sums like s and the sums like S have a common 
limit, viz. 7 = J. It is then natural (in view of the discussion in 7.11) 
to define the area under the curve y = f(x) between x = a, x = b to be 
this common limit. Thus, if the lower and upper sums possess a common 
limit, there is defined thereby an ‘area’ under the curve y = f(x); 
if the limits are different, then the term ‘area’ remains undefined. 

It can be proved that we certainly have 7 = J whenever (i) f(x) is 
boundedina < x < band continuousina < x < b;or (ii) f(x) is bounded 
and either steadily increasing or else steadily decreasing in a < x < b. 
That is, every bounded continuous function and every bounded monotonic 
function is integrable; and the corresponding curve has associated 
with it an area in the sense just defined. 


7.13 Definite integral defined arithmetically 


In 4.14 we inferred (again intuitively) that the ‘area function’ A(z) 
satisfies the differential equation dA/dz = y when y = f(x) is con- 
tinuous in a < x < b, and we concluded that the expression for the 
total area AH KB (fig. 44) was 


| [rrerae |. (iv) 


b 
which we took as the definition of ( f(x) dz. We therefore expect some 
a 


close connection between the common limit of the upper and lower 
sums of a continuous function, and the definite integral of that function. 

We remind the reader (cf. 4.16(2)) that our definition (iv) of a 
definite integral has a logical defect: it depends on the concept of an 
indefinite integral or primitive function $(x) = i f(z) dx of f(z), i.e. a 
function ¢(x) whose derivative is f(x). Unless we can actually find 
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$(x) explicitly, we cannot be certain that such a function even exists; 
hence any attempt at obtaining general properties of definite integrals 
(as in 4.15) would be hampered by ignorance of circumstances under 
which the integrals themselves have a meaning. 

To give an independent account of the definite integral it is best 


b 
to actually define the symbol | f(x) dx to be the common limit (when 
this exists) of the upper and lower sums of f(x) overa <x <b. If 


a = b, we define |’ f(x) dz to be zero, and if a > b we define 
a 


[tear = - [pera 


(This agrees with 4.15, properties (1), (2).) 

With these definitions, the other general properties of definite 
integrals given in 4.15 (3)-(11) can all be established. We now prove 
those required for carrying out the programme outlined in 4.16 (3). 


7.14 Properties; existence of an indefinite see 


We shall suppose that f(x) is integrable ina < x < 6 and has bounds 
m,M. 


b 
(1) [ f(x) dx hes between m(b—a) and M(b—a). (Cf. 4.15 (10).) 
a 
ae suppose 6 > a. Since po < M and m, = m for each r, hence 
$= oI MA%y44—%,) and S= = “Mla, 41 2y) both lie between 
M3(e,4- -) = M(b-—a) and 3 (say — +) = m(b—a). Hence the 
common limit of s, S also lies between these numbers: 
b 
m(b—a) < | f(x)dx < M(b—a). 
a 
If b < a, apply the result just proved to i f(x) dx, multiply the ’ 
b 


inequalities by —1, and use the definition of i ; f(x) dx when 6 < a. 
We get ; ? 
M(b-a)< [ teyae < m(b—a). 
If a = b, the result is trivial. 

Corotiary. If |f(x)| < K fora < x < b, then 
For K is the greater of |m|, |/|. 


< K(b—a). 


[fe dx 


17-2 
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c b b 
2) Ifa<c<b, { f(x) da | f(x)dz = | f(a) da. (Cf. 4.15 (3).) 


This property (at first sight rather obvious) is proved by taking ¢ 
as a point of the subdivision of a < x < b. We omit the details. 


(3) Definite integral as a function of its upper limit. According to its 
b 
definition as a limit of sums, the definite integral | f(x) dx of a given 


function f(x) depends on a and 6, but not on the variable x: cf. Remark 
(2) of 4.15. We now allow the upper limit 6 to vary, and consider the 
function x 
Fla) = | fae 
where a is still regarded as ae . 
I. F(x) is continuous ina < a < b. (Cf. 4.15 (6).) 
Let a < c < b and suppose h > 0. By (2) 


[roa - [roaes [70 


Te) F(c+h)—F(c) = i f() dt. (v) 


The bounds of f(t) in c < ¢ <c+h cannot exceed the bounds m, M 
of f(t) in the whole interval a < ¢ < b. Since h > 0, (1) gives 


mh < F(c+h)—F(c) < Mh. 


When h -> 0+, this shows that F(c+h) > F(c). 

Similarly, ifa <c < bandh < 0, we can prove that F(c+h) > F(c) 
when h-> 0—. Hence F(z) is continuous in a < x < b, even at the 
end-points. 

Il. Ifa <c < bandf(x) is continuous at x = c, then F(x) is derwable 
atx =c, and F’(c) =f(c). (Cf. 4.15 (7).) 

Given ¢ > 0, there is a number 7 such that, when c—y <i <c+y, 


MO-FOL <4 He) 6 < ft) <fle)+e, 
and hence the bounds of f(t) for this range lie between f(c)+e. If 
0 < |h| < 9, then by (1) 

i f(i)dt lies between A{f(c)—e} and Aff(c)+é}, 


so that by (v) 


eee) lies between f(c) +6, 
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1.e. | 


Hence lim 
h—>0 


ue) =F) _ ge), 


III. If d(x) possesses a derivative f(x) which is bounded ina<a<b 
and is continuousina < x < b,then [10 dt = $(x)—G(a)fora<u<b. 


By II, F'(x) = f(x) for a < x < b; and by hypothesis, ¢’(a) = f(z) 
fora < « < b. Hence F’(x) = ¢’ SED <a<b. 

By I, F(x) is continuous for a < x < b; and since by hypothesis 
¢' (x) exists fora < x < b, d(x) must a continuous fora < x < 6(3.12). 

Hence by 3.82, Camllary, F(x)—¢(x) is constant for a <a <b. 
Since F(a) = 0 by definition (7.13), we find on putting 2 = a that this 
constant is — ¢(a). Hence F(x) = 4(x)—¢(a). (We now see that F(x) 
is the ‘area function’ A(x) of 4.14.) 


(4) Remarks on Theorems II, III. 
Theorem IT shows that, when f(x) is continuous in a < x < b, then 


(4 
in this range it is the derivative of another function, viz. F(x) = | f(t)dt 


(which certainly exists if f(z) is continuous); i.e., 
oy 
=f(x) is satisfied by y= F(z). 


Theorem ITI shows that anyfunction which satisfies d{¢(x)}/da = f(a) 
ina <2 <b differs from F(x) in a < x <b by a constant at most, 
and. that 


[ ferae = $6)-9(0) = BE = | {reac |, 


which is what we took as a definition in 4.15. 

Thus, by starting from the precise idea of lower and upper sums, our 
theory of definite integrals does not depend on whether we can find 
another function f f(x)dx having the given f(x) for derivative, but 
(subject to the continuity of f(x)) actually defines such a function F(z). 
This situation has been illustrated in 4.31 where, in order to in- 
vestigate i a—dx (ie. a function satisfying dy/dx = 1/x) we first 


x 
examined the funetion | t—1dt. 
1 
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We conclude with two statements which may surprise the reader. 

(i) The definite integral (as a limit of sums) may exist even when there is no 
function having f(z) for derivative in a < x < b. (Of course f(x) could not be 
continuous in such a case, by II above, but yet it may be integrable, i.e. 7 = J.) 

(ii) If g(x) has a derivative g’(x) at each point of a < a < b, then g’(z) is not 
necessarily integrable in a <x < b. 
Examples to illustrate these statements can be constructed, but not easily. 


7.2 Definite integral as the limit of a single summation 
7.21 Let the interval a < x < b be divided by the points 
Cj 6 <p Kes wi <2, <b Hay 


and let £, be any number such that x, < &. < x,,, for each r = 0,1,. 
n—1. Then, if m,, VM, are the ponds of f(x) in xv, < x < 4,44, we have 
m, <f(&,) < U,, so that 


n—1 


a) M(Xps4 — <t Bi (&,) (%44— ) < SMa ae Hs 
i.e. < SIE) 414 —%) <8. 


b 
If f(x) is integrable, then s and S tend to the common limit | f(x) da 
a 


when 7 -> oo and all the differences 4,,,—2, > 0. Hence 


uf (,) (p41 _ Ly) 


tends to this same limit; i.e. 
n—1 b 
tim SS 1G) (terra) = [fle de. 
T= 


This result will be of practical importance to the reader. The point 
to grasp is that the limit of a summation of the above type (which 
arises in calculation of areas, volumes, arc-lengths, centres of gravity, 
etc. discussed later in this chapter) is a definite integral. 


7.22 Some definite integrals calculated as limiting sums 


b 
(i) i) adz,b>a. 
a 
Divide the range a < 2 < b into n intervals each of length A (the calculation 
is simplified by choosing equal intervals); then 
2 =ath, w=at2h, ..., %-1~=at(n—I)h, 
and nh = b—a. 
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Again for simplicity, choose & = x, in each interval. Then the sum to be 
considered is 


-1 
"Dah = h[a+(ath)+(a+2h)+...4+{a+(m—1) h}] 
f= 
= h[nat+h{1+24+...+(n—1)}] 
=h[na+4n(n—1)h] by summing the «P., 


= nal a-+ann(1—") | 
= (6-a)[ a+40-a) (3) | 


+> (b—a){a+4(b-—a)] when n>. 


b n—-1 
xde=lim % 2,h = 3(b—a)(b+a) = 4(b?—a?). 
a r=0 
'b 
(ii) x*dx. By proceeding similarly, we consider 
a 


=I 

"E ath = Afa?+(ath)?+...+{a+(n—1)h}?] 

: = h[na*+{14+2+...+(n—1)} 2ah+ {124 224+ ...4+(n—1)3h3] 
= h{na*+n(n—1)ah+3(n—1)n(2n—1)h?}] (see 12.24 (2)) 


= nl a2 +anh( -) +3n*h? (1-2) (2-2) | 
= (b—a)| a? +a(b—a) (1-2) +¥0-a)*(1-2) (2-5) | 


> (6—a) [a?+a(b—a)+4(b—a)?] when n->o. 
b —1 
| eda = lim 5 ah = #(b—a) (6? +ab +a") = 3(b8—a’8). 
(iii) f ek« dx. This is the limit of 


hle*s 4+ chown 4 eHoHn—19}] 


= he®*[1+e + ..,4 en-Dk] 


pole I : 
= heks oa by summing the a.pP., 
a : 
=h SHLI since b6=a+nh, 
1 h 1 
= —(ekd ka ~ (ekb — eka 
AG e*) = >zle e*2) 


when h -> 0, since lim = = 1 (Ex. 4(f), no. 19). Hence 


eo & 


4 I 
ek dy = — (eb — eka), 
a k 
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b 
(iv) i} sin xdx. 
a 
We divide the range into equal intervals of length h, but here it is most 
convenient to take £, at the middle of the interval x, < © < Xp44, 1.6. 


£, = a+(r+h)h. 
Then 


a4 
"S sin (z+ $h).h = h{sin(a+4h)+sin (a+ 3h) +...4+sin{a+(n—4) hj] 


r=0 


=e th [cosa—cos(a+nh)] 


by 12.27(1), and hence the sum considered is 


(cosa—cosb) > cosa—cosb when h->0O. 


sin $h 


‘b 
singdx = cosa—cosb. 
a 


0) 
(v) i a™dz,m+—1,0<a<b. 
a 


Instead of dividing the interval a < x <6 by points whose z-coordinates 
are in A.P., as in exs. (i)-(iv), we now divide it by points 


P= ar Sie ON, ag ge ar 
in G.P., where b = ar” (Wallis’s method). Taking £, = x, (s = 0,1,...,n—1), 
n—-1 
X 2444 — 2) = a™(ar—a) +a™r™(ar* — ar) 
s=0 


+ ar? (ar3 — ar?) +... - amt) Mar" — ar") 


= amthl(r oa 1) [1 + gmt + prm+1) tout pa-Dimt))] 
] = gimtl) n 


= a®tl(r— 1) Qo m4 


b m+1 
— ansxr—1) 1 (2) | [aon 
a 


= {pm+] — gmt} / ie aie 


When n -> 00, then r > 1 by 2.76, (i), and (l—7r™+!)/(l—r) > m+ 1 (e.g. by 
l’Hospital’s first rule, 6.92). Hence 


by summing the G.P., 


LT? * 


) 
a"“de= ae (6™t1 — qm+1), 
a m+1 


These examples show that even the simplest integrals require quite a lengthy 
calculation. The practical importance of 7.14 (3), Theorem ITT} is that it relates 
integration (a summation process) and the process inverse to derivation: if 
we know a function ¢(x) such that $’(x) = f(x) under suitable conditions, then 
the value of the limiting sum can be written down as ¢(b) — (a), and the tedious 
calculation from first principles avoided. 


{ The so-called ‘fundamental theorem of the integral calculus’. 
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7.23 Formula for change of variable in a definite integral 


b 
In 4.22 we obtained a formula for evaluation of | J (x) da by the substitution 


a 
x = g(t). We now prove it as a further illustration of the use of limiting sums. 
Let a = g(a), b = 9(f). We assume f(x) is continuous in a < x < 5, that g(t) 
is continuous in a <¢ < f#, and that g(t) is continuous in a <t < £. We also 
assume that g(t) is an increasing function in a <t</f. Divide a<i<f 
into subintervals by ¢,, ¢2, ..., t,-1, where 


Gxt Sty <on <i, < Z; 
and let the corresponding values of x be %,, 2, ..., Z__-1- Since g(t) increases, 
Aa< 2 <<... < By, < O. 
By the mean value theorem 
p41 — Ly = (t41—-1,) 9'(T,), (i) 


where ¢, < 7, < t,,,. Let £ = 9(7,); then a, < & < 2,4, and 
n~—1 n—1 
% FE) (%p41—2y) = % ftolre)} (Tr) (bya — &)- 
r= T= 


b 
The definite integral | f(x) dx is the limit of the left-hand sum when n —> 00 


a 
and all the differences 2,,, —xz, > 0. Since g(t) increases, g(t) > Oina <t< f, 
and hence g’(7,) > 0. Therefore, if either of z,,,—2,, t-,,—4, tends to zero, so 
does the other, by (i). From the hypothesis, f{g(¢)} g’(t) is continuous; hence 


B n—1 
| AigKwhoe) de = Vin’ fal h(t) tess —t) 
[4 T= 


when n -> 00 and all of t,,, —¢, > 0. Thus 


b B 
[ terae= [roma'oa 
a a 
If g(t) decreases from b to a as ¢ increases from « to £, then to the subdivision 
Bat ety eu et <P 
corresponds b > > Ug >... > Ly, > G; 


and since t, < T, < t,,,, we now have 2, > & > 241. 
b n—1 
[ fleae = tis'S 46) (e— 2) 
a r=0 
= —lim 2f{9(7,)}9' (7+) (641-4) 


B 
si | Fialog'yae 


@ 
= | c Fig(t)}9’(t) dt by definition. 
B 


The proof emphasises the need for g(t) to be steadily increasing or steadily 
decreasing in « < t < £, otherwise the points 2, corresponding to ¢, would not 
be in order, nor would the statements 2,,,—2, > 0, t.4,—¢, > 0 imply one 
another since g’(7,) might be zero. Compare the Remark at the end of 4.22. 
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Exercise 7(a)* 


Assuming the functions are continuous, prove the following properties (nos. 1-5) 
from ‘limiting sums’. 


b b 
1 | kf(x)dx =k i} (x) da, k being constant. 
a a 


b 
2 If f(z) 20 for a<a<b, then I F(x)dx>0. [Em,(%,414—2%,) cannot 
a 
be negative. ] 


3 Iff(x) = 9(x)+A(x), then [se dz = fa det [ ma) dx. [Use 7.21.] 


b b 
4 Iff(x) > g(x) fora < x < b, prove | f(x) da > | g(x) dx. [Use nos. 2, 3.] 
a a 


b 
5 | f eae 


< ik | f(x)| dx. [For if o = Xf(2,) (2,4, —2,) and 
o= x F()| (p41 — Xp), 


then |o| < o because all terms of ¢ are positive but all those of o may not be.] 


b 
6 Prove that 7 | f(t) dt = —f(x) fora <a <b. 
xz 


_ fi h Shy 1 ath 
7 Prove lim | —\f|a+—]+/f|¢+—]+...+f(at+h)} | = = F(x) dx. 
no L” n n hJa 
(This generalises the idea of the ‘average of nm numbers’ to that of the ‘mean 
value over an interval’ of a function of a continuous variable 2.) 
n—1 


1 
8 Prove limn > pea [Pata dx 
n? +r 


noc ron L+(rint Jo V+ a* 


7.3 Approximate calculation of definite integrals 

7.31 When the indefinite integral of f(x) is not known, we may resort to approxi- 

mative methods to calculate | f(x) dx, where a, b are given numbers. Since a 
a 


definite integral measures and is represented by a plane area, we may con- 
veniently give the following discussion in geometrical language. 

The crudest method of estimating areas is by ‘counting squares’; this requires 
the curve to be drawn on squared paper. The method is useful when the curve 
itself is given but its equation is not known. When the equation of the curve is 
known, the following methods are less tedious. 


7.32 Trapezium rule 


Divide the given area into n strips by n+1 equally spaced ordinates 
Yr» Yoo +++» Yngy at distance A apart. Let PM, QN be two consecutive ordinates 
(fig. 72). The method replaces the arc PQ of the curve by the chord PQ and uses 
the area of the trapezium PMNQ., viz. $h(PM+QN), as an approximation to 
the area of the strip. The required area is thus approximately the sum of all 
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the trapezia formed by joining the tops of consecutive ordinates by straight 
lines, viz. 

HAY + Y2) + (Ya +Ys) + H(Ys t+ Ys) +--+ FR(Ynt+Ynsr) 

= MY +Ynsi) + (Yat Yst---+Yn)}- 
Hence the rule is: 

Divide the given area into strips by any number of equidistant ordinates. Take 
the average of the first and last ordinates, and add this to the sum of the other ordinates. 
Multiply the result by the distance between consecutive ordinates. 

When the curve is concave down (6.71 (2)) the rule clearly underestimates 
the area because the chords lie below their arcs. For a curve concave up, the 
rule overestimates. 


MN 


Fig. 72 


7.33 Simpson’s rulet+ 


Instead of approximating to the curve by straight lines, we now use parabolic 
arcs.{ First, suppose PM, QO, RN are three equidistant ordinates to points 
P, Q, R on the given curve. We may choose coordinate axes so that Oy is along 
OQ. Let PM = y, QO = y,, RN = y, (fig. 73). 

We can choose the constants a, b, c so that the curve y = axz*+bx+c passes 
through the points P(—h,¥,), Q(0, y2), R(h, y3); for these requirements lead to 
the following three equations for a, b, c: 


Y, = ah*~bh+c, 
¥2 = C, (i) 
Ys = ah? +bh+e. 
We approximate to the actual area PMNR under the given curve by finding 
the corresponding area under the parabola y = az?+bx-+c, viz. 
he 
| (aa? + ba +c) dx = (tax? + $ba*+car}*, 
—h 
= Rah? + 2ch. (11) 
From equations (i) 
Yi t+Y3 = 2ah? + 2c = 2ah? + 2y,, 
sO 2ah? = y, + ys — 2yp. 


+ Thomas Simpson (1710-61). 
} This title is justified by Ex. 16(e), no. 4. 
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Hence by (ii) the area under the parabola is 


$Y, +Y3 — 2Yq) + Whyg = $y, + 4y24+Ys)- (iii) 


This area is of course independent of any choice of position for Oy: we took the 
y-axis along OQ merely for convenience in calculation. 

If we divide the given area into any even number of strips, say 2n, by ordinates 
Yr» Yar +++» Yona equally spaced at distance h apart, we can apply (iii) to con- 
secutive pairs of strips and hence approximate to the required area. We obtain 


g(Y1 + 4Ya+Ys) + Ea(Ys + 444+ Ys) +--+ E(Yon—1 + 4Yan + Yons) 
= BR{(yr + Yons1) $AYs+Ys5 + +» +Yan—1) +HYnt+ Ys t+» +Yan)}- 


Hence Simpson’s rule: 

Divide the given area into an EVEN number of strips by equidistant ordinates. 
To the sum of the first and last add twice the sum of the remaining odd ordinates 
and four times the sum of all the even ordinates. Multiply the result by } of the 
distance between consecutive ordinates. 


Example 
2 da ‘< 5 . oe ° ’ 
Calculate | — using (i) the trapezium rule; (ii) Simpson’s rule. 
12 


The curve concerned is y = 1/xz. We will take 10 strips, at intervals of 0-1 
apart. Using tables of reciprocals, we calculate y,, yo, ..., ¥11 a8 follows. 


First and 
x last ordinates Even ordinates Odd ordinates 
1 Y%=1 
1-1 Yq = 0-9091 
1-2 Y3 = 0:8333 
1-3 Y, = 07692 
1-4 Ys = 0°7143 
1-5 Ye = 0°6667 
1-6 Y7 = 90-6250 
1-7 Ya = 0-5882 
1-8 Yo = 0°5556 
1-9 Yyp = 90-5263 
2 Yu = 9-5 | 

et 3-4595 2-7282 


The work has been set out so as to be used more conveniently with Simpson’s 
rule. 


(i) By the trapezium rule, 
area = 7o{4 x 1:5+(3-4595 + 2-7282)} = 0-694. 
(ii) By Simpson’s rule, 
area = 9o{1-544 x 3-4595+4 2 x 2-7282} = 0-693. 
The value correct to 6 places of decimals is 0-693147. 
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Exercise 7(b)* 


1 
1 From the formula 47 = f a ;, calculate 47 to four places of deci- 
0 wv 


mals (i) by the trapezium rule; (ii) by Simpson’s rule, using (a) 3 ordinates; 
(6) 5 ordinates. 

2 Verify by direct calculation that Simpson’s rule is exact when f(x) is a 
cubic polynomial. 


3 (i) Prove that | = 


ia x 
9 1+<24 


i og by less than 4 x 10-3. 


10 
differs from i 
0 
2 dx 
(ii) Calculate i Tan by Simpson’s rule with 11 ordinates. 
0 
10 gr ; 
(iii) Calculate i eer by Simpson’s rule with 9 ordinates. 
2 en 
(iv) Hence find the approximate value of | ——. 
o 1+a4 
7.4 Further areas 
b 
The reader will have used the result [ f(x) dx for finding the area 
a 
under a curve in early work in calculus. We now consider some 
extensions. 


7.41 Sign of an area 


If f(x) < 0 when a < x < b, then the upper and lower sums of f(x) 
(7.12) will be negative; and if they have a common limit, this will be 
non-positive. Hence the formula 


A = [faz 


may give a negative value for A. We therefore interpret an area below 
Ox as negative. 

If f(x) is positive in some parts of the interval and negative in others, 
the interval must be split up and the corresponding areas found 
separately. 


7.42 Area between two curves 
Suppose that f(x) > g(x) throughout a < x < b. The areas under 
b b 
y = f(x), y = g(x) are respectively | J (x) de, | g(x) dx. Hence the area 


between them is 


b 
[tee —geypae. (i) 


This formula gives the correct area whether or not the x-axis cuts 
the curves. 
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7.43 Area of certain closed curves 


Given a closed curve which is met by a line parallel to Oy in at most 
two points, then the equation of the curve provides the functions f(z), 


g(x) in 7.42, and (i) gives the area. - 
2 


Example 
Find the area enclosed by 
32? — 10xy + 10y? + 8x — 20¥+10 = 0. 


The two values of y corresponding to a 
given « are found by solving the equation 0O 
as a quadratic in y Fig. 74 


10y? — 10y(a + 2) +(3xu?2 + 8% +10) = 0. 
If y,, y, are the roots, where y, > y2, then 
YitY2=C+2, YyYo = 10(3"* + 8x+10), 
hence (Y1— Ya)? = (Y1 + Y2)®— 44142 = 5U(4—2). 


The two values of y become equal when 4a(4—2) = 0, i.e. when 2 = 0 or 4. 
These are the extreme values of x for the curve. The area is 


4. 1 4. 
[ r-mae == | a {a(4—a)} dar 
0 - V5 Jo 
= al sin? @ cos? 0d0 = 27,/5 
0 


by putting 2 = 4sin?0. 


7.44 Generalised areas 
Since i -|-:] - =1-t51 when X >©, 
1 


© dd. 
we may say that the infinite integral | Sj , whose valueis 1, represents 
1 


the ‘area’ under that part of the curve y = 1/x? for which x > 1 
(cf. Ex. 4(d), no. 20). This region is unbounded, and its ‘area’ has 
been defined as the limit of the area of the bounded region enclosed 
between 2 = 1, x = X when X > o0. 


Similarly, if the integral | i f(x) dx exists, we may define its value 
a 


to be the measure of the generalised area under the curve y = f(x) 
for which x >a. Other types of generalised integral can also be 
associated with areas. 
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7.45 Area of a sector (polar coordinates) 


Given a plane curve r = f(9), where f(0) is continuous for « < 0 < £, 
we find a formula for the area of the sector bounded by the arc AB 
and the radii OA, OB given by 6 = a, f. 
We first assume that r steadily increases 
with 0, and that each radius within the 
angle AOB cuts the arc just once. 

Divide the sector into n elementary 
sectors by radii of inclinations 


a= A) <6, < O,<...< 6,1 <6, =f. 


O 
Let OPQ be a typical sector, bounded by Fig. 75 
radii 0 = 6,,0,,,. Construct two circular 
ares with centre O and radii r = f(0,), r+or =f(6,,:), forming the 
circular sectors OPM, ONQ whose areas are 


47°(0,41—9,), Fr + dr)? (Opis —9;)- 


The area of OPQ lies between these. Hence that of the sector OAB 
lies between 


"SHUN Onis—89), 5, HG Ores — 9) 


When 1 -> oo and the differences 6,.,,— 9, > 0, these two sums tend — 


2 
to the common limit i 3{f(0)}2 dé. Hence 
1 (4 
area of sector OAB = 5 f rd. (ii) 


If r steadily decreases as 0 increases from « to f, the same argument 
applies. In the general case we divide the arc into intervals in each 
of which r steadily increases or steadily decreases, and apply (ii) to 
each part separately. 

If the radius cuts the curve in more than one point (for example in 
the case of spirals) then as 0 increases from 0 to 27, the shortest radius 
sweeps out a certain area; and as @ increases from 27 to 47, the area 
swept out includes the first one; and so on. 
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Examples 


(i) Cardioid r = a(1+cos 9). 
The curve is symmetrical about the initial line, so the area is 


W W 
2 42.d0 -| a?(1 +008 0) dO 
0 0 


ri 
= a (1+ 2cos 0+ cos? 0) d@ = a*[6 + 2sin 6+ 4(0+ 4sin 20)" 
0 
= $7ra?. 
(ii) Hquiangular spiral r = ae*9. 
By the formula, the area enclosed by the radii 7,, 7, is 


1% @ 2 es 26 JQ a 618 
pe 2 = — —Je2 2 
={ - d sate a PTA ]e? 


a a 


4k 


If 0, —9, > 27, this result will include some parts of the area more than once. 


7.46 Area of a sector (parametric formula) 


Formula (ii) can be transformed as follows. Since 


r= o?+y? and tand = z, 


do d y 
gO = (38 gop -Y 
aa +) (tan 2) 
1 LY — YX 
= (q24 42 7 
= (x+y )X TF (yey Bm 
= LY —~ Yk. 


If the given curve has parametric equations x = ¢(t), y = w(t), 
and the points A, B correspond to ¢ = ¢,,¢,, then 


ee i ree ee rr 
area of sector OAB = 5 {1 wo =" a 


1f(4/ dy dx ae 
=5{ («FH -vF) dt. (iii) 
The change of variable is valid if d0/dt, i.e. xy— yz, retains the same 


sign for t, <¢ <t,. If it does not, the range must be divided up and 
(iii) applied to the separate parts. 
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Examples 


(i) Ellipse x = acost, y = bsint. 
The curve is traced as ¢ increases from 0 to 277. Since 


dy dx . Say 
=—-y = t) = ab, 
oer Ia ab(cos?¢ + sin? Z) 
1 (27 
area = — ( abdt = mab. 
20 


(ii) Sketch the curve x =t+0, y = t+2, and calculate the area of the loop. 

Since x = (1+), y = #(1+1), we see that (a) as ¢ increases from —0o to — I, 
x decreases from +00 to 0 and y increases from — 0 to 0; (b) asz increases from 
— 1 to 0, x varies from 0 to 0 through negative values and y varies from 0 to 0 
through positive values; (c) as ¢ increases from 0 to +00, both x and y increase 
from 0 to +00. 

The gradient of the curve is y/¢ = (2¢+ 3t?)/(1+ 22); when ¢ = 0 this is zero, 
while when ¢ = — 1 it is — 1. The curve is therefore roughly as shown in fig. 76; 
the loop is traced when ¢ increases from — 1 to 0. 

Since ¢ = y/x in this example, we have by deriving this relation wo ¢ that 
1 = (xy — y&)/a*; hence ay — yé = x*, and formula (iii) becomes 


1 0 
~ epee (2? + 228 + t4) dt = dg 
2) -1 2J-1 


after simplification. 


Fig. 76 Fig. 77 


7.5 Volume of a solid of known cross-section 


Consider a surface whose sections parallel to a fixed plane are closed 
curves. Let Ox be chosen perpendicular to this plane, and suppose 
that the area of the section at distance x from the plane is a continuous 
function ¢(z). We obtain a formula for the volume of the solid enclosed 
between the planes x = a, x = b (fig. 77). 


18 GPMI 
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Divide the required volume into slices by planes through 
@ = Uy < Uy < Uy < ... < Uy < 2, =O. 
The slice determined by 2,, v,,, lies between inner and outer cylinders 
with volumest m,(z,,,—2,) and M(x,,,—2,), where m,, M, are the 
least and greatest values of ¢(x) for x, < x < x,,,. Hence the total 
volume lies between 


n~-1 


n—1 
2 MALp41—%) and 2) M, (p41 —%,); 
and when n -> oo and the differences x,,, — 2, > 0, these sums tend to 
b 
the common limit i (x) dx. Thus 
a 
b 
V= I p(x) dx. (i) 


In particular, if the solid is formed by revolving the plane curve 
y =f(x) about Ox though angle 27, then ¢(x) = zy? because the 
sections are now circles. The volume of a solid of revolution is thus 


b 
V= { ny? dx. (ii) 
a 
Example* 
Find the volume of the ellipsoid 
x y? 22 
tata | 


The section by the plane x = constant is the ellipse (see Ch. 17) 


2 x2 
oe =1-<, 2= constant, (iii) 


whose semi-axes have lengths 


Jb-3) ell-$) 


The area ¢(x) of this ellipse is 7bc(1—«/a*) (by 7.46, ex. (i)). The volume 
between the planes x = 0, x = X is therefore 


x x3 
V = nbo| (1-5) ae = mbo(x-F5). 
0 3a? 


The largest possible values of 2 are given from (iii) by x? = a®. Hence when 
X = a, we obtain half the volume of the ellipsoid, viz. $7abc. The total volume 
is $7abc. 

Remark. When b = ¢, the surface is the ellipsoid of revolution obtained by 
rotating the ellipse x?/a? + y*/b? = 1 about its major axis Ox, and is called a 
prolate spheroid. When a = ¢, it is obtained by rotation about the minor axis 
Oy, and is an oblate spheroid. If a = 6 = c we obtain a sphere. 


+ The volume of any right cylinder is defined to be ‘area of cross-section x height’. 
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Exercise 7(c) 
Find the area 
1 enclosed by a*y? = x?(a*— 2), 
2 under one arch of the cycloid x = a(@—sin 8), y = a(1—cos 8). 
3 between the curves y = 2, y? = 23, 
4 If ab>h*, prove that the area enclosed by az?+2hry+by2=1 is 


1t/,/(ab —h?). 

Sketch the following curves (allowing r to take negative values) and find the area 
enclosed. (Cf. Ex. 1(e), nos. 12-15.) 
5 r=a(2+cos@). 6 r? = asin 20. 
7 r=asin20, 8 r=acos36. 


9 Find the area of the loop of rcos @ = cos 20. 


Find the areas of the following sectors. 

10 r = asec? 30, 0 = 0 to 4z. 11 r?sin 26 = a2, 0 = in to da. 

12 r=e, 0 =0 to 4a, and included by the arc for which (i) 0 < 0 < 47; 
(ii) 27 < 0 < $n. 

13 Sketch the curvesr = acos@ andr = a(1—cos 6), and find the area common 
to them. 


14 Sketch the curve r = 1+ 2cos@, and prove that the area of the inner loop 
i 8 
18 T—3 Vi 3. 


Find the area enclosed by 

15 the hyperbola x = acht, y = bsht and the radii to the points where 
t=O, t¢=4u. 

16 x =asin*¢, y = bsint cost. 17 «t+y? = al. 

18 Show that the loop of the curve x = t/(1+#), y = #2/(1+¢*) is traced as 
t varies from 0 to oo. Find the area of the loop. 

19 Sketch the curve x = «(#—1), y = #—1, and find the area of its loop. 


Find the volume obtained by rotating the following curves through one revolution 
about Ox. 


20 say? = x(a—2z)*, x = 0 toa. 21 «=acos*t, y = asin’?, t = 0 to 42. 
22 «= a(0—-sin8@), y = a(1—cos@), 0 = 0 to 2z. 

23 l/r=1+cos0,0=0toa(0<a<7). 

24 The area between the parabolas y? = az, z? = ay. 

25 The inner Joop of the curve in no. 14. 

26 If the area under the curve y = f(x) from x = a to x = b is rotated about 


b 
Oy through one revolution, prove that the volume generated is 277 i xy dx. 
a 


27 Ifthe area between y? = 4az and ay? = 2 is rotated about the line x = —a, 


prove that the volume generated is $32 ,/2 7°. 


18-2 


276 INTEGRATION AS SUMMATION [7.6 


7.6 Length of a curve 


7.61 Definition, and sign conventions 


(1) In attempting to make precise the intuitive idea of ‘length of 
a curve’ we meet a problem similar to that discussed for area in 7.1. 
We begin with straight-line approximations to the curve. 

Let AB be the given arc, and choose n—1 points P,, Py, ...,Py—1 
on it. Then the perimeter of the ‘open polygon’ AP, P,... P,_,B is 


n—1 
8, = x | ee 
T= 


where we have written P, for A and P, for B (fig. 78). 
If s,, tends to a limit s when n > oo and each chord P,P., tends to 
zero, we call s the length of the arc AB. 


(2) Sign of the arc-length. Now let s denote the length of the arc AP, 
measured from the fixed point A to the variable point P. The direction 
along the curve in which s increases can be chosen arbitrarily in one 
of two ways. 

If the equation of the curve is of the form y = f(x), we measure s to 
increase with 2; if x = g (y), with y; if x = d(t) and y = y(t), with f; 
if r = f(0), with 6; and if 6 = g(r), with r. The direction of increasing 
s may clearly be different for alternative representations of the 
same curve. 


B 
P, -1 
P; 
P, 
A #4 
Fig. 78 


7.62 Cartesian formulae for arc-length 


With the notation of 7.61(1) let P. have coordinates (z,,y,), and 
let c, be the length of the chord P.P_,, (fig. 79). Thent 


C, = {(Srst > a) i (Yrit ae y,) 3. 


+ The symbol ut always denotes the positive square root of wu. 
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If the curve has equation y = f(x), then y, = f(x,) and y,4, = (2,41): 
First suppose that x steadily increases as P(x, y) varies along the arc 
from A to B. Then by the mean value theorem 


Yrti— Yr = f (Er) (Vpyt = Ip), 


where x, < &, < 2,,,. Hence 


C,. oa (2 Cpa — vm) [1 +{f"( (,)}?} 
aa — Su +{f(E PT (apa — 2). 


If this sum tends to a limit when n -> oo and all differences z,,,, — 2, 
tend to zero, then (7.21) this limit is 


[ote wpa 


The limit will certainly exist if f’(~) is continuous. Thus 


+= [hoo : 


If x does not steadily increase as P varies from A to B, then we 
first divide AB into consecutive arcs, some of which have the above 
property and the remainder of which have x decreasing steadily along 
them. By the sign convention (7.61 (2)) s will be positive along ares 
of the first sort and negative along the others. Formula (i) applies 
to each separate arc. 

Similarly, and with like reservations, the arc-length of the curve 

= g(y) from y = cto y = d is given by 


~ fig) * « 


For the curve defined parametrically by x = (t), y = (2), first 
suppose ¢(f) steadily increases from a to b as t increases from t, to t, 
(so that dz/dt is not negative). By changing the variable in (i) (in 
which s is measured to increase with x, and hence with 1), 


+= le (a) 
[Gite 
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If d(¢t) steadily decreases from 6 to a as ¢ increases from 1, to ¢,, then 


“es yyse- f-Ey et 


with the minus because now dxz/dt is non-positive. This formula applies 
when s is measured to increase with x, i.e. to decrease as ¢t increases. 
Hence (iii) still holds if we measure s to increase with t. 


Example 
Cycloid x = a(8+s8in 0), y = a(1—cos 6). 


dy 3 
5 = a(1+cos 9), 67 asin 6, 


dx dy\? sy eee 
(5) + (3) = a*{(1+ cos 0)? + sin? 0} 
= 2a7(1+cos0) = 4a? cos? 40. 
Hence in fig. 23 of 1.61, the are OP has length 


6 
={ 2a cos $0d6 = 4asin 30. 
0 


7.63 Polar formulae for arc-length 
From x = rcos@ and y = rsin 6 we find that 


da dr . a0 dy. dr dé 
Fi = 0089 a; — 7 8in 9 and qe DOG, +1 cos Os 
da\? (dy\*_ (dr\?  ,(d0\? 
and hence (=) + (Z) = (F) +r 4 : 


If s is measured to increase with ¢, and if the arc is traced as ¢ 
increases from ¢, to ¢,, then by (iii) 
ts ( (dr\? dd\ 2)4 : 
Gee 
When the curve has polar equation r = f(6), the length of the are 
from 6 = 0, to 0 = 6, is (by putting ¢ = 6) 


+= (ila) " 


where s is measured to increase with 0. 
Similarly, if the curve is 0 = g(r), the arc-length from r =r, to 


eee ee {(r+e(@) a es 


s being measured to increase with r. 
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For a given arc AB, the cartesian and polar formulae always give 
the same numerical value for s, but the signs may be different. For 
example, this will be so for (i) and (v) when x and @ do not increase 
together. 


7.64 Derivative of s 


Consider the arc of the curve y = f(x) measured from A (where 
x = a) to the variable point P(x, y). Formula (i) gives 


a I “L+(e(O} Tat, 
and by deriving this wo z, . 
ds dy\*\t -y 
jg +f @) P= f + (2) (i) 


Similarly, from formulae (ii){vi) we find 


(2)! £-(Q)e)Y. wr 


ds _{(ar\? | 2(40\*\4 37 \" dr\*\ = (r+e0(2)V 

dt \\de) "lays? aw tall: at "Nar) f° 
iv)’, (v)’, (vi)’. 

Exercise 7(d) 
1 Find the length of the arc of the curve y =cch(a/c) measured from 
(0,c) to (x, y). 
2 Sketch the astroid x = acos*t, y = asin’ t, and find its total length. 
3 Sketch the curve y = logsecz for — 47 < x < 47. Prove 


8 = logtan (37+ 32) 


if s is measured from the origin. 

4 For the curve z=a#*, y=at® prove ds/dx = ./(1+92/4a). Find the 
length of the arc from z = 0 tox =c. 

3 If s is the arc-length measured from the point u=0 of the tractrix 
«= a(u—thu), y=asechu, prove ds/du =athu and ds/dy =—a/y. Find y 
in terms of s. Prove that the length of the tangent PT (5.71) at any point P is a. 
(The curve is therefore the path of a particle P attached to a string whose other 
end 7' moves along a fixed line Oz; hence the name.) 

6 Find the length of the arc of the curve x = cos @ sin? 0, y = sin 0 (1 +08? 6) 
from 0 = 0 to 47. [We find (ds/d0)? = (2. cos? 0 —sin? 0)2, so that 


a= [7 Veeost0—sint6)2d0 = ["(20'9—sint)a0-+ [¥ (ein — 20080) a, 
0 : si 


where a = tan-!,/2.] 
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7 If sis measured from the origin to the point (x, y) of the curve 
3y? = a(1—2)?, 
prove 3s? = 4z2+ 3y?. Find the length of the loop of this curve. 


8 Find the total length of the cardioid r = a(1+ cos @). 
9 Prove that the length of the ‘equiangular spiral’ r = ae”? from (r,, 0,) to 
(1254) is |) — 72] k-4 V(1 + k*). 
10 Find the length of r = af measured from the pole to (7,, 0,). 
11 Sketch the curve 7 = 2a cos? 3, and prove that its total length is 37a. 
12 If the polar coordinates are given parametrically by 


r= 2asect,@=tant—t (—41 <t < jn), 


prove s = atan?’? if s is measured from ¢ = 0. 


*13 A curve has equation x = f(9), where z is a cartesian coordinate, (r, @) are 
polar coordinates, and z = rcos@, y = rsin@. Prove that the arc-length from 
6=6,t08 =0,(0 < 4, < 0, < 4m) is 


6s 
I, [f(0) +£(0) tan 6}? + {f(0)}*]8 sec 0d0. 


Check this formula by finding the length of the closed curve z = acos 6. 


Find the curves for which 
*14 3 = ,/(r?+2ar). *15 s=OT. [Use formula (ii).] 


7.7 Area of a surface of revolution 


7.71 Area of a conical surface 


The phrase ‘area of a curved surface’ needs to be defined, because 
so far we have discussed ‘area’ only for plane figures. We first con- 
sider a conical surface. V 

Given a right circular cone with base-radius r 
and slant height 1, take any point P on the cir- 
cumference of the base and join it to the vertex V. P, 


By cutting along this line PV (called a generator), 
the surface can be developed (i.e. ‘flattened out’) p, 
into a sector of a circle. We define the area of pea N 
the cone’s surface to be the area of this sector, 
viz. 7rl. Fig. 80 

Now consider the frustum of the above cone 
bounded by the circular sections of radii r,, r,; and with the notation 


of fig. 80, let VP, =1,, VP, =1,. Then the area of the frustum is 
mr 1, —TYglg; and since r,: 7, = 1,:1,, this expression can be written 


mr (ly — 1g) + 11g(1,— lg) = T(r, +12) (4, — 49). 
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7.72 General definition 


Suppose the surface of revolution is generated by rotating the 
continuous arc AB about Ox, and that the arc lies entirely above Ox. 
Divide up the arc by points P,, P,,...,P,,, and consider the ‘open 
polygon’ P,P,...P,_,. Let S,, denote the sum of the areas of the 
conical surfaces generated by rotating this polygon about Ox. If 
S,, tends to a limit when m > oo and all the arcs P.P.,, tend to zero, 


we define the area of the surface of revolution to be this limit. 


O Gi , Leys b 


Fig. 81 


Measuring arc-lengths from A, let P. correspond to s = s, and have 
coordinates (x,, y,); let c, be the length of the chord P.P.,,. This chord 
will generate a conical frustum of area m(y,+Y,,;)¢,- Hence 


n—l 
Si, = UY, ot Yr+1) C,. 


Since c, = arc P.P.,, = 8,4,—8,, we write this expression as 


n—1 n—-1 
S, = x (Y, 5 Yr+1) (Spia _ r) 7 2, (Y, ag Yr41) {(Sp44 [a S,) = Cy}. 


Because c, is the chord of the arc s,.,, —s,, all terms in the last sum 
are positive.t If M denotes the greatest value of y between A and B, 
this sum is certainly less than 


n—1 n—1 
20M Dd {(8,41—8,) -—¢,} = 27M {are AB-—> c} 
r=0 r=0 


The definition of ‘length of arc 4B’ shows that the last expression 
tends to zero when n-> oo and all ares P.P.,, (and therefore} all 
chords P,P.,,) tend to zero. 


+ The intuitive property (which we assume here) that arc AP > chord AP can 
be proved by considering the difference 


ote) = [T+ {yO} de Lea)" + (Fle) —f(0)} 
and showing that ¢’(x) > 0 for x >a. 
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Since $(y,+¥Y,,1) lies between y, and y,,,, then by the assumed 
continuity of y this expression is a value of y taken at some point of 
the arc between P. and P.,, (2.65, Corollary). Therefore when n > oo 
and all arcs P.P.,, tend to zero, the first sum tends to the limit 


i 2myds by 7.21 (where s = o at B), which is consequently also the 
0 
limit of S,,. Thus 


Co 
area of the surface of revolution = 27 [ yds. 
0 


By a change of variable we can adapt this formula for use with 
cartesian, parametric, or polar coordinates. For example, a cartesian 
form is (by 7.64, equation (i)’) 


Example 


Find the area of the surface obtained by rotating the cardioid r = a(1+cos@) 
through angle nm about the initial line. 


By 7.64(v)’, 


2 2 
(5) =-+(F) = a*(1+cos 0)? +(—asin§)? = 2a%(1+¢0s 8); 


also y = rsin@ = asin@(1+ cos). Since rotation of the whole curve through 
angle 7 is equivalent to rotation of the upper half through angle 27, 


7 ds 
surface area = 27 { y— do 
9 46 


v 
= an { asin O(1+cos 6) a./2(1+cos 6)#dd 
0 
7 
= 2y2at | sin 0(1+cos 0)# dé. 
0 


By putting u = 1+cos 0 this becomes 
2 
2/2 nat uidu = 42702. 
0 


7.8 Centroids. The theorems of Pappus 
7.81 Centre of mass, centroid 


The centre of mass of particles of masses m,, Mp, ...,M,, at (21, Y;), 
(2a, Yo), --+» (%n»Ym) in a plane is defined in Statics to be the point 


(%, Y), where =m,2, —_ xmM,Y, 


xm, ’ xm, 


(i) 


If the system is in space, we have a similar formula for the z-coordinate. 
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By regarding a continuous body as the limit of the sum of elemen- 
tary masses dm, we are led to define} its centre of mass by 


[eam [yam [eam 
’ y = a (5 z= 7 ne 
fam fam [am 


If the body is uniform, the elementary masses dm are proportional 
to the corresponding elements of arc-length, area, or volume (according 
to whether the body concerned is a wire, lamina, or solid). In this case, 
(%,¥,2) is the same as the centroid of the figure, a point defined in- 
dependently of statical considerations. Thus the x-coordinate of the 
centroid of an are, an area, or a volume is respectively 


ea jee fear 
fas faa far 


When the figure has axes of symmetry, the centroid must clearly lie 
on these. 


(ii) 


(iii) 


7.82 Summary of well-known results 


The proofs of the following results for the mass-centres of uniform 
bodies come directly from the definitions as an easy exercise in geo- 
metry or integration. 


UNIFORM BODY CENTROID 

Rod Mid-point 

Rectangle Intersection of diagonals 

Triangle Intersection of medians 

Circle Centre 

Solid right circular cylinder or Mid-point of axis 

cylindrical surface 

Conical surface (right circular) $ way up axis from the base 

Solid cone (right circular) } way up axis from the base 

Hemispherical surface (or ‘shell’) Mid-point of radius of symmetry 

Solid hemisphere 2 way up radius of symmetry from the 
base 


+ This definition involves reference to a system of coordinate axes. It is important 
to show that, relative to the body, we obtain the same point whatever axes are chosen; 
ie. that the definition is actually independent of the choice of coordinate system. 
This will be done for a lamina in Ex. 15(e), no. 7. 
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7.83 Theorems of Pappus 


These two results relate the theory of centroids to that of arc- 
lengths and areas, surface areas and volumes. 

THEoreM I. If an arc of a curve rotates about an axis in its plane, and 
the axis does not cut the arc, then the area of the surface generated is 
equal to the length of the arc multuplied by the length of the path of its 
centroid. 

Proof. Given an arc AB of length o, choose the axis of rotation for 
Ox and measure arc-length from A (fig. 82). If G is the centroid of 
the are, then by the definition its y-coordinate is 


By 7.72 the area of the surface is 27 i ay ds, which is equal to 277; 
0 
and 27ryis the length of the (circular) path of Gin the rotation about Ox. 


Fig. 82 


TueoreM II. Jf a closed curved is rotated about an axis in its own 
plane, and this axis does not cut the curve, then the volume of the solid 
generated is equal to the area of the curve multiplied by the length of the 
path of tts centroid. 

Proof. Choose the axis of rotation to be Ox. First suppose that the 
closed curve is cut by a line parallel to Oy in at most two points. Let 
x = a, x = b correspond to the extreme ordinates (fig. 83). 

Divide the area into strips parallel to Oy, and let the ordinate 
through x cut the curve at P and Q, where P is (z, y,) and Q is (x, y2). 
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The centroid of the strip PQQ’P’ has y-coordinate }(y, + y,) and area 
(Y¥.—Y,) 62, approximately.t Hence for the whole area, 


b 
if 3(Y1 + Ya) (Yo— Yr) ae 


Yee 
i) (Yo—Y;) dx 


L 2 2 2 ad 
= 34 [ (y3—y}) dx, 
by 7.43. 
The volume generated is the difference of those generated by the 


b 
areas under AQQ’B, APP’B’, viz. | 77(y2 — y?) dx, and this is equal to 
a 


27yA, which proves the theorem. 

If the closed curve can be divided into a number of parts each of 
which is closed and has the above property, the proof applies to each 
part. The axis of rotation must not cut the area, but it may be part 
of the boundary, as in example (ii) following. 


Examples 


(i) A corcle of radius a is rotated about a line in its plane at distance b( > a) from 
the centre. Find the surface area and volume of the anchor ring (or torus) so formed. 


Area of anchor ring is 27a.27b = 47ab. 
Volume of anchor ring is 7a?.27b = 27a%b. 


(ii) Find the centroid of (a) a semicircular arc; (b) a semicircular area, of 
radius a. 

The centroid in each case will lie on the radius of symmetry. Choose axes 
as shown (fig. 84). 

(a) By Theorem I, the area of the surface generated is 279.7a. As this 
surface is a sphere of radius a, its area is 47a*. Hence 27y.7a = 47a, and 
y = 2a/n. 

(6) By Theorem II, the volume of the solid generated is 27y9.47a*. This 
solid is a sphere of radius a, whose volume is $7a?. Hence 


4a 
27y.47a? = $na®, and y= = 


(iii) A sector of a plane curve with polar equation r = f(9) is rotated about the 
initial line. Show that the volume generated is 37 fe sin 0d0. taken between suitable 
limits. Calculate this volume for the cardioid r = a(1+cos 6). 

Treating an elementary sector (fig. 85) as approximately a triangle, its centroid 
is the way down the median from 0, i.e. approximately 37 sin 9 from Ox. For 
a complete revolution, the length of the path of this centroid is 27.%rsin 0. 


t+ We are approximating ‘by rectangles’. The limiting result which follows is 
exact, by 7.21. Examples on centroids are done in this spirit (cf. ex. (iii) following). 
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The area of the element rotated is $7260 approximately. Hence the element of 
volume generated is approximately 


27 .2rsin 0.47200 = 3nr'sin 000. 


The total volume is the limit of the sum of these elements, viz. fia sin 6d0, 
with suitable limits for 0. 


Fig. 84 Fig. 85 


For the cardioid, the volume generated (by the upper half) is 
T 2 
grat | (1+cos 0)? sin 0d0 = anc? | uidu = Sna® 
0 0 
on putting u = 14+cos8. 


Exercise 7(e) 
Find the surface area generated by rotating the following curves through one 
revolution about Ox. 
1 2?+y2=a?, x =—ato+a. 2 3ay? = x(a—x)*, x = 0 to a. 
3 x=acos*t, y = asin’ ¢, t¢ = 0 to 47. 
4 x= a(0-sin9@), y = a(1—cos8@), 6 = 0 to 27. 
5 l/r =1+cos0#,90=0toa(0<a<7). 


Verify the results stated in 7.82 for a 
6 solid cone. 7 conical surface. 
8 solid hemisphere. 9 hemispherical surface. 
10 Find the coordinates of the centroid of the quadrant of the ellipse 
x*/a? + y?/b? = 1 for which both z and y are non-negative. 
11 Find the position of the centroid of (i) a circular arc, (ii) a circular sector, 
each of angle 2a and radius a. 


12 Calculate the volume obtained by rotating the ellipse 2 =acos¢, 
y = bsin ¢ through one revolution about the line x = 2a. [Use Pappus.] 

13 Find the polar coordinates of the centroid of the area of the complete 
cardioid r = a(1+ cos), and deduce the volume formed by rotating it about 
the tangent x = 2a. 


14 Findthe centroid of one arch of the cycloid x = a(@ —sin 8), y = a(1—cos9@), 
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and deduce the area of the surface formed by rotation of the curve about the 
tangent y = 2a. 

15 Find the volume generated by revolving a loop of r = asin 20 about the 
initial line. [See 7.83, ex. (iii).] 

16 Find the volume generated by rotating the area between the two loops of 
r = 1+2cos6 about Oz through angle z. 


17 (i) The area bounded by an arc of a curve and two straight lines through 
the origin is rotated through angle 27 about Ox. Prove that the volume 
generated is 


in | ylery — ys) ae, 
taken between suitable limits. 


(ii) If the area bounded by the ellipse x = acost, y = bsint and the radii 
tot = 0,¢ = a is rotated about Oz, prove that the volume generated is 


4nab* sin? 4a. 


7.9 Moments of inertia 


7.91 Dynamical introduction 


Consider a rigid body of mass M rotating with angular velocity w 
about a fixed axis. A particle P of mass dm at perpendicular distance r 
from the axis would have velocity wr and kinetic energy 46m(wr)?. 

By regarding the continuous body as the 
limit of a sum of such particles, we see that 
its kinetic energy is oe 


lim E4u*2dm = | aCe eae | r2dm, 
since w is the same for all particles of the body. jn 


The expression 4 
[= |r dm Fig. 86 


is called the moment of inertia (m.1.) of the body about the axis of 
rotation. It is usually given in the standard form Mk?, where k is 
called the radius of gyration about the axis. 


7.92 Examples 


We suppose in each case that the body is of mass M and uniform 
density p. 


(i) Rod of length 2a; axis along its perpendicular bisector. 
An element PQ, where (fig. 87) OP = x and PQ = 6x, has mass pdx. Hence 


the m.1. of rod is " 
[ pdx = %pa* = 4Ma?, 
—a 
since M = 2ap. 
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(ii) Rectangular lamina; axis bisecting sides of length 2a. 
Let AB = 2a. Divide the rectangle into strips of mass dm parallel to AB. 


Since by ex. (i) M.I. of each strip = 4éma?, 


M.1. of rectangle = X4a?dm = 4a?Ldm = 4Ma?. 


yA 
| #8 
°' ct By 
| 
Fig. 87 


(iii) Circular disc of radius a; perpendicular axis through the centre. 


Divide the disc into concentric rings, and consider the ring bounded by 


circles of radii x, x+da. Approximately, the mass is 27zdzp and the M.1. is 
272 6: = 
ia M.t. of dise = lim L2apx° dx 


a 
= | 2rpa' dx = 4npa* = 4Ma’, 
0 


since M = 7a*%p, 


yA 
| 
O Gy 
| x 
I 
Fig. 89 Fig. 90 


(iv) Solid sphere of radius a; axis along a diameter Ox. 


Divide the sphere into circular discs perpendicular to Ox. The disc of radius y 


at distance x from O and of thickness dz has mass 7y?dxp. Hence by ex. (iii), 
its M.I. about Oz is Amy? dap) y* = $np(a? —2?)? da, 

s 2 2 — g?, 
Sere ae M.I. of sphere = lim &47p(a? — x”)? dx 


a 
a 4mp(a? —x*)* dx 
—a 


since M = 4na%p. 


7.92] INTEGRATION AS SUMMATION 289 


(v) Spherical shell of radius a; aaxis along a diameter. 
Take rectangular axes Ox, Oy, Oz at the centre (fig. 91). By the symmetry, 


feta = [yam = |2z*dm. 
M.I. about Oz = foxrtam = [orev dm 
2 
= 5 | (et tyttetyam 


= 5 | atam = #Ma’, 


since e2 + y*+22 = ON* +22 = OP? = a?. 
The result can also be found by direct integration: see Ex. 7(f), no. 10. 


y} 


Fig. 91 Fig. 92 


(vi) Ellipse x?/a? + y?2/b? = 1; about major axis Ox. 
Divide the area into strips parallel to Oy. By ex. (i) the m.1. of a typical strip 
(fig. 92) is $(2ydaxp) y?. 


a a 
M.1. of ellipse = | py>dx = 2 i gpy® dx 
—a 0 
by the symmetry about Oy. 
On the ellipse, « = acos¢ and y = bsin ¢ (see 17.31); hence 
M1.=2] %pb3sin?d(—asing) dd 
in 
ia 3.17 
— £oqb3 in4 = 4pab3 —— — 
=> 3pab i sin odd = 3pab 4.22 
= i7pab® = 4 Mb, 
since by 7.46, ex. (i), M = nabp. 
Similarly, m.1. about the minor axis is }Ma?. 
When the .1. of a body about a certain axis is known, that about 
other axes can often be written down without further integration by 
use of the following theorems. 


19 GPMI 
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7.93 Theorem of parallel axes 


The M.1. of a body about any axis 1s equal to the M.1. about a parallel 
axis through the mass-cenire, plus Mh?, where h is the distance between 
the two axes. . 

Proof. Choose the mass-centre G of the body for origin of co- 
ordinates, the z-axis along the line through G parallel to the given axis, 
the x-axis along the perpendicular GA from G to this axis, and Gy 
perpendicular to Gx, Gz (cf. 21.11). 


Let the particle P of the body have coordinates (2, y, z) and mass dm. 
Then, with the notation of the figure, the m.1. of the body about Gz is 


Ip = [Peram = fer) dm. 
Since GA = h, the M.1. about the given axis is 
I= i PR?dm = Kc —h)?+y* dm 
J | {(2 +42) +12 — 2h} dm 
= [@ +y")dm+ ne | dm —2h fe dm 


= let VM 


as f xdm = 0; this is because the mass-centre G is the origin (0, 0, 0), 
so that in particular % = 0 from (ii) of 7.81. 
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Example 


Rod of length 2a about a perpendicular axis through one end. 
Here h = a and Ig = 4Ma? by 7.92, ex. (i). So 


M.I. about an end = 4Ma?+ Ma? = $Ma?, 


which is easily verified by direct integration. 
The result also holds for the M.1. of a rectangular lamina about a side of 
length 2b, by 7-92, ex. (ii). 


The above theorem applies to any body, but the following is true 
only for a lamina. 


7.94 Theorem of perpendicular axes for a lamina 


If the m.1. of a lamina about two perpendicular axes Ox, Oy in its 
plane are I,, I,, then the M.1. about the axis Oz perpendicular to its plane 
is [+ L,. 

Proof. With the notation of fig. 94, 


i= fram = ferry dm 


= foram + furan 


= L+L,. 


Examples 


(i) Rectangular lamina of sides 2a, 2b; perpendicular axis through its centre. 
By 7.92, ex. (ii) the M.I. about axes through the centre and parallel to the 
sides are 4Ma?, 4 Mb. 


M.I. about perpendicular axis = +M(a?+b?). 


(ii) Cuboid of sides 2a, 2b, 2c; axis through the centre and parallel to sides 2c. 


By dividing into rectangular laminae perpendicular to the edges 2c and 
summing, we find by ex. (i) that m.1. = 4M(a? +5). 


(ili) Circular dise of radius a; axis along a diameter. 


By symmetry the m.1. about any two diameters are the same, say I. Since 
the M.I. about a perpendicular axis through the centre is Ma? (7.92, ex. (iii)), 


hence I+I=}Ma’, ie. I =}Ma. 
(This is the particular case when b = a in 7.92, ex. (vi), and could be obtained 
similarly by direct integration.) 

*(iv) Hllipsoid 2*/a* + y?/b? +-22/c? = 1; about axis Ox. 


Divide the solid into laminae by planes parallel to yOz. As in the example in 
7.5, the section at distance z is an ellipse of area mbc(1—2x?/a?). Hence the mass 


19-2 
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of a lamina of thickness dz is approximately mbc(1—2?/a?) dp, and by using 
ex. (vi) of 7.92 its M.1. about Oz is 


fr(1-2) (0-2) +9(-2) 


2) 2 
= }mpbe(b? + c?) (1 _- a) dx. 


2 


M.1. of ellipsoid about Oz is (from the symmetry about plane y0z) 


2, 


a 2 
2 tmpbe(b? + c*) (1 -*) da = 4npbe(b? + c®) x &a = $M(b? +c), 
0 


2 


since M = $nabcp by 7.5, example. 


7.95 Routh’s rule 


This summarises many of the preceding results, and is a useful aid 
to memory. 
If Gx, Gy, Gz are perpendicular axes of symmetry} which cut the body 
at X, Y, Z, then GY246R2 
M.I. about Gu = mass x =——_—__,, 
3 or 4 or 5 


where the denominator is 
3 for a rod, rectangular lamina, or cuboid ; 
4 for a circular or elliptic disc ; 
5 for a solid sphere or ellipsoid. 


For a lamina, the intercept perpendicular to its plane is zero; and 
for a rod, both intercepts perpendicular to it are zero. 
The reader should verify the correctness of this rule in all cases. 


Exercise 7(f) 


Assume in this exercise that each body has mass M, and is uniform unless otherwise 
stated. The results of 7-92, exs. (i), (iii) may be quoted. 


Find by direct integration the M.1. of the following bodies about the axes stated. 


1 Circular wire of radius a; perpendicular axis through the centre. 
2 Rod of length 2a; axis meeting it at distance c from the centre and inclined 
to the rod at angle 0. 


3 Lamina bounded by concentric circles of radii a, b; perpendicular axis 
through centre. 


4 Solid right circular cylinder of radius a; axis of symmetry. 


5 Isosceles triangle of height 4; axis through the vertex and parallel to the 
base. 


{ If a body has an axis of symmetry, this must pass through the centroid @. 
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6 Solid right circular cone of base-radius 7; axis of symmetry. 


7 Segment of parabola y? = 4ax cut off by line x = 6; (i) about O2; (ii) about 
x= b. 


8 Solid formed by revolving the segment in no. 7 about Ox; about Oz. 
9 Surface of a right circular cone of base-radius 7; axis of symmetry. 
10 Spherical shell of radius a; about a diameter. 


Use the theorems of 7.93, 7.94 to write down the M.1. of the following. 

11 Circular wire of radius a; about (i) a diameter; (ii) an axis perpendicular 
to its plane and through a point on the circumference. 

12 Rectangular lamina of sides 2a, 2b; perpendicular axis through a corner. 

13 Square of side 2a; about any line through the centre and in its plane. 

14 Solid right circular cylinder of radius a; axis along a generator. 

15 Solid anchor ring formed by rotating a circle of radius a about a line in 
its plane at distance 6 from the centre (6 > a); about axis of rotation. 


16 Isosceles triangle of height h; axis through the centroid parallel to the base. 
[Use no. 5.] 


17 If I, is the m.1. of a body about an axis through A, show that the formula 
Iz = [4+ Mf? will give correctly the M.1. about a parallel axis through B, at 
distance h from the first, only if either (i) A is G, or (ii) GAB is a right-angle. 


Calculate the M.1. of the following (nos. 18, 19). 
18 Solid right circular cylinder of radius a and height h; about (i) a diameter 


of an end; (ii) an axis through the centre perpendicular to the axis of symmetry; 
(ili) a tangent to an end. 


19 Solid hemisphere of radius a; about (i) a diameter of the base; (11) a tangent 
parallel to the base. 


*20 The density of a rod AB of length 2a varies as the square of the distance 
from A. Calculate the m.1. about a perpendicular axis through A. 


*21 The density at any point of a circular lamina of radius a varies as its 
distance from the centre. Find the m.1. about (i) a perpendicular axis through 
the centre; (ii) a diameter; (iii) a tangent. 


*22 Find the M.t1. of the area enclosed by r? = a? cos 20 about a perpendicular 
axis through the pole. [Divide into sectors, regarding each as a rod whose density 
is proportional to the distance from the pole.] 


Miscellaneous Exercise 7(g) 


1 Prove that the parabola y? = x divides the circle x? + y? = 2 into two parts 
whose areas are in the ratio (37 + 2) :(97— 2). 


2 Sketch the curve y* = a*x/(2a—z), and prove that the area enclosed by 
the curve and the line x = a is (7 — 2)a*. Also prove that the volume obtained 
by rotating this area about Ox through two right angles is ma’(log 4—1). 


3 Sketch the curve x = acos*tsint, y = acost sin®t, and find the area of 
a loop. 
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4 Ifr =f(0), r = g(@) are closed curves surrounding the pole, and the second 
_ lies entirely within the first, prove that the area of the annular region enclosed 
between them is 


20 
5], Krent—oonriae. 
0 


P is a variable point of the ellipse J/r = 1—ecos6@, and Q is on OP produced 
such that PQ = c. Show that the area between the ellipse and the locus of Q 
is 7¢(2b +c), where b is the minor semi-axis of the ellipse. 


5 Sketch the curve r = ath}0. Find the length s of the arc and the area A 
of the sector measured from 6 = 0 to @ = a, and prove 2A = a(s—r). 


6 The length of the tangent to a curve is constant and equal to c; prove 
z=c(logtansy+cosy), y=csiny 
if ¢ = 0 and y = c when yf = 2. Also find s in terms of , measuring it from the 
point where yw = 47. 
7 Ifthe curve 3ay? = 2(a—~x)? is represented parametrically by 
x = 8at?, ~y = a(t—3?), 


show how the curve is traced as ¢ increases from —0o to +00. Prove that the 
arc-length from the origin to the point of the loop at which the tangent makes 
angle A with Oy is $a(3 tan 4A + tan? 4A). 

8 A, B are the points on y = cch (z/c) corresponding to x = a, x = b (a < b). 
The area under the arc AB is rotated through 360° about Ox. If V is the volume 
of the solid generated, and S is its surface area, prove V = 3cS, and find V. 


9 The circle x?+y? = a? cuts Ox, Oy at P, Q. Find the centroid of the 
quadrant OPQ. If the semicircle with OP for diameter is cut away, find the 
centroid of the remaining area. 


10 Find the centroid of the area enclosed by one loop of r? = a? cos 20. 
*11 Prove that the centroid of the half of the ellipsoid 


ae y® 22 


ante 


for which x > 0 is the point (Za, 0, 0). 
12 Asemicircle ABC of radius a rotates about a line in its plane parallel to 


and at distance b from the bounding diameter AC, so that the area is on the side 
of AC remote from the line. Find the surface area and volume generated. 


13 Find the area of the sector bounded by 0 = 0, @ = 4z, and the curve 
r = asin?@. Also find the volume obtained by rotating this sector about the 
line 6 = 37. 

14 A circle of radius a is divided into two segments by a line distant Aa from 
the centre, and the major segment is rotated through angle 27 about this line. 
Find the volume generated. [Use Ex. 7 (e), no. 17 (i).] 

15 Sketch the curve y? = z3/(a—2) (a > 0). Find the area between the curve 
and its asymptote, and the volume obtained by rotating the area about this 
asymptote. Hence obtain the coordinates of the centroid of the area. 

16 A surface is generated by rotating y = ax*?+ 2bx+c¢ about Ox. Show that 
the volume bounded by this and the planes x = +h is $h(A,+4A,+A;), where 
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A,, Ay, A, are the areas of the cross-sections by the planes x = —h, x = 0, 
x=+h respectively. Prove also that the x-coordinate of the centroid of this 
volume is h(A,;—A,)/(A,+4A,+A,). 


17 For the area enclosed by Ox and the curve y = asinz between (0, 0) and 
(77, 0), find the centroid and the m.1. about Oz. 


Find the M.1. about the axis stated of the following (assumed uniform). 
18 Equilateral triangle of side 2a; perpendicular axis through the centroid. 


19 Solid right circular cone of height h, base-radius 7; axis through the vertex 
and parallel to the base. 


20 Rectangular lamina of sides 2a, 2b; about a diagonal. [Use Ex. 7(f), no. 2.] 


21 The density of a solid sphere of radius a varies as the square of the distance 
from the centre. Find the M.1. about a diameter. [Method of 7.92, ex. (v).] 
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FURTHER GEOMETRICAL APPLICATIONS 
OF THE CALCULUS 


8.1 Relations involving arc-length 
8.11 Sign conventions 


In this chapter we give some applications of the calculus to the 
geometry of plane curves, a subject known as plane differential 
geometry. As the emphasis is now geometrical, we shall assume (without 
further comment) the continuity and derivability up to any required 
order of all functions which occur in the general discussion. 

We begin by extending the work already done about arc-length in 
7.6. It is desirable to introduce more sign conventions (we defined the 
sign of s in 7.61 (2)). 


O ¥ positive y negative 


Q 


Fig. 95 


(a) The positive tangent. A line drawn from P along the tangent at 
P in the direction of increasing s is the positive tangent at P. 

Since the direction in which s increases may be different for two 
representations of the same curve (7.61 (2)), the positive tangents at 
P may be opposite for such representations. 

(b) The angle yr. The angle made by the positive tangent with the 
positive direction of Ox, measured in the sense from positive Ox to 
positive Oy, is denoted by y. It is determined to within an integral 
multiple of 27, and is usually chosen so that it varies continuously 
along the curve. 

Reversal of the sense of the positive tangent is equivalent to 
replacing 7 by 7+y. For either sense, we still have the gradient 
dy/da equal to tan y, since tan (7 +y) = tan y. 
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8.12 Differential relations (cartesian coordinates) 
From formula (i)’ of 7.64 we have 


ds dy\2)4 
ie + (Ge) |» _ 

ds \2 dy\? 

so that (7) =1+ (74) , 
and hence ds? = dx? + dy?. (ii) 


on converting to differentials. This result also embodies formulae 
(ii)’, (iii)’ of 7.64. 
Since dy/dx = tan 7, (i) also shows that 


ds : 
—_- 4 = 
Ie {1+tan? wy}? = +sec yp. 


By 7.61(2), s is measured to increase with x. It follows that 
(a) ds/dz > 0; and (b) the positive tangent is in the direction of x 
increasing, so that yf 1s a positive or negative ACUTE angle, and sec yr > 0. 
Hence the positive sign must be chosen: ds/dx = sec yy. We now have 


dx:dy:ds =cos:sinw:1. (iii) 


If the direction of the positive tangent is reversed (e.g. owing to 
' use of a different representation 2 = g(y) of the curve), then cosy, 
sin y and ds all change sign, but equations (iii) are unaltered. They are 
therefore valid for all representations of the curve. 


In fig. 36 of 3.11, PR = dx and RT = dy, soby (ii) 7 
ds 
ds? = PR?+ RT? = PT?, dy 

ie. PT = ds. Although dx = dz, in general dy + dy p R 
and ds + ds; ds is the arc PQ. 2 

THEOREM. When PQ, (chord PQ)/(arc PQ) —> 1. angs98 

Hor chord PQ _ {(dx)?-+ (dy)*}4 

arcPQ ds 


-((e) +(e) 
(a) +@)T - 


when ds > 0, i.e. when P > Q along the curve. 
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Remarks 
(x) The result can be expressed as follows: 


when ds is small, (dx)? + (dy)? = (ds)?. 


Compare the exact relation (ii), from which this approximation arises. 
(8) When the curve is a circle of radius a, let are PQ subtend angle 
20 at the centre. Then arc PQ = 2a0, chord PQ = 2asin 0, and the 


theorem gives 


Compare 2.12, where this result was obtained from assumptions 
about ‘area’. 


8.13 Intrinsic equation 


A relation between s (measured from a fixed point A of the curve 
to a variable point P) and y (the angle between the positive tangent 
at P and a fixed line) is called the intrinsic equation of the curve. 
Arbitrary constants can be added to s and y, since the fixed point and 
line are arbitrary. 


Examples 
(i) Find the intrinsic equation of the cycloid x = a(@+sin @), y = a(1—cos 8). 
dy sinO 
tan yf = dz 1+cos0 tend? 


Hence y = 40+n7; and n= 0 since % = 0 when @ = 0 (see 1.61, fig. 23). 
By the example in 7.62, we have 
8 = 4asiny. 


Sometimes the intrinsic equation arises 
naturally, as in ex. (ii). 


(ii) The catenary. The curve assumed 
by a uniform thin flexible chain hanging 
freely from fixed ends is called a catenary. 

Let A be the point at which the tangent 
is horizontal, and P be any point (s, ~) 
where s is measured from A and yf from the 
horizontal. Let T', 7, denote the tensions 
at P, A, and suppose w is the weight per 
unit length of the chain (w is constant Fig. 97 
because the chain is ‘uniform’). 

The part AP of the chain is in equilibrium under the three forces T, T), 
and weight ws. Resolving vertically and horizontally, 


Tsiny = ws, Tcosy = T,. 
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By division, tan y = ws/T,; 
i.e. s=ctany, 


where c = T,/w. 


(iii) Given the intrinsic equation, to find parametric equations. 
We illustrate with the catenary s = ctany. 
Since dy/ds = sin y by 8.12, equations (iii), 


—-=— — =siny.csec* py. 


y= [esce y tan yay = csec Y + constant. 


Suppose axes chosen so that y = c when y = 0; then y = csec yp. 
Also, since dx/ds = cos 7, 

dx dx ds 

dy ds dy 


ce [see ydy = clog (sec y + tan yf) 


= cosy.csec*y = csec yy. 


if axes are chosen so that 2 = 0 when y = 0. 
Alternatively, we may obtain x as follows, working with s instead of y: 


da * 1 2 c 
de = °°" = Ty tan®y) ~ Jettor’ 


: = hoa = sh-~ + constant 
eee — Jorgen ; 


= csh-!(tan y) + constant 
= clog (tan f +sec y) + constant 


on using the logarithmic expression for sh— u in 4.45(1). If z = 0 when 7 = 0, 
the constant is found to be zero. 


Remarks 
(a) y? = c?sec*?y = c?+ c*tan®*y = c?+ 83. 


dy s 1 
—=t =+-=s=- 2H ¢2) b 4 
(A) 7. = tany =~ = —V(y*—c8), by (2) 
Integrating by separation of the variables, we find 
ch-14 = ro 
c hc 
If axes are chosen (as before) so that y = c when x = 0, then A = 0 and 
x 
y= Schr ’ 


which is the cartesian equation of the catenary. It could also be obtained by 
elimination of y from the parametric equations above. 
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Exercise 8(a) 
1 Find the intrinsic equation of the curve 
x = a(2cos0+cos20), y = a(2sin9+sin 26). 


2 Obtain parametric equations of the cycloid s = 4asin y, taking the origin 
at Y= 0,8 = 0. 
3 Show that the cartesian equation of s = log tan 4 can be written 
x = logsiny. 


4 Find the cartesian equation of y = logchs by first proving sin = ths 
and tan 7 = she. 


5 Prove that the curve s = cy is a circle of radius c. 
6 Find parametric equations for the curve s = ay’. 


8.14 Differential relations (polar coordinates) 


From x = rcos6@, y = rsin 0 we have 
dx = cosOdr—rsin6d@, dy =sinOdr+rcos6dé, 
and hence from formula (ii) of 8.12 we deduce 
ds? = dr? + r7d0". (iv) 


Equivalently, this follows from (v)’ of 7.64, and embodies (iv)’ and 
(vi)’ there also. 

We now introduce an angle ¢ whose role in polar coordinates is 
similar to that of y in cartesians. 

Definition. ¢ is the angle from the radius vector to the positive 
tangent at P. 

Fig. 98 is the simple ‘standard’ case; fig. 100 illustrates a case when 
r is negative. 

We may choose ¢ to be in the range 0 < ¢ < 27. In all cases we have 


G+ p= 
to within an integral multiple of 27. Hence 
cos ¢ = cos (wv —8) 


= cosy cos@+sin ¥ sin 8 
dxx dyy wd 
ae Pee Pa by 8.12, (iii) 
xdx+ydy 
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Since r? = 27+", therefore rdr = xdx+ydy, and so 
dr 
cos @ = 7s’ 


Similarly, sing = sin (y—6) = sin cos6—cosy sin# 


— 


dsr dsr rds ° 


and from y/z = tan0 we have (xdy—ydz)/x® = sec? 0d0 = (r?/x) dO, 


so 
; do 
sng=r ae 
(Since s is measured to increase with @, this last result shows that 
sin ¢ and r have the same sign: 0 < ¢ < mwhenr > 0,andz < ¢ < 27 
when r < 0; ef. fig. 100.) 
By division we find ldr 

cot d = Fi do . 
The results can be summarised as 


cos @:sing:1 = dr:rd@:ds, (v) 
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and may be remembered by thinking of the triangle P’Q’R’ suggested 
by the approximately triangular part PQR of the main figure, in 
which PR is an arc of a circle of centre O and radius r. 


dr e 
R's 
ds 
rd 


Fig. 101 


Examples 


(i) Find the curve for which ¢ is constant and equal to a (an equiangular spiral). 
Let & = cota; then k = (1/r) (dr/d0), and by separation of the variables, 


1 
G= plete. 


If r = a when 0 = 0, then c = —(1/k) loga, and 6 = (1/k) log (r/a), i.e. 


r= ae? = aef cota, 


(ii) Find the family of curves which cuts the family r = a0 (spirals of Archi- 
medes) at constant angle a. 


First form the differential equation of the family by eliminating a. We get 
rd0/dr = 0, and hence tan ¢ = 0. 
If ¢’ is the corresponding angle for the required family, then ¢’ = ¢+a, and 


so (if @ + 47) eee tang+tana  O+k 
~ ‘1¥tangtana 1—k6’ 
where k = +tana. Hence the differential equation of the required family is 
9 _ O+k 
dr 1—k@’ 
and by separation of the variables we find 
r= c(O+k)B +1 "0, 
where c is an arbitrary constant. 
If a = 37, then on the orthogonal curve we have 
cot f’ = —tang = — 8, 


l dr 
i. e Sa. — 0, 
se r a0 
from which 72 = ce-™, 


(iii) Orthogonal trajectories in polar coordinates. 

Suppose the differential equation of the given family is f(r,6,dr/d@) = 0. 
This determines dr/d6 for the member(s) of the family through the point (7, 0), 
say dr/d0 = g(r, 0). Then cot ¢ = (1/r) g(r. 0). 
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For the orthogonal curve(s) through (r, 8), 6’ = ¢ + $7, so that 


r 
cot gd’ = —tang = —-——.. 
? ? g(r, 9) 
Hence on the orthogonal curve(s) we have 
1dr _ az 
r dO g(r, 0)’ 
d 
i.e. = / =f = g(r, 9), 
and theref 7,0, —1? i 
erefore fir,9, 6) = 


This is the differential equation of the orthogonal family. 


(iv) Reflector property of the ellipse. 
If S, S’ are the foci and P is any point on the ellipse, it is known (17.22) that 
SP +8’P = 2a, 
where 2a isthe major axis. Writing SP = r, 
S’P = 1’ (i.e. using two systems of polar 


coordinates with poles S, S’ respectively), 
the relation is 


r+r = 2a. 
Deriving wo s, 
dr dr’ 
—+—=0, 
ds ds 
i.e. cos ¢ = —cos ¢’ = cos(7—¢’) andso g=7-¢’. 


Hence the angles between the focal radii and the tangent at P are equal; i.e. the 
tangent and normal at P are the angle-bisectors of SPS’. Cf. Ex. 17 (6), no. 14. 


Exercise 8(b) 


1 Find ¢ for the curve r* = a" cosn0. 

2 Prove that the tangent to the cardioid r = a(1—cos@) makes angle 36 
with Oz. 

3 Prove that the curves 

r =acos0, r = a(1—cos@) 

intersect at the point ($a,47). and find their 
angle of intersection. 

4 Find the curves for which ¢ = n@. 
If the line through O perpendicular to OP meets 


the tangent and normal at U, H, thenOU, OH, PU, 
PH are called the polar subtangent, subnormal, 


tangent, normal respectively. If r’ denotes dr/d0, Fig. 103 
prove 
5 OH =r’. 6 OU =r*/r’, 7 PH=VJ(r?+r”). 


8 PU =ri(r?+r%)/r’. 
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Find the curves for which 
9 OH =a. 10 OU =a. 11 OH = OU. 12 PH =a. 


Find the orthogonal trajectories of the following families, a being the parameter. 
13 r=a(1+cos@). 14 7? = a*cos 20. 15 7? = a cos 30. 
16 r=a(1+2cos@). 17 x?+y? = a(x—y) [first convert to polars]. 
18 «?+y? = az. 19 x(x? + y*) +a(x?—y?) = 0. 


*20 Locif(r, 0) = 0, f(r’, 6’) = 0 for which rr’ = k? and 6 = @ are called inverse 
curves. Prove that these curves cut the radius vector at supplementary angles. 
[Derive rr’ = k? logarithmically wo 6.] 


8.2 (p, r) equation 
8.21 Definition 


We now introduce another type of equation for a plane curve which 
will be found useful in subsequent work on curvature, and which has 
dynamical applications in problems on central orbits. 

We define p to be the length of the per- 
pendicular from O to the tangent at P. Then 


p=rsind. 


Since rsing = 7?d6/ds and s is measured to 
increase with 6, it follows that when polar co- 
ordinates are used, p is never negative. 

The relation between the p and r correspond- Fig. 104 
ing to a general point P of the curve is called 
the (p,r) equation or pedal equation of the curve. 


8.22 (p, r) equation from polar equation 


Write u = 1/r; then 
du 1 dr 1 
db ~~ do 7 OP 
Since p = rsin @, 


1 _cosec?@ 1+cot?@ 1 1 /dr\? , 
pan pe = TE = all +5(@) p " 
1 du\? 
1_o., (tu a 
or ae +( 7) ; (il) 


The (p,7) equation is therefore obtained by eliminating 4 from (i) 
and the polar equation of the curve. 
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Examples 


(i) Equiangular spiral. Since ¢ = « by definition (see 8.14, ex. (i)), the (p, 7) 
equation is p = rsina. 


(ii) Lemniscate r? = a? cos 20. 


d 
Derive wo @: are = — 2a’ sin 20. 
dr\? _ atsin?20 —at(1—cos?26) _ at—rt 
dB) re 


Hence by equation (i), 


so that r* = a*p? andt +7° = a*p. 
(iii) Cardioid r = a(1+cos8@). 
Since r = 2acos* 40, by deriving logarithmically wo 9 we have 
ldr 
r do 
cot d = —tan 40 = cot (40+ 47), 
and. b = 40+4n. 
As p = rsin ¢ = rcos }0, therefore p? = r? cos? 49 = r3/2a, and} 2ap? = r°, 


—tan 40. 


(iv) Rectangular hyperbola x? — y? = a, 
First transform to polars: r?cos 20 = a?, i.e. a2u? = cos 20. Derive wo 0: 


ae = —sin 20. 


dO 
Hence by equation (ii), 
sin 20\ 2 sin? 2 
— u* 
au atu 
» , 1—atut 1 
ul a‘u? = atu” 


pP=aw=atl/r? andt tpr=a’. 


8.23 Polar equation from (p, r) equation 

From p = rsing and cot¢ = (1/r)dr/d0, elimination of ¢ gives a 
relation of the form dr/d@ = f(r) which, on integrating, leads to the 
required polar equation. 

Alternatively, equation (i) of 8.22, where p is a known function of 
r from the given (p,1r) equation, is the relation dr/d@ = f(r). 


ft + since r may be negative, but p is always positive. 
} +since r > 0 from the equation of the curve. 


20 GPMI 
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Example 
Find the polar equation of 2ap = r?. 
Since p rr 
ae ee ee Fa 
a 72 4q2’ 
cosec?d =-—— and cot?¢=—-—1 
ldr 
Th fi fi to=-—, 
erefore from cot d ao 
l dr 1 
ee ae ee es 
r db Fv saa 
dr r 
= + | ————_. = + sin! | — 
arom | Tara tein (GE). 
and r= + 2asin(@+c). 


The constant c arises because the choice of initial line is arbitrary—the 
(p,7) equation makes no reference to 0. 


When the polar equation is known, the cartesian equation can be 
found from it. 


Exercise 8(c) 
Find the (p,7) equation of 
1 rO =a. 2 r™sinn@ = a”. 3 lu=1+ec088. 
4 xy = 2a? (O being the pole). 5 «x?/a?+y?/b? = 1 (O being the pole). 


6 Prove that the tangent at the point ¢ to the curve « = acos*t, y = asin®t 
is xsint+ycost = asint cost. Hence find the (p,r) equation wo O as pole. 


Find the polar equation of 

7 p?=ar. 8 2ap?= 7°, 9 r?=ap. 
*10 Usep = rsin ¢ and sin ddr = rcos ¢dé to prove that dp = rcos ¢ (dé +d¢). 
Deduce that dp/dy = rcos ¢. 


Definition. The relation between p and y for a curve is called its (p, ) 
equation or tangential polar equation. 


*11 Prove p?+ (dp/dy)? = r2, and deduce that p + d*p/dy* = rdr/dp. 
*12 Ifp =f(y), prove 
= cosyf(y)-+sinyfly) and y =sinyf"(p)—cos¥fly). 


[Use no. 9 and x = rcos@ = rcos(w—¢) = ....] (The results are parametric 
equations of a curve whose (p, 7) equation is given. Elimination of y gives the 
cartesian equation.) 
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8.3 Curvature 


8.31 Definitions 

The concept of curvature arises from the need to measure the rate 
of bending of a curve, i.e. the rate at which the tangent turns as the 
point of contact varies along the curve. 

(a) The mean curvature of the arc PQ is (with the notation of 


fig. 105) (Wg — ¥p)/(8q —8p). 


Fig. 105 


(b) The curvature at P is 


With the notation of fig. 106, the curvature at P is 
lim ns i 


é3s—>0 ds 7 ds 
Writing « for the curvature, we have 


md 
=<. 


K 


Remarks 


(x) x does not depend on the point A from which s is measured, nor 
on the line Ox from which y is measured; but its sign depends on the 
sense in which s is measured. 

(2) We shall have x = 0 at points where y is stationary. These 
usually correspond to points of inflexion of the curve (3.71). 

(y) Since y% = constant for a straight line, we have the natural 
result x = 0 (that the line does not bend anywhere). 
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(5) For a circle of radius R, the curvature ts constant and equal to 1/R. 
Let arc PQ, of length ds, subtend angle dy at the centre. Then dy 
is also the angle between the tangents at P and Q, and ds = Roy. 
Ot ss 
bs = R és —> 0 os R 
This is also a natural result: since the 
circle is symmetrical, it bends everywhere 
at the same rate. 


Because the curvature of a circle is con- 
stant, we may compare other curves with 
the circle in respect of their rate of Fig. 107 
bending. 

(c) The radius of curvature p at the point P of a curve is the radius 
of the circle which has the same curvature as the curve has at P. 

By Remark (6) above it follows that 
radius of curvature at P = reciprocal of the curvature at P, 

_1_ ds 
Poe = ay 


1.e. 
Remarks 

(c) p may be positive or negative: it has the same sign as x. 

(£) When x = 0 at P, there is no radius of curvature at P since no 
circle can have zero curvature. But as a circle of large radius has a 
small curvature, we may conveniently think of points where x = 0 
as giving an ‘infinite radius of curvature’. 


8.32 Formulae for « or pe 

The definition x = dy/ds can be applied directly only when the 
intrinsic equation of the curve is known. We now seek other more 
convenient formulae. 


(1) Curve y = f(z). 


From dy _(4y 
ae y = tan (74). 
SG GE Es z)| 
and Cae ae ae - 5, \00" (7 x cos 
dy 
dx? 1 
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the positive sign being chosen since cosy = dz/ds > 0 because s is 
measured to increase with x. Thus 
d*y 
_ 


[+ (a) | 
Remarks 


() « has the same sign as d?y/da?; it is positive if the curve is con- 
cave upwards (6.71 (2)) at P, negative if concave down. 

(8) At a point of inflexion « vanishes and changes sign; for d*y/dx? 
has this property (see 3.71). 

(y) At a point where y = 0, i.e. dy/dxz = 0, we have x = d?y/dx2. 
When discussing the curvature of a curve at a particular point P we 
may always choose axes with P as origin, Px along the tangent at P, 
and Py along the normal. With this choice, the curvature at P is f’(0). 


(2) Curve x = g(y). 
We find similarly that dx 
dy" 


where the minus sign is correct if s is chosen to increase with y. 


(3) Curve x = x(t), y = y(t). 
_y _y a ae ee 
tany = 73 .. p= tan z 


o_o _ dl ol) ds 


ds dt/{dt dt |” dt 


1 aéj—ady) 1. 
| jing | [ere 
1+(Z) 


(4) Curve r = f(0). 


Since 


w=0+¢ and tang =r/F, 
pai’ fe = ap (1+ 55) 


~ ds ds ds ds do 


d@ d dr 
Sas eS pan —1 eral, 
=e 14+ 5; {tan (-/ 7} |: 
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Now dr\2?  d& 
ee 
dé dé ar\? ar\? 

1+r?/(— = 
lta) Ga) 
ar\2 qr 
(a) 
= ant : 
a 
ds dr \2)+ 
on ("+ (aa) 
adr\? dr 
1 (5) ae 


2, (27\"* es a) 2 
"Tv \G6 7 ia 


See also Ex. 8(d), no. 14, and Ex. 8(g), no. 20. 


Owing to the complexity of this formula and the simplicity of the 
one now to be obtained for (p,r) equations, it is best to start by 
transforming the given polar equation into (p,r) coordinates (8.22). 
We may finally have to eliminate p from the expression for x. 


(5) (p, 7) equation. 


_dy dé dd 
“= Gs ~ ds" ds’ 
also sing = 1%, cos p = 
dg 
K=—sing+7 cosg 
| rs oe 
= © g, (sing) 
Bit oe 
~ r dr 


Examples 
(i) Find p at the vertex of the cycloid s = 4asin y. 


ds 
p= a = 4acosy. 


At the vertex, y = 0, and hence p = 4a. 
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(ii) Find p at the point (3, 4) of the curve xy = 12. 
_ 12 12 24 


Y= ’ : ey and : ae 


At (3,4), yy =—-$ and y”=§ so p=(14+4%8f = Ye. 


(iii) Find p at the point > of the ellipse x = acos ¢, y = basin ¢. 


da dy _ 

dg = —asin ¢, FF bcos ¢, 

d*z d*y 

dg? = acos ¢, ag? = bsin d 
dx d*’y dy d& da \? 7) 2 pts 
patastencie Arete Berane peed ook) roe b? cos? d, 
dp agi dd dg ab and (5) + a? sin? ¢ + b? cos? d 

and p= = {asin +6? cos? dg}, 


This result can be written p = OD*/p, where p is the length of the perpen- 
dicular from the centre O to the tangent at P, and OD is a semi-diameter con- 
jugate to OP: see 17.64, ex. (i). 

(iv) Find p for the cardioid r = a(1+ cos 6). 

First we find the (,1r) equation as in 8.22, ex. (iii), viz. 


2ap* = r°, 


From this, 4ap = 3r?—. . 


= $./(2a.2acos? 40) since r= 2acos* 40, 
=4acos}9 (—-17<O0<7). 


*(v) Find the radii of curvature of x° + y = a(x —y) at (a) (1,0); (6) (0,0). 

(a) We can find dy/dx, and then. d*y/dx*, by deriving the given equation 
wo x as in 3.41: 3x2 + 3y2y’ = 22 —y—ay’, 
“ (8y2? +2) y’ = 2a—y— 32%, (a) 

At (1,0), this shows y’ = — 1. 

Deriving (@) wo z: 

(3y? +2) y” + 6yy? +y’ = 2—y' — 6x, 

and hence when x = 1, y = 0 and y’ = —1, then y” = — 2. 


§ 
Therefore at (1, 0), p= are =—-/2. 


(6) Equation (a) does not determine y’ when x = 0 and y = 0 because both 
sides vanish. We may avoid this difficulty by making successive approximations 
to the equation of the curve near the origin as follows. 
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If x and y are small, then the terms z’, y? are small compared with x(x —y), 
so that the given equation is approximately 2(z—y) = 0. Hence near O the 
curve has two branches approximating to x = 0,x—y=0. 

The given equation can be written x = (a* + y°)/(x—y), so that on the branch 
for which 2 = 0 we have x = (y*)/(—y) = —y?, which gives a closer approxi- 
mation to this branch. To get a still better one, consider 


e+y2= 
“ x—-Yy x—-yYy 
(again from the given equation); since x + — y?, this gives 
= y* 
ety? = =y'. 


Thus « = —y?+y? is a third approximation to this branch. 

Also, the equation can be written x—y = (a*+y')/x, so on the branch for 
which y = x we have w—y = (2a°)/x = 2x7, Hence 
y = x— 2 is an approximation to this branch. 

On the first branch we have at O that 

dx d*x {1+ 02}4 

—=0, —=-2, — 

dy dy? ee = 

At O on the second branch, dy/dz = 1 and 
d?y/dx? = — 4; hence 


iri 


to =~ 4y2. 


Exercise 8(d@) 


Find the radius of curvature of the catenary s = ctan f at the vertex. 
Find the radius of curvature of the tractrix e—* = cos y in terms of y. 
If p? = c?— 8°, find the intrinsic equation of the curve. 
Find the curvature of the catenary y = cch (z/c). 
Find the radius of curvature of the cycloid x = a(6 +sin 9), y = a(1—cos @). 
Find p for x = ai®, y = af’. 
7 Acurve which touches Ox at O has p = csec f. Find parametric equations 

and prove that the cartesian equation is y = clogsec (a/c). 

*8 Prove that 

«=F /B=+ +o a and deduce x? = (=) + (By. 

dx _ dz d®y | dy ax 

ds ds ds* ds ds? 
10 If p? = ar, find p in terms of r. 
11 Find p in terms of r for the equiangular spiral r = ae%et®. 
12 Find p in terms of r for the lemniscate r? = a? cos 20. 


13 Ifsis measured from the point 0 = 0 of the cardioid r = a(1 + os 4), prove 
that 99% +s? = 16a? for0 <0 <7. 


Nunkh wWDN = 


*Q Prove that 
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*14 Denoting du/d0 by wu’, derive each of the equations x = rcos0, y = rsin# 
twice wo @ to prove 


(a) 8’ cosy = ~—rsinO +r’ cos8, 
(b) 3’ sin = rcos6 +7’sin 0, 
(c) 8” cosy —xs’2 sin yy = —rcos0— 2r’ sin 6 +7” cos0, 


(d) 8” sin +xKs cosy = —rsin 6+ 2r’cos6+r’ sin 0. 
By subtracting the product of (a) and (c) from the product of (b) and (d), 
Beare Ks = 72 — rr” + 2r”, 
and deduce the formula for x given in 8.32 (4). 


Find the radius of curvature of 
*15 Qe3+y4° = y?—2? at (—3,1). *16 xy(2?+y") = 2—y' at (0, 0). 


Find the radii of curvature at the origin for the branches of 

*17 223 +48 = y?—2?. *18 x(y—22) = y°. 

*19 Ifp =f(y), prove p = p+d*p/dy*. [Use Ex. 8(c), no. 11.] 
20 What are the curves which satisfy 


dy\\t dy 
(1+ (34) = ots 


21 Find the radius of curvature of r = acos@. 


*22 Find the cartesian equation of the curves for which k times the radius of 
curvature is equal to the cube of the normal (see 5.71). 


8.4 Circle and centre of curvature 


8.41 Osculating circle 


Suppose a curve y = f(x) and a point P on it are given, and also a 
family of curves y = g(x, &,@,,...) depending on a number of para- 
meters. If the parameters are chosen so that the corresponding 
member of the family has the highest possible order of contact (see 
6.72) with y = f(x) at P, then the two curves are said to osculate there. 

(1) Osculating line. If y = g(x) = ax +5, then the two constants a, b 
can be chosen to satisfy the two conditions for first-order contact with 
y = f(x) at x = xp, viz. 

S(%o) = aay+5, f(x) =a. 


These give 6 = f(x,) 2, f(x»), so that the osculating line is 
Y —F(%o) =f’ (%o) (% — Xo), 
Le. the tangent to y = f(x) at x = 2. 


This line will not in general have contact of order higher than the 
first; but if f’(a,) = 0, then the order is at least two. 
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(2) Osculating circle. The three constants a, #, R in the equation 
(e—a)*-+(y—f) = BP 


can in general be chosen to satisfy the three conditions for second- 
order contact with y = f(x) at x = 2p, viz. 


f@o) = Yo f'(@o) = Yo f"(%o) = Yo 
where y’, y” are given by 
(w—a)+(y-A)y’ = 0, 
i+y?+(y—A)y" = 0. 
Hence (dropping the suffix 0 in x, for convenience) we require 
(a—a)* + { f(x) — BP = R?, 
(w—a) +f" (x) {f(w) — B} = 0, 
1+{f'(a)}P +f" (x) {f(x) — B} = 0. 
If f’(x) + 0 these give in turn, starting from the last: 


f(x)-B = WA, 
=F fo, 
m0 the 


which are sufficient to determine a, #, R? uniquely. 
We observe that R is numerically equal to the radius of curvature 
p at P(x,y). The circle just determined is therefore called the circle 
of curvature at P, and its centre C(a, #) is the centre of curvature at P. 
Thus the centre of curvature at P(x, y) is 
(1+f"?) Berge os has 
a=x f" ? B=ft+ ris : (i) 
Since the circle touches the curve at P, therefore C lies on the 
normal at P. (This is also easily verified from equations (i).) Intui- 
tively we should expect the circle of closest contact to “bulge’ the 
same way as the curve does at P, as in fig. 109 rather than 110; i.e. 
that C lies on the ‘inward normal’ at P. This is so since in deter- 
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mining the circle we chose y” = f” at P, so that the senses of the 
concavities at P are the same (6.71 (2)). 
As p = (1+f")/f”, hence by (i) 
ay One Ry ee 
= pay POU pa 
Since’ = tan ¥ and y is acute (positive or negative), by 8.12, we have 


a=x—-psny, ~P=y+pcosy. 


Son 


Fig. 109 Fig. 110 


If f”’(x) = 0 (which is so in particular at a point of inflexion), the 
equations for a, £, R cannot be satisfied: there is no osculating circle. 
However, the tangent then has at least second-order contact by (1), 
and we may conveniently say that ‘the “circle” of curvature at P 
is the tangent’. There is no centre of curvature. 


Fig. 111 Fig. 112 


In general the circle of curvature will cross the curve at P; for m = 2 
in the theorem of 6.72. The relation of the curve to a circle of cur- 
vature is illustrated in figs. 111, 112. 

Formulae (ii) are still valid in fig. 112, since p is negative there. 
Fig. 111, the simplest case, can be taken as the standard, and used to 
write down the expressions for «, £ quickly (see fig. 113).} 


t An easier method is given in 8.53. 
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8.42 Newton’s formula for e 


(1) We should expect from intuitive considerations that the circle 
having closest contact with a given curve y = f(x) at a point P could 
be obtained by considering a circle touching the curve at P and 
passing through a neighbouring point Q, and then taking the limit by 
letting Q tend to P along the curve. Assuming this for the moment, 
let PR be the diameter through P of the circle PQ, and draw QN 
perpendicular to PR; then PN. NR = QN?. In the limit, the diameter 
PR tends to the diameter 2 |p| of the osculating circle at P; so 


[e| = 4lim PR = $lim(NR+ PN) 
Q>P 


ee, (QN? a QN? 
since PN —> 0. 
R 
C 
B-y Pp Q 
E ; A 
U~ a P 
Fig. 113 Fig. 114 


As we are discussing the given curve at the particular point P, we 
may first choose P to be the origin, taking Py along the inward normal 
at P and Px along the tangent. Our result then becomes 


This is Newton’s formula, and gives the value of |p| at the origin. 
Analytically, the result can be obtained from Maclaurin’s theorem: 


y = f(x) = f(0) + af" (0) + ge°f"(0) + Gx7f" (Oz). 


Choosing axes as before, we have f(0) = 0, f’(0) = 0, and x = f"(0) 
(see 8.32, Remark (y)). Hence 


y = hku? + haf" (0x), 
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and k = lim Fs —taf” (on) 


if af” (Ox) > 0 when x > 0; this certainly happens if f”(x) is bounded 
for all x sufficiently small. 


Examples 
(i) Find |p| at the origin for the parabola x? = 4ay. 
We have 
4 
|p| = lim — = lim —” = 2a 


(ii) Find |p| at the pole for r = asin 20. 
Since x = rcos0 = asin 26 cos, therefore on the branches touching the 
initial line Ox at O (see Ex. 1(e), no. 13) we have @ > 0 when x > 0. Hence 


. @ . r2cos?@ _. asin2@cos?@ 
|p| = lim — = - = lin eee 
z>02Y 6+02rsind 9.9 2sind 


= lim (acos? 0) = a. 
6-0 
The symmetry of the curve shows that |p| has this value for the branches 
touching Oy at O. 

(iii) Find |p| at the point (a, 0) of the ellipse 
a2 2 

a? * 62 

Change the origin to A(a,0) by writing x—a 


instead of x (see 15.73(2)). The equation be- 
comes 


=]. 


(x—a)* y? 
a? b? 


=] 


referred to axes Ax, Ay’. The tangent at the new origin is not Ax but Ay’; 
hence we must interchange x and y before applying Newton’s formula. We obtain 


nae eel (al elie 
eae = lim ( wale a) =e ae alo 


(2) To justify the assumption made at the beginning of this section, let Z 
be the centre of the circle PQR. Assuming the continuity and derivability of 
J (x), the distance r from Z to points of the are PQ is also continuous and deriv- 
able, and is such that ZP = ZQ. Hence by Rolle’s theorem there must be a 
point P, of the arc between P and Q such that ZP, is a stationary value of r. 

Taking Z as pole, we now show that when the radius vector of a curve is 
stationary, it 1s normal to the curve. For dr/d6 = 0 gives cot ¢ = 0, i.e. ¢ = 4n. 
Hence ZP, is normal to the arc at P,;. and so Z is the meet of normals at P 
and P,. 
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We show finally that the intersection Z of normals at neighbouring points 
P, P, tends to the centre of curvature C at P when P, > P along the curve. Choose 
axes as before; C is then the point (0,/), i.e. (0, 1/f”(0)). The equation of the 


normal at Py(Ef(E)) 18 £8) y—F(E)} + (w—£) = 0. 
This cuts x = 0, the normal at P, where y = f(é)+&/f’(é), and this is therefore 
the ordinate of Z. When P, -> P, § > 0 and f(é) ->f(0) = 0, while 
es ee ge 
FE FO-FO ~ FO) 
the ordinate of C. Hence Z > C. 


Our original assumption is now justified since, when Q > P along the curve, 
the point P, (which lies between Q and P) also tends to P. 


Exercise 8(e) 


1 Find the centre of curvature at (3, 4) for the curve wy = 12. 
2 Find the centre of curvature at the point (acos¢, bsin ¢) of the ellipse 


a + a 1. 
3 Prove that the centre of curvature (a, #) is given parametrically by 
er +y v+y* 
a=x2—-y———, P=yte—— 
LY — LY pa 


4 Show that the coordinates (a, #) of the centre of curvature at (x, y) can 
be written dy dx 
A Oa f= vty 
Use this result to prove that the centre of curvature at the point 6 of the cycloid 
x =a(0—sinO), y= a(l1—cos6) is a=a(0+sin6), Bf = —a(l—cos6). [First 
show that % = 47—40.] 

5 Find |p| at the origin for x?+ 3y? = 2y. 

6 Find |p| at the origin for x*/a?+(y—6)?/b? = 1. Interpret the result in 
terms of the ellipse x?/a? + y?/b? = 1. 

7 Find |p| at the pole for r = asin 30. 

*8 Find |p| at the origin for y = 2x? — 3xy+ 4y?. 


8.5 Envelope of a family of curves 


In this section the technique of partial derivation is required as 
far as 9.42. 


8.51 Definition and determination of the envelope 


(1) Consider the curve . 
f(x,y,«) = 90 C. 


depending on a parameter a. As a varies, we obtain a family of curves 
(cf. 5.72). 
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_ If, for each a, the curve C,, touches a definite curve @, then @ is 
called the envelope of the family. 

Let C, touch & at P,. The coordinates of P, are certain functions 
(at present not determined) of a, say 


t= a(x), y = y(a). 
Then & has parametric equations 
z=x(t), y=y(); 


it touches C, at the point where ¢ = a. 
Assuming that the family possesses an envelope, 
we now find equations to determine it. 


Fig. 116 


(2) The coordinates (x,y) of any point on & satisfy 
fleya)=0 and 2 fla,y,a) = 0. 


Proof. For each a, the point (x(a), y(a)) lies on C,,; hence 


f(x(«), y(a), a) = 0 (i) 


for all «. Deriving this wo a, we have (by 9.41, equation (iv), extended 
to a function of three variables) 


as of of 


age (A) ta, Got = (ii) 


Since & touches C, at t = « (and this implies that C, possesses a 
definite tangent at t = a, i.e. that not both of of/dx, df/oy vanish there: 
cf. 9.42), therefore 


(7 on 6 att = a| = (7 on C, at (x(a), ya) , 


; y' (a) of jaf 
ie. by 9.42, x(a) ie By zmata)« 
Thus at (a(a), y(a)) we have 
Fe ata)+Z y'(a) = (ii 


By subtracting (iii) from (ii), we see that at (a(a), y(«)), af/ea = 0 
Consequently x(a) and y(a) satisfy the equations 


f(x, Y; a) = 0, < He, yY; a) = 0. (iv) 
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The cartesian equation of the envelope is found by eliminating « 
from equations (iv). Frequently, however, the parametric equations 
obtained by solving (iv) for x and y in terms of « are more convenient. 

Remark. The solution of (iv) may include loci other than the 
required envelope, viz. loci of singular points of the family. A singular 
point (x, y) on C, is one at which both df/dx = 0 and of/oy = 0. At such 
a point, equations (i) and (iii) are satisfied, and hence also df/o« = 0 
by (ii), so that equations (iv) still hold. To ensure that we have found 
the genuine envelope we must verify that our solution of (iv) actually 
touches OC, att = a. 


8.52 Examples 
(i) If the family of lines x—ay+a? = 0 has an envelope, it is given by 
x—ayta27=0, —y+2a=0, 


from which y = 2a and x = a. 

The parabola x = «?, y = 2a is actually the envelope because its gradient at 
the point o is dy de 1 
def da." 
which is also the gradient of the line #— ay+a2 = 0 (fig. 117). Also see ex. (v). 


y 


(a, 20) 


Fig. 117 Fig. 118 


(ii) The family (y—a)?—z? = 0 has no envelope. For the equations to 


determine it are (y—a)?=2%, —2Ay—a) =0, 


and the only points satisfying these lie on x = 0, i.e. the y-axis, which does not 
touch any member of the family (the reader should verify this by finding the 
gradient of the given curve at (0,)). 

The y-axis is a locus of singular points of the family, for such points are given 


=e 


0 —387? and 0=— = 2y-—a), 
oy 


and are thus the cusps (0,a). See fig. 118. 
(iii) If the family 3(y—a)? = 2(2—«a)® has an envelope, it is given by 
3(y—a)? = A(e—a)*, 6(y—a) = 6(a—a)?, 
from which g=ats, y=at%, or t=a, y=a. 
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The first solution corresponds to the line x—y = 2, which touches the curve 
at («+ %,a+4); this should be verified by the reader. 

The second solution corresponds to the line y = x; this does not touch the 
curve at (a,a), and in fact is the locus of the singular points (cusps) of the 
family (fig. 119). 


Fig. 119 


(iv) Find the envelope of a family of coaxal ellipses for which the sum of the 
semi-axes is constant. 
Choosing the common axes as Oz, Oy, the family is 
3 y? 
ap 
where at+Pp=c. 


Regarding as a function of a given by a+ = c, the envelope is determined 
by the above equations together with 


eo BP _y #__y 
as B3 da > da 
From the last two, «?/a5 = y?/£8. Hence by using properties of equal ratios, 
we have a B a+p 5 


at yt gttyt gt yy?’ 
from which we find «, # in terms of z and y. Substituting into the equation of 
the ellipse, 


7 y? 

xt (at + y#)? Thea (xt + yt)? = 1, 
from which zt+yt = ct, 

Since an ellipse has no singular points, we may conclude that this locus is in 
fact the envelope of the family. 

Alternatively we may begin by eliminating £, and then proceed in the usual 
way. The method given preserves the symmetry in a, f. 

(v) Family which is quadratic in the parameter. 

If arf(x,y) + ag(x,y)+h(x,y) = 0 
has an envelope, it is given by this equation and 
2af(x,y)+9(z,y) = 0. 


21 GPMI 
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Eliminating a, g \? g = 
(-)7(-gpen-e 
i.e. g? = 4fh. 


In general this will be the envelope (but see Ex. 8(f), no. 13). The equation 
is the condition for the quadratic a®f +ag+h = 0 to have equal roots. 


*(vi) Clairaut’s equation y = px+f(p) and ite singular solution. 
In 5.27 we showed that the general solution of this differential equation is 
y = ce+f(c), and that another solution is obtained by eliminating p from 


a=—f"(p), y=f(p)—nf(p). 


This singular solution is the envelope of the family of lines represented by the 
general solution. 
For the envelope is obtained by elimination of c from 


y=ontf(c) and 0=2+/f"(c), 
i.e. from zx=-f'(c), y=f(c)—cf(c). 
The curve thus determined is a genuine envelope since its gradient ist 
dy _dy /® _fO-F'"()—F (0) _ 
dz dc] de —f"(c) : 
which is the gradient of the line y = cv+/(c). 
(vii) Limiting intersections of neighbouring curves of a family. 
Consider the neighbouring curves C,, Cy+q: 
f(z,y,%) =0, f(x,y,a+da) = 0. 
If these intersect, their common point(s) satisfy 
f(z,y,%)=0 and f(x,y,a+da)— f(x,y, a) = 0, 
i.e. f(z,y,%) =0 and f,(z,y,§) = 0 


for some number & between a and a+ da. 

When 6a - 0, then by our general hypothesis of continuity in this chapter, 
the curve C,43, approaches the curve C,, and the coordinates of the limit of 
their intersection(s) satisfy 


7] 
f(z%.y,%) =90 and Fal lt Y>%) = 0. 


Hence if neighbouring curves intersect, the limit of these intersections les on the 
envelope or on a locus of singular points of the family. 

Remark. The envelope of a family used to be defined as the locus of the 
limiting intersections of neighbouring members. This definition is not consistent 
with the concept of the envelope as a curve which touches all members of the 
family, because an envelope (in our sense) may exist even when neighbouring 
curves do not intersect. For example, no two curves of the family y = (x—a)® 


+ We are assuming throughout (cf. 5.27) that f(x) is not a linear function. 
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intersect, but y = 0 is the envelope (which also happens to be a locus of inflexions) 
as is easily verified. The old definition would not admit that a curve is the 
envelope of its own circles of curvature: see 8.54, Corollary 2. 


8.53 The evolute of a curve 


Definition. The locus of the centre of curvature C as the corre- 
sponding point P varies along the given curve is called the evolute of 
this curve. 

If the curve is y = f(x), then equations (i) of 8.41 give a parametric 
representation of the evolute, the parameter being x. The following 
theorem, which relates ‘curvature’ and ‘envelopes’, also provides a 
neat way of finding the coordinates of C and the value of |p|, instead 
of using the formulae in 8.32 (3) and Ex. 8(e), no. 3. 

The evolute of a curve is the envelope of the normals to the curve. 

Proof. If P(x,y) is any point on the curve and O(a, #) the corre- 
sponding centre of curvature, then (8.41, equations (ii)) 


a=a—psiny, B=y+pcosy. 
da = dx—pcosydy —sin dp 
ds dx : 
= Oe ag ee 
= —sin Ydp, 
and similarly dB = cosydp. 


ae = —cot Y = gradient of the normal at P to the curve. 


But d£/da is the gradient of the evolute at C. Hence the normal at P 
to the curve is parallel to the tangent at C to the evolute. Since C lies 
on the normal at P, this normal touches the evolute at C, the corresponding 
centre of curvature. 

Since CP? = p*, the ‘distance formula’ of coordinate geometry 
gives the value of |p| when the coordinates of C have been found. 


Examples 
(i) Find the centre of curvature at the point t of the parabola x = at?, y = 2at. 
The normal at (at?, 2at) is (see 16.31) 
¥ +(x— 2a)t—at? = 0. 
Its envelope is given by this equation and 
(a — 2a) — 3at? = 0. 
Hence = 2a+3at and y= —2aé’, 
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These expressions are the coordinates of the centre of curvature at (aé?, 2at), 
and are also the parametric equations of the evolute. The cartesian equation, 
found by eliminating ¢, is 4(a — 2a) = 27ay?. 


Al 
5° OP? = (2a + 2at*)? + ( —2at® — at)? 
= 4a>(1 +£2)8 
on factorising, so that |p| = 2a(1 +2). 


(ii) Find the centre of curvature at the point ¢ 
of the ellipse x = acos¢, y = bsin®g. 
The normal at (acos ¢, bsin ¢) is (see 17.51) 


y—bsing = ; tan $(x—acos $), 


i.e. 
b? —q? Fig. 120 


b 


a . a 
y—,rtang = bsing— 7 sing = 


Its envelope is given by this and 


bt— 2 
~5 asec = z cos ¢, 
2__ 72 
from which x= on cos? ¢. 
a 
We find that at—bt . 
y= sin® d 


either by direct substitution in the equation of the normal, or by re-writing this 


‘equation with the x-term independent of ¢ as 
b? — g2 


b 


yootp—Fa = cos ¢ 


and then deriving partially wo ¢ to get its envelope afresh. 
The required centre of curvature is thus 


The evolute has cartesian equation (ax)? + (by) = (a? — b*)8. 


8.54 Arc of the evolute 


Provided that p steadily increases or steadily decreases along the given curve, 
the arc-length of the evolute is equal to the difference between the radii of curvature 
corresponding to its extremities. 

Proof. Let A be the fixed point from which s is measured on the curve AP; 
let C,, C be the centres of curvature at A, P, and let o be the arc C,C of the 
evolute, measured from C, in the sense for which 8 increases. 

If C is (a, 8), then from the proof in 8.53, 


da=—sinydp, df =cosydp. 
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Therefore by 8.12, equation (ii) applied to the evolute, 
do® = da*+df? 
= sin? yf dp* + cos? ydp? 
= dp*. 


If p steadily increases with s, i.e. with o, then do =+dp and o=p+e. 
When s = 0, o = 0 and p = py, 80 ¢c = —p, and o = p—/p,y. 
If p steadily decreases as s increases, then do = —dp and o = p,—p. 


A’ ee 


Fig. 121 


CoroLiaRy 1. The circle is the only plane curve with constant p. 

If p = constant, then do = 0 and so o = constant. Hence the centre of 
curvature is the same for every point of the curve, and every such point lies 
at (constant) distance p from this fixed point; i.e. the curve is a circle. 

Coroitiary 2. The circles of curvature at neighbouring points of a curve do not 
intersect. 

The difference between the radii of curvature at neighbouring points is equal 
to the are of the evolute between the corresponding centres of curvature, and 
this arc is greater than the distance between these centres. Hence one circle 
completely encloses the other (illustrate this with a sketch), and so they do 
not intersect. 

“Yet these circles have an envelope, viz. the curve itself. 

CoroLLaRy 3. Involutes of a given curve. 

Given the evolute C,C, we can generate the original curve mechanically as 
follows. Let a string be wound along the evolute from a fixed point C, to C,, 
and leave the evolute tangentially at C,, continuing as far as A. Unwind the 
string, keeping it taut; then the end A will trace the original curve. 

For, when the end has any position P, the length of the unrolled part of the 
string is PC = AC,+arceC,C = p,+o = p, so that P lies on the original curve, 
which is called an involute of C,CC,. 

Given C,CC,, there are infinitely many involutes: any point A’ on C,A 
traces a curve A’P’ to which P’C is normal. Since tangents at such corre- 
sponding points P, P’ are parallel, the involutes are all parallel curves. 
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Exercise 8(f) 


Find the envelope of the following families of curves ( parameter a). 
1 y == +08, 2 y=axr+4a3, 


2 
3 y= axtana— a sec? a; interpret dynamically. 


a? 2 
4 xseca+ycoseca = a. 5 —+5 = 1, where a+f=c. 


B 


6 Straight lines making intercepts on the axes whose sum is constant and 
equal to a. 
7 Circles with their centres on #?+ y? = a* and passing through (0, c). 

*8 Through a fixed point on the circumference of a given circle chords are 
drawn. Show that the envelope of the circles on these chords as diameters is 
a cardioid. 

9 Show that the envelope of y = a(x—«a)? is y = 0, and that this is the 
member of the family for which « = 0. 
10 Prove that the envelope of the circles 


x? + y? — 2cra cosa — 2cyasin a = c?(1— 2a) 


is the circle of the family for which « = 0. 

11 Verify that the curves of the family y? = (~—«)* do not intersect. What 
is their envelope? 

12 Show that the curves zt + y# = a? do not intersect. What is their envelope? 
*13 Verify that the process for finding envelopes applied to the family 
a2f+2ag+g = 0, where f, g are functions of x and y, leads to g(f—g) = 0; and 
that g = 0, f—g = 0 are the members of the family corresponding to « = 0, 
a = —1 respectively. Assuming that g = 0, f—g = 0 do not touch, verify that 
no other members of the family touch either g = 0 or f—g = 0,80 that the family 
has no envelope. 


Find the centre of curvature at the point t, and the evolute of 
14 x= at’, y= al’. 15 wz=ct, y =cft. 
16 x = +acht, y = bsht. 17 x = a(t—tht), y = asechié. 


*18 «= acos*t, y = asin®?. 


Miscellaneous Exercise 8(g) 


1 Prove that cot ¢ = (1/r)dr/d@. If P is any given point on the cardioid 
r = a(1—cos9), find two other points Q, R on the curve such that the tangents 
at P, Q, R are all parallel, and show that the sum of the ordinates of P, Q, & 
is Zero. 

2 Find the values of @ at those points of the curve r = asin 20 at which the 
tangent is parallel to the initial line. Sketch the curve. 

3 Prove that the curves r?cos(20—a) = a’sin 2a, r? = 2a*sin(20+«a) cut 
orthogonally. 
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4 The tangent and normal at P to the curve r = f(@) meet the line through 
O perpendicular to OP at A, B. Prove OB:0OA = (dr/d6)?:r. 

A curve is such that (i) OB/OA = 6°; (ii) r > co when 0 > oo; and (iii) r =a 
when 6 = 0. Find its equation, and show that triangle APB has area 


fate (0+6-1), 


5 If cot ¢ varies as the ordinate of the point of contact of the tangent, prove 
that the curve concerned is a conic having a focus at the pole and eccentricity 
equal to the value of cot ¢ when 0 = $7. 


6 If s = f(y), show how to find z, y in terms of y. A curve is given by 
5s = 4a(5+ tan? py) ./(tan $y); 

if axes are chosen so that 2, y, 8, y vanish simultaneously, find x and y in terms 
of y, and verify that 52? + 9y? = 58°. 

7 Show that the tangent at the point 0 of the curve 

x = a(4cos0—cos46), y = a(4sin8@—sin 46) 

is | x sin $0 —ycos $0 = 5asin 30. 

With O as pole, prove that the (p,7r) equation is r? = 9a* +498p?, and deduce 


the radius of curvature at the point 9. Find the arc-length from 0 = 0 to 27. 


8 Acircle of radius a rolls without slipping on the outside of a fixed circle of — 
radius 2a and centre O; P is a point fixed on the circumference of the rolling | 
circle, and A is the point of the fixed circle with which P initially coincided. 
With O for origin and OA for z-axis, show that P has coordinates 


x = 3acos0—acos30, y= 38asin@—asin 30, 
where @ is the angle turned through by the line of centres. Find the (p,r) 
equation, and prove p = 3asin 9. Sketch the curve and find its area. 
9 Ifr = a(1—cos9@), prove p = 2asin® ty. 
10 If p = acos 3y, obtain x and y in terms of y, and prove that the (p,7r) 
equation is r?+ 8p? = 9a?. 
11 At the point P(ct, c/t) of zy = c*, prove x = 2c?/r*, where r = OP. 


12 Find the radius of curvature of r = afsec 40 at the pole by Newton’s 
formula. 


13 Ifz = clog (sec + tan 6) and y = csec@, prove p = esec? 6. 

14 Ifr = acosné, find p in terms of r. Show that p = a/(1+n*) when r = a. 

15 Prove that p = cosecydy/dy. For the curve y = asec"y, prove p is 
n times the length of the normal. 

16 Find the (p,r) equation of the curve r*=a"sinn@, and prove that 
pr®* = a"/(n+1). Prove also that the length intercepted on the radius vector 
by the circle of curvature is 2r/(n +1). 

17 Find the equation of the circle of curvature of axy = x — 2a’ at (—a, 3a). 

18 Prove that the centre of curvature O(a, ) at P(x, y) is given by 


dy dx 
CE ae Beytay 


If P is the point (x,y) on the curve x = acos*(}), y = asin®(}t), and Q 
divides CP internally in the ratio 2:1, find the locus of Q. 
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19 Find the equation of the normal at the point 0 of the cycloid x = a(@ +sin 6), 
y = a(1+cos@), and hence the centre of curvature. Show that its locus is 
another cycloid having the same dimensions as the given one. 

20 Prove that 1/p? = u?+u’2, where u = 1/r and u’ = du/d0. Hence prove 


a (u? +u/2)# 
~ (uu) 
21 Show that a curve whose radius of curvature is equal to the length of the 
normal is a circle or a catenary. [p = + PG with notation of 5.71.] 
22 Find the two systems of curves for which the radius of curvature is half 
the normal. 
23 What are the curves for which p = TG? 
24 Sketch the curve (a—y)(2x+y) = #°(x*+y) near the origin, and find the 
radii of curvature of the branches at O. 


25 Find the envelope of circles whose centres lie on zy = c* and which pass 
through O. 
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FUNCTIONS OF SEVERAL VARIABLES 


9.1 Introduction 
9.11 Functions, limits, continuity 

In 1.13 we discussed the concept of ‘function’ for a single in- 
dependent variable, and mentioned that it extends to more than one. 
We now begin the differential calculus of functions of several variables. 

Suppose x, y are two variables whose values (perhaps within certain 
ranges) can be assigned arbitrarily, so that x, y are not related in 
any way. If one or more values of ~ are determined when values are 
given to x and y, we say that wis a function of the patr of variables (x, y), 
and write wu = f(x,y). We call x, y the independent variables and u the 
dependent variable. 

The notation w = f(z, y) is still used even when x and y are related, 
although we are not then dealing with a genuine function of two 
independent variables. 

In this chapter we give our attention to functions of two variables. 
This case is typical, and the results can be extended at once to functions 
of three or more. 


As in Ch. 2, we can define the limit of a function of (z, y) when these variables 
tend to given values, and the meaning of continuity in (x,y) at a given point. 
Thus, if a positive number ¢ (however small) is given, and a positive number 
7 can be found such that, whenever 


0<|x-al<y and 0<|y—)| <7, 
we have (f(a, y) —1| <, 


then we say that f(x, y) tends to the limit 1 when x tends to a and y tends to b, 
and we write ‘ 
lm f(z,y)=1. 
(x, y) ->(a, 6) 
If also f(a, 6) exists and is equal to I, then f(z, y) is continuous in (x,y) at ‘the 
point’ (a,b). 

We do not develop these matters here because we shall be concerned only 
with certain special limits (of incrementary ratios) associated with the process 
of derivation. However, the reader is warned that the situation is more com- 
plicated than would be expected at first sight: continuity in the pair of variables 
(x,y) requires more of a function than its continuity (as defined in 2.61) in x 
alone and in y alone. 
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9.12 Economy in functional notation 


It will be convenient to economise in symbols. Instead of writing 
y =f(x), u = (x,y), ..., we now write y = y(x), u = u(x,y), .... That 
is, we use the same letter for the dependent variable and the functional 
symbol. No confusion can arise unless we require to make a substitution 
or change of variables, and then we can revert to the former functional 
notation whenever necessary. 

Thus, if wu = u(x, y) and x = x(f,y), y = y(&, y), then by substitution 
for x, y we can construct from these three functions a new function 
u =f(&,7), where f(£, 9) = u(a(E, 7), y(S,7)). It would be wrong to call 
this new function u(£, 7) because this symbol already has a meaning, 
viz. the value of u(x, y) when we replace x by & and y by 9. For ex- 
a u=e2+y, w= b%-y? and y= 2En, 


then we find w = (7+ ?)?. 


9.2 Partial derivatives 


9.21 Definitions 


We cannot usefully speak of the derivative of a function u(z, y) 
because x and y may vary separately or together in any way. How- 
ever, we can define the derivative of u wo x, or of u wo y, as follows. 

Suppose y is kept constant and z is allowed to vary alone. Then a 
change dz in x causes a change dw in u given by 


du = u(x+dx, y) — U(x, y); 


du u(x+dx, y)— u(x, y) 
Ox Ox . 


If du/dx tends to a limit when dx —> 0, this limit is called the partial 
derivative of u wo x, and is written du/dzx. 
Similarly, if x is kept constant and y varies alone, and if 


so that 


lim u(x, y + dy) — u(x, y) 
by—>0 oy 


exists, then this limit is the partial derivative of u wo y, written du/dy. 

The reader should notice that, according to these definitions, no 
new process is involved: partial derivatives are calculated in the same 
way as ‘ordinary’ derivatives, by first treating all but one of the 
independent variables as if they were constants and then finding the 
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derivative of the function with respect to the remaining independent 
variable. In particular, all the rules of derivation (product, quotient, 
function of a function) in Ch. 3 continue to apply. 


Examples 
(i) If u = a+ 3x22 + 5ayt—y3, 
then (by treating y as if it were constant) 


Ou 
Ox = 3a? + 6xy? + 5y'*, 
and (treating « as if it were constant) 
i = b6a%y + 20ry* — 3y?. 


(ii) If wu = tan-(y/x), put z = y/” so that wu = tan-!z. The rule for ‘function 
of a function’ is 


Ou du && 
da dz Oa’ 
. Ou 1 y y 
h ef Se : 
so that De al 4) a +yt 
Ou ] 1 x 
Similarly, — = —— [-} = ——_.. 
Mie by real) att yt 


In the statement of the rule for ‘function of a function’, we do not write 
du/dz because u is a function of the single variable z; but we write 0z/@x because 
zis a function of both 2 and y. 


9.22 Other notations for the partial derivatives 


Instead of du/ox, the functional notations u,(x, y), uj(x,y), or just 
u,, are often used. The former symbols are appropriate for indicating 
particular values of the partial derivative; thus u,(a, b) denotes the 
value of u,(x,y) when x = a and y = b. 

Similarly, u,(x,y), uj(x,y) and u, mean the same as du/dy. 


9.23 Geometrical meaning of du/dx, du/dy 


Just as a relation y = f(x) between two variables z, y is represented by a plane 
curve (1.6), so a relation z = u(x, y) between three variables z, y, z is represented 
geometrically by a locus in space called a surface (fig. 122). 

Let P(a,6) be a point on the surface z = u(a,y). The plane through P and 
parallel to the coordinate plane 70z cuts the surface in a curve whose gradient 
tan y, at P is the value of du/a when a = a and y = }, viz. u,(a,b). Similarly 
du/dy at P measures the gradient of the curve of section of the surface by the 
plane x = a. 
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Fig. 122 


9.24 Partial derivatives of second and higher orders 


(1) The functions 0u/dx, dujoy of (v,y) may themselves possess 
partial derivatives wo x and wo y, viz. 


a EN, DIR), 5 
Ou \ox]’? oy\ou]’ Ox\oy]’ doy \oy]’ 


writte cu go Ba Gu 
. da? Oydx’? Oxdy’? dy?’ 
or Uses Viger. Uae “Wagan 


Similarly the partial derivatives of these give eight third-order 
partial derivatives of u, and so on. 


Examples 
(i) In 9.21, ex. (i) we have 
O2u au 
Bees 2 = 12ay + 2048, 
7 maa LI mas 
Ou Ou 
-— = 12ay+20y3, —— = 6x? + 60ry?— by. 
da dy al ayt eer se 


Remark. We notice that the expressions for the mixed derivatives 4?u/dy dx, 
2?u/Ox dy are the same in this example. It is true that, for most functions which 
we meet, the mixed derivatives are equal; for some exceptions see Ex. 9 (a), 
nos. 29, 30. The question is considered in (2) below. For all ‘well-behaved’ 
functions there are only three distinct second derivatives; and similarly only 
four distinct third derivatives, and so on. 
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(ii) If u = wf (y/x), prove that 


ou a 
(a) wy = nt (b) a? wat oy BM ity, 


dy at ee 


assuming the mixed derivatives are equal. 
(a) By the product rule, 


eu y a fy 
——— n—-lfjZ t ( ese vie 
an (2) ad zt’) 
and on putting z = y/x and using ‘function of a function’, 
a oy Ad ez y AY 
salle) = gee (-3) =~ 27 (9) 
ou y y 
2— —1fiY’ } — »n-2. Ld oe 5 
Hence Aa naif (:) xy f (“) 


Similarly 


= nu. 
Alternatively, to calculate 0u/dx we may first take logarithms: 


logu = nloge +logs(¥); 


and then derive wo x: 


We find 2f/éx as before. 
(6) Instead of finding the second derivatives and verifying result (b), it is 
easier to proceed as follows. Derive result (a) wo x, and also wo y: 


au du O*u ou 


oat Ge Yanay Bey 
Cua goes ou ou 
£— =n—. 
ayon Yaya ey 
ou Ou ou au yee 
Hence — —— =(n—-1)—, 1)— 
i: oa) anby ae! aoe ea ee 
Multiply the first of these equations by x, the second by y, and add: 
au O2u ou Ou 
asin gy Perea pas yes 
¥ oat * Yay Y oa i ae v (Bey =| 


= (n—1)nu 
by result (a). 
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(2) Equality of the mized derivatives. Consider the second derivatives of 
u(x, y) at (a,b). By definition, 


4s. (8) =i u(x,b+k) —u(zx, b) 


and k-0 k ; 
aglaby Slim eee eee) 
h->0 h 
Lae > {lita ulath,b+k)—ulath,b) _ Km MUO +4) — Ula, ») 
n>0 4 \k-+0 k oO k 
2 : 1 
= lim lim — {u(a+h,b+k)—u(a +h, b) —u(a,b+k) + u(a, b)} 
h>0 ko hk 
= lim lim ¢(h, k), 
h-0 k->0 
where dh, k) = wath b+k)—uath,b)—ua,b+k)+ua, 6) ; 
hk 
Similarly Uye(a,b) = lim lim ¢(A, h). 
k->0 h->0 


Thus, in calculating the two mixed derivatives, we are considering the limit 
of ¢(h, &) in two ways: (i) when k > 0, and then h - 0 in the result; (ii) when 
h > 0 first, then k -> 0. It is easy to show that these two limits may be different; 
for example, if d(h, k) turned out to be (h+k)/(h—k), then 


h k 
He” lea =e Gai ae oy, 
n0k0h—-k poh k0nr02—-k ps9 —& 


In general, the result of a double limiting process depends on the order in 
which the two stages of the process are carried out. For the case of the mixed 
derivatives, we can show that the results will certainly be the same whenever 
Uyy and Uy, are continuous at (a,b). This condition is satisfied by all ‘ordinary’ 
functions. 


Write _ Uz, b+k)—u(z, b) 
f(x) = pee 
Then d(h, k) = f(a+h) —f(a) 


=hf'(at+6h) (0<0<1), 


by the mean value theorem (6.33(1)) applied to f(z) ina <2 <a+h; here 0 
depends on 6, k as well as a, h, since the former appear as parameters in f(z). 


Since 
’ = Uyz(X, b+ k) —U,(x, b) 
fe) = oe 
we have f(h, k) = Ug(a + Gh, b +k) —Us(a+ Oh, b) 
aie ik 


= UyA(A+Oh,b6+0’k) (0< 6’ <1), 


by the mean value theorem applied to the function u,(a+6h,y) of y in 

bxy<b+k. 
Similarly, writing uat+h,y)—u(a, y) 

gy) = ——_ 
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we have d(h, k) = 9(b+k)—g(b) = kg’(b+0,k) (0< 0, <1) 


_ uath,b+6,k)—ua.b+6,k) 
~ h 


= Upgy(at+O{h,b+0,k) (0< 6, <1). 
Hence Uyq(&+ Oh, b+ 0k) = uz,(a+O,h.b+6,k). 


If tye, Uzy are both continuous at (a,b), these expressions tend to u,,(a,b), 
Uzy(a, b) respectively when h and k tend to zero; therefore u,,(a, b) = u,,(a, 5). 


9.25 Partial differential equations 


(1) Their construction. A relation between partial derivatives of a 
function, perhaps also including the independent variables and the 
function itself, is called a partial differential equation (cf. 5.12). The 
results of 9.24, ex. (ii) are examples; the first, which does not involve 
the function f explicitly, can be regarded as the result of eliminating 
the arbitrary} function f from the equation u = x"f(y/x). Nos. 10, 13, 
14, 17 in Ex. 9 (a) can be interpreted similarly. 

Partial differential equations also arise from elimination of para- 
meters from a given function (cf. 5.11). 


Examples 


(i) Eliminate a and p from y = ae?*sin px. 
Partial derivatives are appropriate here because y is a function of two 
variables ¢t, x. We have 


a 
= ape*sin px, oy = ap’ e”'gin pz, 


é 
= ape?'cos pz, oy = —ap*e”'gin px. 


a 
oy 
Ox Ox? 


Oty By _ 


He —+—=+0. 
re ae’ Oa 


(ii) Eliminaie a, b, c from u = a(ut+y)+b(a—y) +abz+e. 


ou ou ou 
ae ote uae ag 
Since (a+b)?—(a—b)? = 4ab, 


)-G) =a 


+ The function f(z) is supposed to possess a derivative. 
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(2) Solutions having a given form. 


Examples 
ms au ldu 1 du 
i) J ie 
yy Ba por ttags 
Jind the most general solution u if (a) u is a function of r only; (b) u = r%f(8) 
where n is constant. 

(a) If u = u(r), the equation becomes 
cus ldu . 
dr?" rdr 

Writing v = du/dr, we find (1/v) dv/dr = —1/r, logv = —logr+C, and v = B/r. 
From du/dr = B/r, u = A +Blogr, where A, B are arbitrary constants. 
(6) If u = r"f(0), the equation can be written 


= 0. 


{nin —1)r"-? + nee (8) +5 {r"f"(@)} = 0 


i.e. n2r"—2F (0) +7"—2f"(8) = 0. 
Excluding the trivial case r = 0 (which corresponds to the solution u = 0), 
f°(8) +n2f(A) = 0, 
0) fS(@) = Acosné + Bsinnd 
and u=r"(A cosné + Bsinné). 


*(iv) Find a general solution of the formu = R®@ for the differential equation in 
ex. (iii), where R is a function of r only and © is a sneer of 8 only.t 


When u = RO, the equation becomes 


@R 1dR\, Rao _ 

dr? r dr rdgz ” 
. r2?/d@R 1dR 1 @O 
1.e. —-+- =-—— —_, 

R\dr ‘+ dr © dé? 


The left-hand side is independent of 0; the same must therefore be true of the 
right-hand side. Since the latter is also independent of 7, it must be constant. 
Hence each side is constant, say equal to n?. 


From the right, a2@ ee 
aga 
and (if n + 0) © = AcosnO+Bsinné. 
From the left, Bee dR pee 6: 
dr* dr 
an equation of Euler’s type (5.61). The substitution r = e' reduces it to 
@R 
ry —nv*R = 0, 
so (if n + 0) R= Ce™+De-% = Cr*+ Dr-", 


f+ A solution of this form is said to be separable. 
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A general solution having the form specified is therefore 
u = (Acosn6+ BsinnO)(Cr*+ Dr-") (n+ 0). 
When n = 0 the corresponding solution is easily found to be 
u = (A6+B) (Clogr+D). 


Exercise 9(a) 


Calculate 0u/Ox, du/dy for the following functions u(x, y). 
1 3x? — 2ay + 5y?. 2 x/y. 3 xy. 4 sin! (y/zx). 5 log (x? +y?). 


Calculate Uge, Uyes Vays Uyy and verify that Uy, = Uz, for the following. 
6 234+ 32%y+4+y', 7 xsiny+ysinz. 8 e*¥. 9 chachy. 


In the following, use the rule for ‘function of a function’ ; when necessary, assume 
that the mixed derivatives are equal. 


10 Ifu =f(y/x), prove ru, +yu, = 0. 

11 If wu = log (a?+y?), prove u,z,+u,, = 0. 

12 Ifu = tan-{(x+y)/z}, prove zu, + yu, +2u, = 0. 
13 Ifu = f(x+ct)+9(x—ct), prove 0%u/dt? = c? d2u/dx?. 
4 Ifu=(1/r) {f(ce+r)+9(ct—r)}, prove 


Ou ca ou 
oa ae (oe): [Put »v = ru.] 


— 


or 
15 Ifu=f(z), where z is a function of x and y, prove 


07u dz \? 02z 
aga (2) (=) +f"(@) 24) 
and find 0?u/dx dy similarly. 

16 If u = 2? tan— (y/x) —y*tan—(2z/y), calculate x du/dx+y du/éy. [Use 9.24, 
ex. (ii)(a).] 

17 Ifu =f(x?+y*), prove 

.. Ow Ou 
(i) Yon by = 0; 
oy oe gt OM og gy OH 
Ox dy dy? Ox ~ Oy 

[Method of 9.24, ex. (ii) (b).] 

18 If u = (y/x)f(x+y) and f’(x+y) denotes f(t) when ¢ = «+y, prove that 


O7u 
eT 
(il) y aa 


y , ” 
MU, +yU, = pets (x+y), Obey + 2eYUey +YUyy = Z(a+y)*f (x+y), 


and calculate DBubeoe + 80 *YUpey + BLY MUayy + YP Uyyy> 
19 If u = (x*—y?) f(t) where ¢ = zy, prove 
. Ou Ou Ou 
aoe = — qh) f” . ii) ———_ — (o2?_ 42 7 ” 
(i) Sat aya (a4#—y") f"(xy); (ii) andy (a? — y?) {3f (xy) + xy f”(xy)}. 


20 Eliminate a and b from z = az +by+ab., 
21 Eliminate a and p from y = ae-*"tcos px. 


22 GPMI 
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22 Eliminate a and p from u = ae-?*sin (2p*ct — pz). 


(~+6)? z dz 
23 If 22= toys’ prove w(E) a 


24 If wu, v are functions of x and y, eliminate the function f from u = f(v). 
25 Find Y, a function of y only, if Y cos pz satisfies du/@y = c* 0®u/dz?. 
26 Find Y, a function of y only, if Ysin px satisfies 02u/0x* + du/dy? = 0. 


Find a solution which vanishes when y = — 1, and equals sin x when y = +1. 
cosr O7u Au 2du 
27 If — dt i — = — - 
7 a A ) satisfies a a +- =e) , find d(2) 
*28 Ifr= ae +y?) and u = f(r), prove that 
Ore og HY 
ox FT oy rT 
Ou aoe u , 
and hence that ant +3 a =f"(r)+- =f (r). 
24 @2 
Find wu in terms of r if cl ae “= 
dx? Gy? 


*29 Iff(x,y) = xy(z?—y?)/(z? + y?) when 2, y are not both zero, and (0,0) = 0, 
(i) prove that when 2, y are not both zero, 
of _ gt —y? 4aty? of a eo“ Agty? 
er4y2 (22+ y2)2 ? dy = erty? (2+ y2)2 ’ 
lim Fh, 0) — FO, 0) 
h-0 h 
i.e. f,(0,0); and similarly find /,(0, 0); 
(iii) hence calculate 
mn FA F1000) «50,0 and 
ear 
(iv) What follows from the results of (iii)? 
*30 Iff(x,y) = x*tan— (y/x) —y* tan (z/y) when x + 0, y + 0, and 
f(x, 0) =f(0,y) = (0,0) = 0, 
prove that f,,(0,0) = —1, fy2(0,0) =+1 


(ii) calculate 


im 0-0 =140-9) « 5,.00,0). 


9.3 The total variation of u(x, y). Small changes 


9.31 Total variation 


Partial derivatives are defined by changing x or y alone. When x 
and y vary together, a change dx in x and a change dy in y cause a 
change du in u, given by 


du = u(xt dx, y + dy) — u(x, y). 
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For example, taking u = x*y? and writing h = dz, k = dy, we have 
bu = (a+) (y +h) —aty® 
= (22+ 2rh + h?) (y® + 3ky? + 3k%y + k8) — x2y3 
= 3xty*k + 3x%yk? + 22k? + 2ay3h + 6ay*hk + 6xyhk* + Qehk® 
+ yh? + 3y*h®k + 3yh?k? + hk 
= 2ay® dx + 3x2y? dy + da{6xy2k + 6aryk? + Qrk® + y®h + 3y*hk 
+ 3yhk? + hk} + dy{3a%yk + xk}. 
Hence, in this example, du is of the form 
A dz + Boy + €, da + €, dy, 


where A and B are functions of z and y, but not of dz or dy; and €,, €, are functions 
of a. y, da, dy which tend to zero when dx and dy both tend to zero. 


9.32 Definition of ‘differentiable function of (x, y)’ 


The function u = u(z, y) is said to be a differentiable function of (x, y) 
if arbitrary changes dx, dy in x, y cause a change du in u which can be 
expressed in the form 


du = Adu+ Boy+e,dx +6, 6y, (i) 


where A, B are independent of dx and dy but are in general functions 
of x and y, and ¢,, €, are functions of dx, dy (and possibly also x, y) 
which tend to zero when both 6x and dy tend to zero in any manner. 

Notice that the changes dz, dy are arbitrary, so that one of them can 
be taken equal to zero. 


The work in 9.31 shows that x*y° is a differentiable function of (2, y) for all 
values of z and y. On the other hand, the function defined by 


wy(x+y) 

x+y? 
when =, y are not both zero, and u(0, 0) = 0, is not differentiable at (0,0). For, 
writing h = dx and k = dy, 


du = u(h, k)—u(0, 0) = 


U(x,y) = 


hk(h +k) 
h?+k? ’ 
and if u(x, y) were differentiable at (0,0) we should have 
hk(h +k) 

he +k? 
Take k = 0, and leth +0 after dividing by h: then we find 0 = A. Taking h = 0 


and letting k - 0 similarly gives 0 = B. Finally, letting h = k, the relation 
becomes 


= Ah+Bhk+e,h+eqh. 


h = (A+B)h+(6, +6) hi; 


and on dividing by h (+ 0) and then letting h - 0, we get 1 = 4 +B. The three 
relations for A, B are clearly inconsistent. 


22-2 
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Identification of A, B in (i). 
In equation (i) put dy = 0; then 


du = Adute,ox, 


where ¢, is a function of x, y, 6x which tends to zero when dz — 0. 
We have 

Cis A+e 

Ox i 1> 
and by letting dz > 0, the right-hand side tends to A. The left-hand 
side tends to dujdx by definition of this symbol (9.21). Hence 
A = du/éx. Similarly, B = du/dy, and so (i) becomes 


ou 


Ju = = 


ba + dy +6, 52+ 6d (ii) 


This work also shows that if a function is differentiable, then it possesses 
partial derivatives; but the converse may be false, as in the example above: 
u(x, y) is not differentiable at (0,0), but 


u(h,0)—u(0,0) _ 5. 0 _ 4 
h ? 


u,(0,0) = lim ; 
h-0 h-0 


and similarly u,(0,0) exists and has the value 0. See also Ex. 9(6), nos. 8, 9. 
Thus (cf. the end of 3.93) ‘derivability ’ and ‘differentiability’ are not equivalent 
concepts. 


9.33 Small changes 
Equation (ii) leads to the approximation 


_ ou Ou a3 
OU ag aye (iii) 
when dz, dy are small. Comparing this with the corresponding result 
(iii) in 3.91 for functions of a single variable, we see that 
Ou 


aan 6x is the approximate change in w for a change dz in 2, 


keeping y constant; 
my is the approximate change in wu for a change dy in y, 
keeping x constant. 


(The constancy of y, x respectively is indicated by the partial deri- 
vative notation.) Also (cf. 3.91) these approximations are correct to 
first order in dx, dy respectively. We thus obtain 
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The principle of superposition of small changes. 

The change in a function when both variables alter (i.e. the total 
variation) 1s approximately equal to the sum of the changes arising when 
each varies separately, this approximation being correct to the first order 
in these changes. 


Example 
Estimate the possible error in S calculated from S = $bcsin A when there are 
errors 0b, dc, dA in b, c, A. (Cf. 3.91, ex. (iv).) 
Since w= dosin A, * = sbsin A, <= 4bc cos A, 
OS = $csin A 66+ $bsin A dc +4bccos AGA. 
Division by S gives the relative error 
aS _ 8 , 
Sb ¢ 
from which the percentage error can be found. The last approximation could be 
obtained directly by applying the principle to 


+cotAdA, 


u =logS = log4+logb+loge+logsin A 


. AlogS).., 68 
As a numerical illustration, suppose S is calculated when b = 5, c = 2 and 
A = 30°, where 6 and c may each be in error by 0-05 and A by 10’. Then 
S = 4x 5x 2sin 30 = 2-5, db = dc = 0-05, 6A = 7/(180 x 6) (working in radians), 
and the numerically largest possible error in § is given by 


és (“28 0-05 “8 


and using the fact that 


5 = 2 is 1080) ’ 
from which 6S = 0-1. The relative error is 0-04. 


267 1080 


Exercise 9(5) 


1 If pv = RT where Z is constant, find the approximate change in v caused 
by small changes dp, dT in p, T. 


2 If y = w/w, prove by bu bv bw 


y uv w 

3 If T = 27,/(l/g), find the approximate error in JT due to small errors 
él, dg in I, g. 

4 If f(x,y) = xe*¥, and the values of x and y are slightly changed from 
1 and 0 to 1 +z and dy respectively so that df, the change in f, is very nearly 
36x, show that dy is approximately 2 dx. 

5 Ifz=sin 0 sin ¢/sin y and z is calculated for the values 0 = 30°, ¢ = 45°, 
y = 60°, find approximately the change in z if each of 0, yr is increased by the 
same small angle «° and ¢ is decreased by 3°. 
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6 In triangle ABC, angle A is known accurately, but the measurements of 
sides b, c may be in error by 00, dc respectively. Find approximately the error 
obtained by calculating the side a from 6, c, A. What shape should the triangle 
have in order to make as small as possible the effect of the error 66? 


7 The points A and B, at distance a apart on a horizontal plane, are in line 
with the base C of a vertical tower and on the same side of C. The elevations of 
the top of the tower from A, B are observed to be @°, f° (a < #). Show that 
BC = asina cos f cosec (8 — 

If the observations of the angles are uncertain by 4 minutes, show that the 
maximum possible percentage error in the calculated value of BC is approxi- 


tel 
ete, 7 sin (a+ £) 


27sin a cos # tan (f—«a)’ 
*8 If u(x,y) = (x?—y3)/(x?+y*) when x, y are not both zero, and u(0,0) = 0, 


prove wu is not differentiable at (0,0), but that du/éx, du/dy exist at (0,0) and 
have the values + 1, — 1 respectively. 


*9 If u(x, y) = J|zy|, show u,(0,0) = 0 = u,(0,0), but that wu is not differ- 
entiable at (0,0). 


9.4 Extensions of ‘function of a function’ 


9.41 Function of two functions of t 
If u = u(x, y), where x = x(t) and y = y(t), then 


u = u(x(t), y(t) 


is a new function u = f(t) of one independent variable ¢, and its deriva- 
tive du/dt = f’(t) may be obtained directly. However, this substitu- 
tion for x and y is not always convenient, and we proceed indirectly 
as follows. 

Assuming that all the functions concerned are differentiable, a 
change o¢ in ¢ causes a change dx in w and a change dy in y, which in 
turn cause a change du in wu, wheret by 9.32, equation (ii), 

ou = sed + dy +6, bt + €40Y. 

Since x(t), y(t) are differentiable, they are certainly continuous 
functions of ¢ (3.12 and 3.93); hence when dt > 0, also dx-—>0 and 
dy > 0. Therefore ¢, -> 0 and €, > 0 when df > 0. Now 


du oudx oudy du dy 
Ou dl Oy th MOR OF? 


+ e€, and ¢, are not defined when dx, dy are both zero. To cover the case when 
dx = 0 = dy for some values of dt + 0 (e.g. x = y = P(t) near ¢ = 0, with ¢(t) as on 
p. 64), we may ‘complete the definition’ by taking ¢, = 0, e, = 0 when dz = 0 = dy. 
Cf. p. 63, footnote. 
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and when dt — 0, the right-hand side tends to 


Oud | Oudy 
Ox dt ° Oy dt” 


Hence du/dt tends to this limit, i.e. 


dt ox di dy dt’ 


The formula (iv) may be false if u(x, y) is not differentiable; this is shown by 
the example already considered in 9.32, where u,(0,0) = 0 = u,(0,0). Putting 
x=t, y=t, we have f(t) = u(t,t) =¢t if t+0, and f(0) = u(0,0) = 0; hence 
J’(é) = 1 for all t, even when ¢ = 0. But when zt = 0, 


— = 0.1+0.1 = 0. 


The formula fails because this function u(x, y) is not differentiable at (0, 0). 


9.42 Total derivative; application to implicit functions 


When? = xin 9.41, we have u = u(x, y) where y = y(x); (iv) becomes 


du ou dudy 
di bz dy dx’ (v) 


which is sometimes called the formula for the total derivative of u wo x. 

Itis at this stage that a special notation du/dx for partial derivatives 
‘becomes essential: du/da means the derivative of the function u(z, y) 
in which we have substituted y = y(zx) before derivation; du/dx means 
the derivative of u(x, y) wo x, carried out as if y were constant, where the 
substitution y = y(x) is made after derivation. Thus 0u/éx symbolises 
a ‘formal’ derivation wo x. Similar details of interpretation apply to 
(iv); the reader should thoroughly understand their significance 
before proceeding further, and should do Ex. 9(c), no. 1. 

In particular, suppose y is defined implicitly as a functiont y(x) of 
« by she equation u(x, y) = 0. Then u(x, y(x)) = 0 for all x, and so 
du/dx = 0; (v) becomes 


_0u , Oudy 
~ Oa ' dy dz’ 
dy ou fou : 
de — du) dy my 


ft Assumed differentiable. 
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Example 


Find dy/dx and d?y/da? of 23 + y*® = 3xy. 
We will find dy/dz (a) by the elementary method of 3.41; (6) by formula (vi). 
(a) Derive both sides wo 2, treating y as a function of x (defined implicitly): 


dy dy 
24.32% — 3 edd 
3a? + arm (y+23%) 


d 
(y2—a) 2 = y—a’, 
dx 


dy y-x* 

d oy oe, 

a dx y*-x 
(6) Taking wu = 23+ y°— 3ay, du/dx = 322—3y and du/dy = 3y*— 3x. There- 
fore by (v), dy _ oy yee 


dx yt—a yt—a 


Methods (a), (6) are really the same process, as the above working shows; 
but we now hsve a general notation available to formulate the process (a). 

To find d*y/da? we may either proceed as in 3.53, ex. (iii), or apply formula (v) 
to the function u = dy/dx: 


a” Be me) "ay (ya) a 


da? da\y®—2) © dy \y®—-a) ‘dx 
= — 2aly!— 2) +(y— 2) , (yl a) — 2yly— 2") y—x 
7 (y?—2)? (y2—a)? = y?@—@ 
_ (a? +y — 2ay?) (y? — 2) + (20%y — y? — x) (y — 2?) 
7 (y2—2)3 


The numerator reduces to Qny( Bay — ax? —y®— 1), 


which by the given equation is equal to — 2ay. Hence 


dy day 
da? (x—y?)>” 


[The work on envelopes in 8.5 could be read at this stage.) 


9.43 Function of two functions of (, ») 2 


If u = u(z,y) and x = x(,y), y = y(&,7), then direct substitution 
shows that u is a function f(£, 7) of £ and 7, where 


f(E,9) = u(x(E, 7), y(E,0))- 


To find 0u/0 and Ou/dy (or, more precisely, f,(, 7) and f,(&,7)), we 
observe that provided all three functions are differentiable, formula (iv) 
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still applies, except that the notation in it is now modified into partial 


derivatives: Ou Ou om du oy 
oe  OOx OE dy o£ 


Ou  0udx On ou ou oy 
on Ox Oy ' dy On 


(vii) 


For, the proof of either of results (vii) is the same as that of (iv): to 
get (say) 0u/0g we are keeping 7 constant, and are thus dealing with 
a function of effectively only one variable £. 


Examples 
(i) If uis ae of x and y, and x = e*Esin y, y = e€cos 7, prove 


(a) eo 2a 4 Bye () H = pert (sin + 200897). 


ay’ 


By (vii), Mi oe au 
f= Fa (2eréain ”) +5, (2etcos 7) 
ou ou 
= = or Py 5 
which proves (a). Similarly 
Ou du ou ‘ 
ao eo ee) 
= du ale 
Yon by 
To solve these for du/éx, multiply the first by x, the second by 2y, and add: 
ou Ou Ou 
e+ 2y— = A(a?+ 4? Pe’ 

Ou 
oe: 2g 2g — = Qett—— 
1.e e*ésin 7 oe te 008 é ae 

Ou ou 
th. — = fe—E[ sin — + 2 —}. 
so that On $e (sinn +2cosy a 


Remarks 


(a) After observing what has to be proved in (6), the reader may be tempted 
to begin directly with the formula 


du — dwok  duoy 


Oe Ob On On Ox 


Further progress could then be made only by expressing & and y as functions of 
x and y. We should obtain 


E = tlog(z*+y?), 9 = tan—(z/y), 
and the work could be completed by direct calculations. We emphasise that in 
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general 0£/da + 1/(d”/0£), etc., so that the preceding steps cannot be short-cut; 
here, for example, 3 E ie 


l 1 = 
while ano = Dean = $e—*E cosec 7. 
When deciding on the formula with which to start, we must take account of 
the given functional relationships. 

(8) When we have four variables x, y, £, 7 connected by two relations, the 
symbol é2:/0& standing alone is ambiguous. It implies that z has been expressed 
as a function of € and another variable, which could be either y or y. In the 
present case the relations are x = e*6sin 7, y = e%6cos 7, and when z is a function 
of (£,7) the first gives da/0f = 2e?&sin 7; the second is not used. If instead we 
express x as a function of (£,y) by eliminating 7, we find that 2 = ,/(e%—y?), 
from which oe Qett Qetk 

ar Gea as 2e?£ cosec 77. 


To distinguish the two meanings we write (@7/0£),, (@x/0£), respectively, 
with a similar notation for other partial derivatives. 


(ii) Ifu = f(x—y, y—2,2—2), prove 
ea Aces 
Ox by 
Put =2-—y, n= y—2, C=2—2, so that wu =f(é,4,¢). By formula (vii) 
extended to a function of three functions &, 7, ¢ of (x, y, 2), 
du duak  duay dual 
s—=antente 
oa ~ BE daz onda OC ax 


au tb. 8 
~ 1a 0p (= 1} 


= 0. 


OB Gy” BE 
Ou du 
=F 2C" 
Similarly Oh BON ee Oh hee 
oy 0& an” dy 8C" 


The result follows by adding. 


Exercise 9(c) 


1 Find du/dt if u = 2*+y? and x = 3#*, y = 2¢ (a) by direct substitution; 
(6) by using formula (iv) in 9.41. 
Find dy/da for the functions defined implicitly by the following equations. 
2 (a+y)> = 3zy. 3 2 +y5 = 5ax%y? (a being constant). 
4 xcosy = ycos2. 5 f(xy) = 0. 
*6 If the curves f(x,y) = 0, g(x,y) = 0 intersect, show that they do so at 
angle tan~1 {(feGy —fy Ge) (feGe +f49u)}- 
*7 If ct+yt = 4zy, prove dy — 2vy(x%y? +8) 
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*8 If f(x,y) = 0, prove that 
dey _ _Sifex— tab vfeutSoby 
da? de 
Show that the curvature of f(x,y) = 0 at (a, y) is 
Si hen AtabvfovtSs, vy 
(f2+f2t 
9 If wis a function of (x,y) and « = $(£?+ 7"), y = 9, find du/a&, du/oy. 
10 Ifu = u(x, y) and « = rcos0, y = rsin 8, prove 
Ou ou 


iets xe—t+ 
Or Oe 4 ay’ 


K= 


and express 0u/20 similarly. 


11 If u=u(x,y) and £ =e”, 7 = 2*+y%, express du/dx, du/dy in terms of 
0u/0E, du/éyn, x and y. 


12 Ifu=u(z,y) andz =£+y,y= a prove 


) En = be-15s i) E-E = E Fe. 
13 Ifw= ue. y) and « = £?—7?, y = 2£, prove 
: ou dus Bu 
(i) Be 
Gi) Fe 2 aS wt By ae + a oP 
and hence that (iii) 2 ss ata Z -* (S 2 
14 Ifu, v are functions of (x, y) which satisfy 
ee Oh 
ax ay’ dy ox’ 
and if x = rcos6, y = rsin 0, prove that 
du ld 1d ov Ou ldu 1 au 
or 70" 700 oe "Batre tag % 
15 Ifu = x*f(y/x,z/x), prove that 
PS hatha a 
Ou oy = 


16 Ifz =rcos8, y = rsin8#, prove 


(a). (), =e (GE), Ge), 


Interpret these four partial derivatives geometrically, and indicate why 


a o@ | 
on or’ oat 20° 


17 Inno. 16 find (a2/ér),, (2y/20) ». 
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9.44 Further examples 


(1) Euler’s theorem on homogeneous functions 

We defined ‘homogeneous function of degree n in (x,y)’ in 1.52(4); the 
definition extends obviously to three or more independent variables. 

If u(x, y) 1s homogeneous of degree n, then 


x oY + a nu 
an ay 
for all x, y for which the function u is differentiable. 

The result has already been verified by direct calculation in 9.24, ex. (ii) (a), 
since every such function can be expressed in the form 2"f(y/x): see Ex. 1 (d), 
no. 7. We now give a proof based on formula (vii). 

Put & = tx, 7 = ty in the definition 

u(tx, ty) = t™u(z, y) 
of ‘homogeneous function’; then 


ulé, q) = t"u(x, y). 
Derive both sides wo ?t: 
duds dudy 


ae at Oy ot 


x _ + ve = nt"u(a, y). (a) 


= nt™-lu(x, y), 
i.e. 


; 7) a 
Since ag UE» ”) a [see fone etc., 


equation (a) becomes 
= nt"“lu(x, y). 
“lml.,** Lire,” 


Putting ¢ = 1, this becomes 


+ ay = nu(x, y) 
ct —_—_ — ’ ’ 
9 ¥y 5 ¥y 


since £ = x and y = y whent = 1. 


Example 


Obtain the result of 9.24, ex. (ii) (6) similarly. 
Derive equation (a) above woé, applying formula (vii) to each of the functions 
du/0E, du/dn: 
Bu db au On au GE au dy 
alter ayag an) + Scene a 
au au O%u 
i.e. 2 a pn-2 : 
i.e x aga Yor 5, TY ay? n(n —1) u(x, y). 


Now put ¢ = 1, and the result (‘Euler’s theorem of second order’) follows. 


) = n(n — 1)t"-*u(x, y), 


+ See also Ex. 9(c), no. 15, and Ex. 9(f), no. 23. 
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(2) Laplace’s equation Ou Au 
cats + ——— ie 0. 
Ox? = ay? 

Interpreting («, y) as cartesian coordinates, we investigate what becomes of 
this partial differential equation when we change to polar coordinates by the 
substitutions x =rcos0, y=rsin9. The new independent variables are r 
and 0, and we have to express partial derivatives of u wo x, y in terms of those 
wo 7, 0. We have by (vii): 

Ou dude Oudy du ou 

— — cos 6+— sin 8, 

eG yor ee ey 

ou ou eee ou dy ou ou 

va —rsin 0 +— 0. 
00° e000 by ae Poy 


Solving for du/@x and du/ay, we find that 


ie ages eee OU ot yy ibe Cone (b) 
aa or or COO by or r 00 
The first of equations (b) shows that the operators 0/22 and 
cos pee sing ae 
or or: «00 


have the same effect on u, where on the left u is a function of (x, y) and on the right 
it has been expressed in terms of r and 6. Using these equivalent operators 
(cf. 5.62) to find 02u/dx?, we have 


O2u e@ sind a ou sin 0 ou 
— = [cos@—~— —} fcos9——_— 
iv or 


r 06 or r 00 


Pa Bn le ech sinO d?u 
Secs ot 7? 00. + oreo 


= (- sin“ +008 p ou re S008 ee on™) 

. oOer r 20 r a 

= gig SP On ais ee a ee eed coal ae 
or? r erod or? 0 r or ra 20 


Similarly, or see Remark (a) below, 


eu at 0m ain 2sin@cosO 0% 5 cos? 8 224 a cos?@ du 2sin8cos@ du 
oy? r ara0 or? 802 r Or 2 20° 
. Ou du Cu 10% lou 
ia Gat * yt — oe OAT Toe () 
Remarks 


(x) Since the expression for @u/éy is obtainable from that for du/dx by putting 
6—47 for @. therefore 2*u/@y? can be found from @u/@x2 by the same sub- 
stitution. 

(£) The result can be written 
laf ou 1 du 
r Or ” Or r2 962° 

(y) The expression on the left-hand side of (c) is often written V2u, where 
V is called del or nabla; V? is the Laplace operator. 
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(3) The wave equation ay 1 dy 
Ox? c? at?” 
To find the general solution of this, we change the independent variables 


from zx, ¢ to u, v by the substitutions u = «—ct, v = x+ct which are suggested 
by Ex. 9(a), no. 13. We have 


dy Oydu  dyov _ LT 
dx Bude vac = Bu dv’ 
and by using equivalent operators, 


Bi (22) (8) 2 ag Pes 


da? \du dv) \du dv) — But“ dudv | dv? 
Similarly, 
oy oy oY ay fay 5 Gy , ay 
—= —-c— — —_—= 9 = 
ree 7 ae am a Ye 
Hence the given equation becomes 

ay 

dudv 

Since this can be written & (oy\ _ 

du\av) ’ 


we see that dy/dv is independent of wu (3.82), and is therefore a function of v 
only, say 0y/dv = F(v). Integrating wo v, 


ye | F(v) dv+g(u), 


where g(z) is an ‘arbitrary’ function of u. Writing f(v) = fF(e) dv, the required 
general solution is y = fv) -+9(u) =fla+et) +9(a—ct), 


where f, g are ‘arbitrary’ functions. 


Example 
Find the solution for which y = e*—1 and dy/at = e* when t = 0. 
ne OY of (tet) — og (a — et), 
we see that when ¢ = 0, 
| y=fla)+o2) ond © = of (z)—e9'(2) 


Hence we require 


1 
f(z)+g(x) =e*—-1 and f’(x)—g’(x) = rg, 


1 
i.e. S(x%)+g9(x) =e*—1 and f(x)—g(x) = A e*+a 
for arbitrary a. Therefore, on solving for f(x), g(x), we find 


ja) = (142) e44a—, 2) = 5 (1-3) #- He, 
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and the required solution is 


1 1 1 1 
= {14 —) extet+— [1 —_} ez-et~- 1, 
vag (trs) ora (t-a): 


Exercise 9(d)* 
1 Write down the expression for 
an! by be 
when wu is 
; y .. V(at+y—z) fe 2 
tan-1____-___.; <=; —,-}. 
2 For any differentiable functions ¢(é), y(t), show that u = xd(y/x) + p(y/x) 
satisfies 
a7u au Oru 
t pet pee, 2. = Q. 
= gaa t Yo Gy TY dy? 


3 If f(x,y) is homogeneous of degree n in (x,y), prove that f,(x,y), fy(x,¥) 
are homogeneous of degree n—1. [Derive f(z, ty) = t"f(x, y) partially wo z.] 


4 Ifz=rcosd, y=rsin0@ and u=r"cos90, find the possible values of the 
constant n if 0°w/dx? + d2u/dy* = 0. [Use 9.44(2).] 
5 Find the value of the constant A if u = x* + Ary? satisfies 
au ou 
aut * By? — 
With this value of A, show that if z = rw where r? = 2? + y?, then 
oat +55 = n(n + 6) r*—2u, 
{Express z in polar coordinates. ] 
6 Ifz is a function of x and y, and the variables are changed to u, v by 
u = anr+ By, v = ax? fy* 
(where a, £ are constants), prove that 


vie az 02 o? a az 2 
(ili) at aay + yt = a(S + 20 +S) +2(uz +02). 


[For (iii) use equivalent operators obtained from (ii).] 
7 Ifz=e"+e-, y = e+e, prove 
O2z O22 Oz oz oz rz a2z Oz 


Sa eee eee a pall 
but “‘dudot oot ae TYay +” aaa Saay TY dys 
8 Iff=u+vand y = wv, prove 
ga az Ot zoe 
lr, Yall (a? — 4y) 2 — 9 


du® “dudv' ove 
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9 Obtain the solution of 0%z/dxdy = sinzsiny for which éz/dy = —2siny 
when x = 0. and z = 0 when y is an odd multiple of 47. 
10 Find the general solution of 0%z/éx2— 0%z/dy? = sin (x+y) cos(x—y). 
[Use 9.44 (3).] 


9.5 Differentials 
9.51 Definition 


Suppose that u(x, y) is a differentiable function of the independent variables 
x, y. Then the approximation (iii) in 9.33 and the procedure in 3.92 (1) suggest 
that we define du, the differential of u, by the exact relation 


Ou 
ey 
Thus du is that part of the total variation du which is linear in dz and in dy 
(the ‘principal part’ of du). It is defined whenever both @u/dx, du/dy exist. 
This definition of the differential of the dependent variable uw also defines 


the differentials dx, dy of the independent variables x, y. For dx is du when u 
is the function 2, in which case du/dx = 1 and @u/dy = 0, and (viii) gives 


dx = 1éx+0dy = dz. 


o 
du = = on + dy. (viii) 


Hence dx = dz: the differential of x is identical with the arbitrary increment dz. 
Similarly (viii) shows that dy = dy. Consequently (viii) can be written 
ou Ou 


du = we ay (ix) 


Remarks 


(a) Although da = da and dy = dy, in general du + du since by (ii) of 9.32 
and (viii) we have Budi Barbe eso; 
and in general €,, €, are not both zero. 

(8) We shall see (9.53, Remark) that formula (ix) is more general than (viii). 

(y) The partial derivatives u/0x, Qu/Oy appear in (ix) as the coefficients of 
the differentials dx, dy. For this reason these partial derivatives were (and 
sometimes still are) called partial differential coefficients. 

(6) To differentiate a function u is to write down the expression (ix) for du. 
Contrast this with the process of deriving u wo x (or wo y), in which we merely 
write down the expression for du/dx (or du/dy). 


9.52 Principle of equating differential coefficients 
If Adz+Bdy = Cdz+Ddy, 


where A, B, C, D are functions of the INDEPENDENT variables x, y (or are possibly 
constants), then A = Cand B= D. 

Proof. Since dz, dy are arbitrary, being identical with the increments dz, dy 
respectively, we may take dy = 0, dz + 0 in the given relation and obtain 
Adz = Cdxz, whence A = C. Similarly, taking dz = 0 and dy + 0 shows B = D. 

It is essential here for x and y to be the independent variables, otherwise 
dz, dy would not be arbitrary. 
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9.53 Invariance of the expression for the differential 


(1) If we interpret the derivatives du/dt, dz/dt, dy/dt in formula (iv) of 9.41 
as quotients of differentials, we may multiply both sides of (iv) by dt and obtain 
(ix). Now (ix) was proved on the assumption that in u(z,y), x and y are the 
independent variables; whereas under the circumstances in which (iv) holds 
both x and y are functions of a variable ¢. It thus appears that (ix) holds more 
generally when x, y are themselves functions of an independent variable ¢. 


(2) Next, suppose as in 9.43 that u = u(x, y) has been expressed as a function 
u =f(§,4) of the independent variables £,7 by means of the substitutions 
x= x(§,7),y = y(&,4). By the definition of ‘differential’ applied to the function 
u=f(b,%), 


du = ode 4 dy 


af t 55 
Ou de dudy dude , du dy 
= (Rt ‘aa a+ (Ret ay wana ey 


==(¢ at dé + =n) + yy me dé + oy Han) on rearranging, 


du 
=— —d 
sade + By Yy 
since by the definition of ‘differential’ agi” to the functions x = x(&, 7), 
y = y(§.7); 


== — = oY —d 
sebt dy and dy Be q 


ag 
Thus du is still given in terms of dx and dy by the formula (ix), JUST AS IF (2, y) 
WERE THE INDEPENDENT VARIABLES. 
Remark. In contrast to this result, formula (viii) is false when x, y are not 


the independent variables. For, since we are assuming 2(£,7) and y(£, 4) to be 
differentiable functions of (&, ni as in 9.43, 


= 3 sp Ob + Son +6, BE + 6,04 
= dx+e,d&+6,d7 
by definition of dx; and similarly 
dy = dy+e, df +6, 07. 
The right-hand side of (viii) is therefore 


ou ou 
By (Ow + 6198 + €287) +5, (dy +6098 + 6457), 
which in general is not equal to 


ode + sed ie. du, 


the left-hand side. Thus (ix) is more general than (viii). because it holds whether 
or not the variables are independent. 


23 GPMI 
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(3) The above invariance property holds for the differential du of any 
differentiable function u of n variables =, y, z, ... which are themselves differen- 
tiable functions of m independent variables £, 9, €, .... The proof would proceed 
similarly from the corresponding extensions of formulae (vii) and of the defini- 
tion of ‘differential’. The technical convenience of differentials depends on 
this property; see 9.6. 


9.6 Further implicit functions 
9.61 Differentiation of equations 


Let f(r, 8,t) be a differentiable function of the independent variables r, s, t. 
Suppose that functions u = u(z,y), v= v(2,y), w = w(z,y) of independent 
variables x, y are such that 

f (u, Vv, w) =0 


for all x and y for which the functions are defined. We then say that u, v, w 
satisfy a differentiable equation f(u,v,w) = 0. For example, if 

f (7,8, t) = r?2+87+—-1, 
then u=sinxcosy, v=sinxsiny, w= cosx 


satisfy f(u, v,w) = 0. 
On substituting for u, v, w in f, we obtain a function of the independent 
variables (a, y) which is zero for all x, y concerned. Hence 


of of 
—=0 d —=0, 
re an ay 
of of 
d df = —dx+— dy = 0dx+0dy = 0. 
and so if att By y + Ody 
By the invariance property we always have 


EF ge pa 
af = ai tae be 
4 
a 


a a 
ut dos 2 aw = 0. 


Hence 
Therefore, given a differentiable equation involving differentiable functions, 
we may differentiate both sides as IF the functions in it were independent variables. 


9.62 Derivatives of functions defined implicitly 


In this section we assume that all functions involved are differentiable. We 
consider general functions rather than specific examples because we thereby 
exhibit more clearly the process used, unencumbered by details of calculation. 
The following cases are typical. 

(a) In 9.42 we regarded the equation f(x,y) = 0as determining yasan implicit 
function of x, say y = y(x); then f(x, y(x)) = 0 for all 2 for which the functions 
are defined. The same equation f(x,y) = 0 could also determine x as an implicit 
function of y. 

(b) Similarly, f(x, y,u) = Omay define was a function of (x, y), say u = u(x, y); 
and then f(x, y, u(2,y)) = 0 for all x, y concerned. The given equation might 
also define y as a function of (2, u), or x as & function of (y, u). 
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(c) The pair f(x, u,v) = 0, 9(z, u,v) = 0 may be thought of as simultaneous 
equations capable of being solved for u and v in terms of z,f i.e. as defining 
implicit functions u = u(z), v = v(x) for which 


(2, u(x), v(x)) =90 and g(x, u(x), v(x)) = 0 
for all 2 concerned. 


(2) Likewise the pair of equations f(z, y, u,v) = 0, g(x,y, u,v) = 0 could define 
U=U(z,y), v = (x,y). 


Assuming throughout that these implicit functions actually exist and are 
differentiable,t we employ 9.61 and 9.52 to obtain expressions for their deri- 
vatives. The results need not be memorised because they can be found in any 
particular case by the same methods. The first step is always to differentiate the 
given equation(s). 

(a) From f(x,y) = 0 we have 


z of 
5g TE, dy = 0, 
oy 
dy_ =f [af 
so that de = ~ Be ay 
as in (vi) of 9.42. 
(6) From f(x,y, u) = 0, 
7 dos F ay +— 2 tu = 0. 
oy 
Solving for du, du = egy Seay, 
fu Su 
ou ou 
But = — pais 
u du Bt ay 


and since (1, y) are the independent variables, 9.52 gives (on equating coefficients 
of dx and of dy) 


uf u_sesisty 
=-— and —=-—-. 
defy oy 
(c) We have 
of of of ag ag ag 
rs ag +5, al dv=0 and 9g +5 tg = O- 


Solving for du, dv in terms of dx gives expressions for du/dz, du/dx. 
(d) Differentiating, ; . 


of 
Oat sae Bu an 


with a similar equation for g. We can solve these for du, dv in terms of dx and 
dy in the f 
eee es du = Pdx+Qdy, dv = Rde+Sady. 
Since (z, y) are the independent variables, we deduce 
ou 
— =f, Of =o, sie a EUG: 
oa oy Ox oy 
{t Other choices are possible, of course. 
¢ General conditions sufficient for this can be formulated. 


dy + dv = 0, 


23-2 
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Remarks 


(«) The equations in differentials are always linear, and therefore easily 
solvable, whereas the given equations will not in general be linear in the 
corresponding variables. 

(8) We have already remarked that the choice of independent variable(s) 
can be made in more than one way. For example, in (d) we can select two 
independent variables from among 2, y, u, v in 4C, = 6 ways, and for each 
choice there are 4 equations giving the partial derivatives of the remaining 
variables wo these, making a total of 24 such equations. The two equations 
obtained by differentiating f = 0 and g = 0 are symmetrical in the differentials, 
and convey all this information. Also see 9.43, Remark (£). 

(vy) The reader who nevertheless wishes to avoid differentials can obtain the 
results described above by using the obvious extensions of formulae (v) or (vii) 
to functions of more than two variables, in the manner that (vi) was obtained 
in 9.42. Thus in (0), by deriving f(z, y, u(x, y)) = 0 wo « (using the extension 
of (vii) to a function of three functions of (a, y)) we have 


Of af au ou fe 
17% 9, sothat —=—2 
Be * Ou Bex ee Sage fe 


Examples 


(i) If w=sinashy and log(x+y)+2y—3logz = 4, calculate du/éx when 
x and z are the independent variables. 
Differentiating both equations, 


du = cosa sh ydz+sina chydy 
1 3 

and —— (dx+dy)+2dy—-dz=0. 
e+y z 


From the latter we find 


1 3 1 
dy (__- +2) = dz -——- dz, 
lew z «ty 


and on using this to eliminate dy from the former, 


3 1 1 
du = cosrsh yde+sinzchy(=ae—-—--) |(—— +2) : 


Since (x,z) are the independent variables, @u/@x will be the coefficient of dz 


in the expression for du, viz. 
sin # chy 


cos # shy — 142042" 


(ii) If f(x, y,z) = 0. prove 
Ox dz [dz Ou oz 
—=-—-—/— and —=l1/>.- 
dy dy | ax dz oar 
First method. By differentiating the given equation, 


of of of 
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The expressions 0z/dx, 0z/dy in the required results indicate that z is an implicit 
function of the independent variables x, y. To find them, solve (A) for dz: 


dz = Fae tay 
fe f& _ Sty 
Hence = F, and By =e 


Similarly, the appearance of @x/dy, du/dz indicates that we regard the same 
equation f(x, y,z) = 0 as defining x as a function of (y,z). Solving (A) for da, 


Sy 
dx = —— dy —— dz, 
Fiche 
ee Caf cxf, 
from which —=—~ and — =——, 
oy fx Oz ta 


The two results now follow. 
The preceding is hardly more than a verification of results already stated. 
A more subtle use of differentials leads directly to the results themselves. 
Second method. Regarding z as an implicit function of (x,y), 


Oz Oz 
dz = car re 


Next, regarding x as an implicit function of (y,z), 


Ox Ox 
= —dy+— dz. 
dx bgnt ae 


Eliminate dx from these by substituting the second in the first: 


Oz On Oz Oz Ox 
d: = carne arr d vere ee d: e 
: Goa) Yon be 
Equating coefficients of dy, dz gives the respective results. Observe that the 


function f does not enter the calculations. For Ex. 9(e), no. 16 the first method 
would be even more prolix. 


Exercise 9(e)* 


Assume that all the functions concerned are differentiable. 
1 f(x,y,2) = constant and zyz = constant; prove that 


dy _ ylaf.—2f,) 


dx a(yfy—2fz) 

2 Iff(z,y,z) = constant and x*+y?+2z? = constant, find dy/da, 

3 u=f(x,y) and ¢(z,y) = 0; prove that du/dx = (fePy—Puty)/Py- 

4 Ify =f(x,z) and z = g(x,y), find dy/dzx. . 

5 A curve in the (x,y)-plane is given by the equations f(x, y,a) = 0 and | 
fa(v,y,%) = 0. Prove that its gradient is —/,/f,,. 

6 Elimination of ¢ from the equations y = f(x,t), z = g(a,t) leads to the | 
relation z = ¢(x,y). Prove that $, = (f:92—f29,)/[f, and $y = gilfe | 

7 Ifx=e*%siny and y = e%cosy, prove that (ax/2£), = 2e*Fcosec y. [Nota- 
tion of 9.43, Remark (f). Cf. the direct method shown there.] 
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8 If u=ay and ax+by+cz = 1, where a, b, ¢ are constants, find du/dx 
under all possible meanings. 
9 Ifu=2?+y?+2? and z = zyt, find du/éx under all possible meanings. 
10 Ifu = a2 +y%+23 and 2?+y?+2? = constant, find (du/dz),. 
11 If u=2%y2z where 2?+y?+2? = 3xyz, calculate (du/éx), and (@u/éx), 
at (1, 1, 1). 
12 Iff(z, y,z) = 0, explain in detail the meaning of the symbols dy/dxz, da/dy. 
Prove that , axey |. Ow ay oa 
Bae tO) Sy be be" 


13 Given that p, v, 8 are connected by a single equation, prove that 


(2). on), (e) = 


14 The variables p, v, 0, ¢ are related by pu = RO, ¢ = C,logp+C, log», 
where C,, C,, R are constants and C,—C, = R. Prove that 


a0ed 0086 | apav apav 


dpiv dvdp ad ep00° 


[The context makes clear that in the left-hand side 0, ¢ are functions of (p, v), 
while in the right-hand side 9, v are functions of (9, ¢).] 


15 The equation dH = 6d¢ —pdv arises in Thermodynamics. If H is assumed 
to be a differentiable function of (¢, v), show that 


and deduce that the four variables p, v, 0, ¢ are related by two equations. 


Prove thet (2), =-(2); w (J) =(2),- 


[For (ii) put ~ = 0¢—E, show dy = ¢d0+-pdv, and hence get 


16 If2, y, wu, v are connected by two relations, show that 


2.22.0. = @,.0-2.0),- 


[Write down du, dv and dz, dy. Substitute the first set in the second, and then 
equate coefficients of dx and of dy.] 


Miscellaneous Exercise 9(f) 
1 Ifw= ylog(y+r)—r where r? = 2*+ y*, prove 
Gu dui i 
dat Oy? yt 
2 Ifa =rcos0, y = rsin#, prove 
a0 _ €08 26 
dar Oy re” 
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3 Ifz =f(x,y)+ 9(t) where ¢ = xy, prove 
° oz 
V =2—-y— 
” Oa Voy 


is independent of g. Calculate V when f(x,y) = xye®-¥. 
4 Ifu=2*—y’, find a function v(2, y) for which 


for all x and y. 
5 Ifz=f(x?+y?), prove 


.,  O& dz es Oz az az 
(i) aa wey (ii) (9) on oy = xy (S-m) . 
6 Ifu=f(z?+y?+2?), prove 
cat gent gee = Mott yeas at tutte + Of (att y+ 2%. 
7 Ifu=2x"f(y/x), prove ou 
Van Voy = nu. 


If v = wet*+v with u as before, prove 
ov 
oy 
8 Ifz=f(x+y)g(x—y), prove 
(aer~ ai) = (es) ~ (5) 
a2 dy? Oar dy} ~ 
9 Ifz=af(x+y)+yg(x+y), prove 
az az az 
act “Gedy” dyt 
10 Find the constant n if u = ¢" e-"‘ satisfies 


a(S) ou 
rt} = —., 


gents = (ax+by+n)v 
ae oe 7] . 


rear\’ ar) at 
11 If wu =f(z) where z? = #?—z2*, prove z0u/at = tf’(z) and show that if u 
satisfies a2 a2 Ou 
Ox? ~ oft” 
. d*f ldf 
then f(z) satisfies wats att = 0. 


12 If w=f(z) and 2*=27/4t, calculate du/dt, O%u/ax%. If u satisfies 
du/dt = 0u/dx*, prove f(z) = A fe ~* dz +B, where A, B are arbitrary constants. 

13 Find the gradient of the curve x*tan-!(y/x)—y?tan-!(x/y) =e at the 
general point (7 cos 0, rsin 0). _ 

14 Show that the value of d*y/dz? at the point (a, a) of the curve 


e+y=aryt+a® is —T/a. 
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15 (i) a the equations of the tangent and normal at (x,,¥,) on the curve 


f(y) = 
(ii) oe the lengths of the subtangent and subnormal. 


16 Prove that the curves x?+y? = e?*, y = xtany cut orthogonally. 
17 Ifu = u(x, y) anda = a+ht, y = b+ kt, where a, b, h, k are constants, prove 


dy C2u 
6 seewarat os 20u 
ae =h oat 2hk +k 5° 


18 If =rcos0, y =rsin9, express (du/dx)?+(u/dy)* in terms of r, 0 and 
partial derivatives of u wo 17, 6 


19 If w= u(z,y) and « = £cosa—ysina, y = sina+ycosa (where « is 


constant), prove , [au\®  (Bu\?  (du\®  (ou\? 
© (&)'+(5) = (@) +) 


OM Oru 0*u are Pu 
a2 t oy? ~ Og? on? : 
20 If wu, v are expressed as functions of (x,y) by the formulae 


utdav=f(xtay), u—Av=f(x—AdAy), 


tt ar 


where A is a non-zero constant, prove 


ou a bu ov Ou , ou 
—_—=>-—; —_ = 2 an: —_—_ = 
Ox dy oy Ox oy? “ont” 
21 Ifax = (1/u)cos9, y = (1/u)sin @, calculate (ax/@u)g and (du/ér),, and show 
that their product is cos? 0. 
If V(x, y) is transformed into a function of (u, 0) by these relations, prove 


(i) Ad I —uteos 9H —usind 


a0’ 


22 Ifa =e-sin8#, y = e* cos 0, change the variables from (z, y) to (7, 6) in 
eu Ou au 
ot oe ee 
Yat Vendy ay! 


23 Writing G(x,y) = x"H(x,y), and changing the variables from (x,y) to 
(u,v) where u = y/z, v = xy, transform the equations 


oe aan oa = nG poe _ oF 
ay ’ ev =—J ay 
where F = F(x,y). Hence prove G = x"¢(y/x) and F = (xy), where ¢(t) and 
y(t) are arbitrary differentiable functions of t. 
24 If u, v are functions of (x,y) which are connected by a relation ¢(u, v) = 
for all x, y, prove 


= 0, 
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*25 (i) Ifu, v, ware functions of (x, y,z) which satisfy the relation ¢(u,v,w) =0 
for all x, y, z, prove that the determinant 


ou Ou ou 
de dy e 
av ov av 
By ogo 
Ow Ow dw 
ax Oy be 


is zero for all x, y, z. 
(ii) If uw = ax? + 2hay + by? + 2guz + 2fyz + cz* has linear factors 


vo=let+mytnz, w=xe+m'y+n2, 
prove ah g 
h b f |=0. 
g9 fe 


{The functional relation is w—vw = 0.] 


(1) 


ANSWERS TO VOLUME I 


Exercise 1(a), p. 10 
1 (i) -3<a2<8; (ii) 2<2< 2h,2>3. 
13 w=xe=y=4,2=}. 14 (i) 25/(37./3); (ii) (4/3°) $3. 


Exercise 1(b), p. 14 


1 2x<},2>3. 2 -l<a<3%. 3 Alla. 
4u+-}. § wa<-lIez>l. 6 l<2<2,2>3. 
T1l<a2<3,a2<1. 8 -l<2<l1,z>3. 

9 «<-I,l<2<2,2>4. 10 4<2<3+.,/3, 3-3 <2 <2. 
11 4}, —3. 14 No. 


15 A=2,-3; p=-2,qgq=1A=3, B=2,C=2,D=-1. 


Exercise 1(c), p. 19 


16 Graph like fig. 9, p. 17. 17 Graph like fig. 10, p. 18. 
18 Graph like fig. 39, p. 79. 19 y > —4; minimum at (—3, —4). 


Exercise 1(d), p. 29 
1 (i) O, 20; (ii) E,7; (iii) E; (iv) O; (v) neither; (vi) E; 
(vii) H, 27; (viii) H; (ix) EH; (x) O; (xi) neither; (xii) O. 
3 (i) y2—2ay+az*8-x=0; (ii) y*—2ay?+22-—2 = 0; 
(iii) wy?—2eyta—4y=0; (iv) 3ay?+ 6ey—y?+2y—1=0. 
6 (i) 5; (iii) 1; (iv) —$; (v) —2; (vi) 0. 


8 Homogeneous of degree (i) m+n, (ii) m—n; (iii) not homogeneous unless 
m =n, and then of degree m. 


11 (ii), (iii) sin (1/2) oscillates between + 1 increasingly often asx approaches 0. 


Exercise 1(e), p. 34 


1 (i) Raise Ox c units; (ii) alter y-scale in ratio c:1; (iii) move Oy back 
c units. 


2 Not (—a,0). 3 x= at/(1+@), y = at4/(1+@). 
5 r?cos 26 = a’. 6 7? sin 20 = 2c%, 
7 r= 4a*sin 40. 8 (22+ y7)® = 4a%z2y?, 


17 (i) Produce r by an amount ¢; (ii) produce r in the ratio c:1; (iii) rotate 
initial line clockwise through angle c. 


18 Cardioid. 


(2) ANSWERS 


Miscellaneous Exercise 1(f), p. 35 
5 d=4(a+b+¢). , 


6 By Cauchy, (abc)? < (La*b?) (Xic?); and La2b? < (Xa?) (Xb?) unless all a’s 
or all b’s are zero. 


7 a>0, b?—4ac <0; 0ra=b=0,c>0;A=—-4, w= 8. p=16. Expres- 
sion = (%?— 4x%+ 12) (x—2)?. 


8 All values. 9 Outside —1, 3. 10 Between 2, 5. 
12 -—Il<a<l,w<-2,2>2. 13 -j<a<-l,x¢<-—2. 


16 (bb’ —2ac’ — 2a’c)? = (b?—4ac) (b’?—4a’c’), which can be reduced to 
(ca’ —c’a)? = (ab’ —a’b) (bc’ —b’c). 


19 X=ax+hy+g, Y = y—(gh—af)/(ab—h?); A = 0, ab = h?, a + 0. 
21 x = a(2cos@+ cos 20), y = a(2sin@—sin 26). 


Exercise 2(a), p. 50 


1 2a. 2 (i) —1; (ii) 0; (iii) 0; (iv) —3. 3 5a‘. 
41. 5 3. 6 3. 7 +. 
8 1. 9 1. 10 0. 11 1. 
12 (i) 0; (ii) ose. inf. + 0. 13 (i) 0; (ii) 1. 

14 (i) osc. fin. +1; (ii) 1. 15 (i) 0; (ii) ose. inf. + oo. 
16 2(p?—g?)/r?. 17 sing. 18 —sinz. 


Exercise 2(5), p. 58 


1 > ©. 2-1. 3 osc. fin. 0, 2. 4 osc. inf. 0, 0. 
5 >. 6 ose. inf. +0. 7 >. 8 osc. fin. +1. 

9 +0. 10 +0. 11 +0. 12 ose. fin. +1. 

13 4. 14 1. 15 7. 16 363. 

17 1. 18 aifa>b,bifb>a,0ifa=b. 19 0. 


20 Ifazl1,>o;ifa < —1, osc. inf. + 0. 
22 g(n) has limit > 1. 


Miscellaneous Exercise 2(c), p. 58 
2 1, 3 lmu,=—Ja. 5 3+4?-", 8 u, > 0 for alla. 


n-> 0 
9 If ja] <1, u, > 0; if jal > 1, |u,| > 0. 
10 If |a| <1, u, > 0; if |a| > 1, |u,| + 00. 
11 (i) «+> —™m; (ii) uw +0, —0, or +00, depending along which part of the 
curve O is approached. 
12 y = 1—lim [lim {cos (m! 72)}*"]. 


M>B N->o 


ANSWERS (3) 


Exercise 3(a), p. 68 

1 (i) —1/x*; (ii) 1/(2Jx); (iii) Ba; (iv) sec?a. 

2 (i) 30x%(23—3)®; (ii) a/J(a?+27); (iii) 8”/(1—2?)5. 

3 (i) nsin"-!2cosxz; (ii) mcosma; (iii) mnsin"-! mex cos mz; 

(iv) nsin"—! a sec"t! x, 

5 (i) 1/(2y+5); (ii) + (4e4+17)-4. 8 f(x) p(t) Fu). 
17 5/./(1— 25a). 18 2/(1+<2?). 19 sin-!z,. 
20 (i) 1/./(a?—2*); (ii) —1/./(a?—2?). 
21 (i) —1/Jf(a?—2*); (ii) 1/./(a? — a). 


22 a/(a?+<2?). 27 b*x/a*y. 28 —(by/ax)*. 
29 (ay—x*)/((y2?-—axv). 30 xy%(2y+32y’). 31 —1/#. 
32 —(b/a) cot ¢. 33 42—é)/(1 —2¢). 


34 x—tyt+a?=0; t= coty; tat+y = 2at+aé. 


35 xsec?@+ycosec?@ = a. 


Exercise 3(b), p. 73 


1 2(a?— 3x — 120 +4)/(a*+ 4)8. 2 Gx(x*-+ Qa + 4)/(0-+ 1) (@—2)%. 
3 3a(1—a?)-4, 4 sina (9sin?2—7). 

5 {(1—2?)sin x—2 cos z}/2°. . 

6 —m(1—2*)-# {sin (msin-1z) + m(1 —2*) cos (msin-" z)}. 

7 —ny. 10 y= 1y=0,y = 2. 


11 (i) m(m—1)...(m—n+1)a™-" ifm =n, 0ifm <n; 
(ii) m(m—1)...(m—n+1)a™—-*; (iii) (—1)*nfa-*-1 
12 sin(x+4n7). 13 cos(x+4n7). 


14 m(m—1)...(m—n+1)a"ax+b)™-", unless m is a positive integer less 
than n, when the result is 0. 


15 a"sin(ax+b+4nz). 17 vu + 4e’u" + Buu" + 40’ + ou, 
18 2a/y, —4a?/y*. 19 (ay—2*)/(y?—ax), —2a®xy/(y*?— az)’. 

20 x(2ay? — x*)/y(y® — 2ax?), 2aaty(25a? — Bay) /(y® — 2ax?)?. 

21 1/t, —1/(2aé*). 22 —(b/a)cot¢, —(b/a*) cosec® ¢. 
23 (b/a) tan @, (bsec® @)/(a?0). 24 y/x, (ey —#y)/2. 

25 ncosné sec G, n(sin 8 cos nd —ncos @ sin n@) sec? 0. 26 (a?— fr)/7°. 


Exercise 3(c), p. 84 
1 x=1, min.; x = —2, max.; x = — }, inflex. 2 x= 0, inflex. 
3 x=-—1,min.; 2 = —2, inflex. 4 x«=-—}, max.; x = 18, min. 


5 *=a+2n7, max.; x = «+(2n—1)7, min., where n is an integer and a is 
given by cosa:sina:1 = a:b:,/(a*+6%). 


(4) ANSWERS 
6 x=n7, min.; x = (n+4)7, max.; x = 4(2n+1)7, inflex. 
7 #«=47+4+2n7, §7+2n7, max.; x = 2n7—47, min. 
8 2 =—5, max.; inflexions at x = — 2, —243./2. 
9 «= 4,4(6+.,/3), min.; x = 4(6—./3), max.; x = 2, inflex. 
10 The value — 1 of f(x) is not a minimum value. 


11 To a given value of x for which |z| < 1 there correspond infinitely many 
values of 8. 


13 (i) 2 cu.ft.; (ii) 8/7 cu.ft. 14 3AB. 

15 1:,/2. 17 Equality. 
19 sinw > 2(7—2x)/m when 47 <a <7. 

21 2 -l<r(x—-ljife>0,rx¢+10<r<l. 


Exercise 3(d), p. 87 


1 10035. © 2 4ar%ér. 5 (i) - ops (ii) = oP ap. 
7 (i) hy (ii) Bah+h3; (iii) h/a(a+h); when a = 0. 
Miscellaneous Exercise 3(e), p. 90 
1 —sin (sin x)cos2. 2 1—a*—82(1—2%)tsin-12. 
3 nsecta/(1+n*tan®2). 4 —(b*—a*)t/(b+acos2). 
5 —2/(1—22). 6 1f(e+1) Jz. 


7 —1/./(1—2*); because sin-?./(1—2*) and cos~* differ by a constant. 
9 A — Lr nl {8(e—2)-P-1 + (we +.2)-94), 


10 (—1)"*n!{8(2—2)-*-2-—(2—1)-*-}} if m>1; 14+(x-—1)-*-8(@—2)-! if 
n=1. 


11 2"-1cos (2a + 4n7) — 4.5" cos (5a + gn7). 


12, 13 See 10.43. 21 d*y/d#+y = 0. 25 a=—8,b = x. 
26 [2(x+y) cos {(a + y)*}]/[1 — 2(a + y) cos {(x + y)}]. 
27 x«=-—1,min.; x = —5, max. 28 None. 29 None. 


30 x = 2nz7, min.; x = (2n+1)7, max., provided ad + bc; otherwise, none. 
31 2 = atdt/(at + bt)t, max.; a = negative of this, min. 
32 (27+3./78)*, max.; (27—3,/78)*, min. 


35 x= An, 2, 37. (i) Incr. for 0<2< 47, 47 <a < 30; (ii) decr. for 
in <a <4n, in <x <7. Greatest value at x = 47. 


39 2ab. 40 b. 


Exercise 4(a), p. 99 
1 4{(v+1)t+(e-1)8. 2 404+4sin 2x. 3 4—4sin 2x. 
4 tanz—xz. 5 34(sin 37+ 9sin 2). 6 x—tan-z2. 


ANSWERS 
7 407—hlog(1+2%). 8 &(1+a)#+2(1+2)%. 
10 4(2cos2x—cos4x). 11 oe : 


13 —(1/a) cos (axv+5). 
16 4tan—z—itan— de. 
18 tan—!(v+ 3). 


14 (1/a) tan-1 (x/a). 


19 sin-!(2—1). 


Exercise 4(b), p. 104 


—5)8 4 $(9— an eee 

RAVER he Oe. 2 aa 48. 
1 

4 —7?;(1—2%)*. 5 ~~ 16(422 + 1)?" 
7 4sin'z. 8 dtan‘z. 

_, (2% x 
10 4tan ‘(F). 11 nz) 

x 227 +1 
13 9 ,/(x?—9)" 14 ~ &(a®+ 1)?" 
16 sec! 2. 17 ~V(@t—1). 


19 cos-!(1—72). 20 4sin®a—4sin'z. 


22 sect —- (at 1). 23 $(./11—./2). 
25 i. 26 4. 
28 32. 29 2. 


Exercise 4(c), p. 109 
2 (x/a) sin ax —(1/a*) cos ax. 
4 4(22%+ 2asin 27+ cos 22). 


1 sinz—zcosz. 
3 (2—27) cos2+2asin x. 
5 4(x+1) (w7—5)? — pg(a— 5). 


(5) 
9 -l1/x. 
12 Pain (ax +6). 
a 


15 sin-1(x/a). 


17 —1/(x+3). 


3 2(2+3)!—6(2+3)?. 


6 $J/(1+2%). 


9 }sin— (F). 


oe 

9,/(2? +9)" 
a? 

71+ 22)¥° 


18 $(tan—x)?, 
21 sin-?2—,/(1—2?). 
24 4(3,/3—1). 


27 +3, tan-'§. 
31 4n. 


2 1 
a= {1 =_)80 oe a 
oa eee 
] 
-¢— J —2x%). see amesens 2) tan-1 ». 
7 xcosz—,/(1—22) 8 = 5,3 (1 + 2%) tan x 


9 #e{sin 4a — 4a cos 4a + 48in 2a — 82 cos 22}. 
10 4cos* z—cos2. 


n : hig n(n—1 
12 a2” sinas —— cos ax — ( ; eee 
a a 


11 }$a*seca—4$,/(z?—-1). 


(524 — 60x? + 120) sin 2 — (a5 — 2023 + 1202) cos x. 


13 gr. 14 87+16. 


15 §%. 


(6) ANSWERS 

16 ee ee 17 47-}. 

(n+1)(n+2)(n+3) i 

18 4¢7—4,/(l—2*) sin“ 2. 19 2,/(1—2?)sin-! a + 2(sin-1 x)? — 2a. 

20 4(22?—1)sin-!47+42,/(1—2?). 21 (1—2?)y4+32?4+Ax+B. 
Exercise 4(d), p. 114 

1 1/x. 2 2/2. 3 —I/x. 4 cot 2. 

5 2cotz. 6 —secxcosecx. 7 2/(1—2?). 8 1/(xlogz). 
9 (logx—1)/(logx)?. 10 (2/x)logz. 12 (1/2) logyse. 
13 cosec x. 14 sec. 18 2seczx. 16 0. 

17 l/e. 21 3logz. 22 log(1+~2). 

23 —log(1—2). 24 $log(1+2?). 25 4log(1+24). 

26 log (3x?—7x+ 5). 27 —4log(3x?—122+7). 

28 logsinz. 29 —+4logcos 32. 30 —4log(3+5cos?z). 
31 log(cosx+sin 2). 32 loglogz. 33 2logtan $2; log tan 4a. 
34 — (toge-—"5); x(logx—1). 35 4(logx)?. 

36 xtan-!2—4log(1+2%). 37 423(log x)? — 82% loga+yxgat. 

38 xtanz+logcosz — 32%. 39 4tlog2. 

40 4log3. 41 log2. 42 1-—log2. 

43 }. 44 i. 45 $5(2e? +1). 

46 x, log|acosx+bsina|; #7+25 log. 

47 A=3, p= —2; 3x—2log(sinz+2cosz). 

Exercise 4(e), p. 119 

2 3e%, 3 e*(x+1). 4 2xe®. 

5 e®*(3sin 27+ 2cos 22). 6 —e°%S8gin x. 7 1. 

8 1. 9 log 2.e%1082 = 2*log 2. 10 2*log 2. 

11 w*(1+logx). 12 $e. 13 —e-*, 14 2e%, 

15 log (e*+1). 16 einz, 1 eae 

18 4¢*(cosxz+sin2). 19 ye (sin 2a —2cos 22). 

20 £e7— 3%. 21 42% (204 — 4a° + 62? — 6x + 3). 
22 m=3or—2. 24 ae, 

25 («+n)e*. 26 a*(loga)". 

27 +e" (asin bz +bcos ba) = ./(a? + b*) e** sin (bx +0), where 

cos0:sin@:1 = a:b: (a? +2); (a? +62)" e%* sin (ba +76). 

28 p= a/(a?+b*), g = —b/(a*+b*); e%* (asin ba — bcos bx) /(a? + b?). 


ANSWERS (7) 
29 e**(bsin ba +acosbz)/(a?+b%), 30 2=0, max.; x= +1/,/2, inflex. 
31 «=0, min.; 2 = 2, max.; « = 2+.,/2, inflex. 32 n"e-", 


36 (i) 3e%4+A+Bt+Ce#; (ii) 322+A+Blogxz+C(logz)?. 


Exercise 4(f), p. 124 


(er Me +S) 4 4 9 ! 


— 72)—# Fan Ont? Artal 
1 (1—2?*)-, 2 (3a — 65)? a+1 244+3 32+5 


1 3 4 
3 (2-2) (3242) ae +)" te te. 
4 x e%sin 27(5/4+3+2 cot 2x). 5 ext, 
6 e*sin x(log2)?{1+cotx+ 2/(xlogx)}. 
7 xe*tanx(1/ze+1+2cosec 22). 


1 log 2 
8 (1 He ——1 ‘ — : 
yee) (— +x) 2 patie a) ° x(log x)? 
1 1 
l =(], ——}. --—. a 
10 (log x) pogiogs + ——| 18 =) 21 e 
22 4; 23 e*. 26 log 2. 27 log. 
28 logp. 29 log(p/q). 


Exercise 4(g), p. 128 


8 (i) ¢ch(z+y)—}ch(x—y); (ii) $sh(x+y)+4$sh(x—y); 
(iti) $ch(v@+y)+$ch(a—y). 


16 log42 or —log3. 22 —thasechz. 23 —cothz cosech x. 
24 —cosech? x. 25 cothz. 26 (1/x) ch (log). 
27 cosechz. 28 —sech 2z. 29 $sechez. 
30 2shz cosz. 31 2x°h*{sha logx+(1/x) chz}. 
32 (chz)*(logchx+-ath2). 35 4ch2z. 
36 $th3z. 37 2logch $a. 38 e*the. 
39 a +, 5{ ! gate) zy 1 aro}; ita=b, {ome tal, 
2\a+b a—b 2 (2a 
40 4sh 27 —~— 4a. 41 40+4sh2z. 42 x—thz. 
43 4ch4x%—}ch2z. 44 4ch*x—chz. 
45 4(4sh 62+4sh4a+4sh2x+2). 46 4(1—1/z*). 
47 xshxa—chz. 48 xthxz—logchze. 49 (x?—1)chx—2zshz. 
52 log th (42). 55 1; 1. 


Exercise 4(h), p. 132 


2 1 2 
2 26+ 4a8)" SC len 4 ——., |2| <}. 


24 GPMI 


37 
38 


ANSWERS 
ts0ec x, |x| < 47. 6 2/(1—2),2+0, 1. 7 |seca|. 
sec Z. 9 seca if tanz > 0, —secz if tanz < 0. 
sh-1 x. 11 ch-'z. 
ce’ = c—loga; log {x+./(z*—a*)}+¢’; siloge +e 
sh-42. 18 ch-'4a (a > 6). 19 $sh-1(2z). 
sin 4a. 21 $ch-12z (x > 3). 
ch—1(2+1) (27> 0). 25 $2.4/(x?—a*)— 4a*ch7(x/a). 


$a (9x? — 4)+4ch71 ($2). 


$a {(x?-1)+$ch7 a. 


(i), (ii) ch- (32) — ch-* (7). 


xth-2+4log(1—2?). 


27 40+2log(3+./10). 


Ot —4,/10+./2. 


32 xch-!a—,/(x2?—1). 


29 log 


22 sh7}(x+ 1). 


34 4(207+1)sh-x%—42,/(x?+ 1). 


te? th-1 27 +427 +4 log (1—2*). 
» —1) 
C, = # nae—a*-tchae+ ; -Cy_a3 
a a a 
in -1 
&, = o chaw— oe-Ashan +" r 
a a a 
2th— (cot $x”), = log cot ($a—47/). 
0 < |z| <1; «+0; [2| > 1. 
Exercise 4(i), p. 141 
5] 2) +41 Oj ilewr 2 Blog 
Slog (w— 2) + Slog (w+ 2) —3 loga. 8 Fo 1 
zx—-3 26 15 a 1 x 
—- + —. + ———_... 4 log ——- +—- tan“!—., 
28 log —ate—2* 2@—2) rye t ya" Pp 
jtens —z tan-5 : 
$02 +a” -+2log(x—1)—4log(z*+2+1). 
1 
log (x—1)—4log(1 Pe) s en et 
x—1 —1 2 
ae a” 9 BPO ay 10 log (e—1)—— 
4 5 
log (x —- 2) -——- ->—3;: 12 3log(x+1)—2logz2. 


log (w— 1) — $log (4%—1). 
v?—a2+4logx—3log(#+1). 
Vlog (#+1)+log (a+ 2)—8log (2x +3). 


7 
2log x — 2log (x—3)—-—- 


=§ 


14 log (az?—x—6). 


18 log(w—1)—log(x+2)+ 


L+2° 


Signs 


19 


20 


26 
27 


ANSWERS (9) 


2 4 
1 eal fee 
oget— og (a+ 1) ra 


— 2log(x+1)— ——_—— + Zlog (2 — 2). 


1 1 

+1 2Xe+1) 
1 

3logx—#log(x?-+1)+2tan-1z. 22 2+ 4log (x—2)-———d tan“. 

1 

z+ 3° 

V3 tan— (%/3)—./2tan“1(2,/2). 25 4log(z*—3)—4log(2¢+3). 

log (a — 2) — flog (a? + 4a— 1). 


— 3 log (1 — 2x) + $log (x? + 3) + -—~ 


slog (2? + 2) +y5tan t+ $ log (a? — 2). 


Exercise 4(j), p. 145 


re al 3x — 
ps tan-? ——_ 4 ° 
4 2 3108546 
ten-} (2 +1). 4 tlog=— : 
iit 
$ibe (42n= 10/2 sg 


J11 er+i+yil 


6 4log (92? — 182+ 25) +44 tan 3(a— 1). 


2 
7 log(1+2x)+2tan-!z. 8 lo gt? stan-t(e+)). 
9 log (z?—2x+1)—4$log (xz? +2+1)4+3./3 tan! (2+ 4) + §./3 tan (a — 4). 
I 5a x I x 325+ 20x 
10 —— |———.—- tan“! -_}. 1-4 —____ 
550 lo eB — ; T TAL = ot ape 
x—3 eat 
12 ——_____. = 
Sa? +2046) t2etan 2 
1—2./2+2 xf2 
13 2{log ———_—_—_ a ; 
tv flog ET + Btn aes 
1+2J/2+22 x./2 
14 2{ log ———~—_—— = ‘ 
ty flog eat + Pian a 
l+z+z* 2 EXCH 
Vie et 
a aeen ae tea 
Exercise 4(k), p. 150 
1 loga—2,/x. 2 ¢€a+1)F-2/(2+1). 3 2log(1+/z). 
+4)—2 
4 3c4~ 3xt+ 3log(14+24). 5 4lo phi ad de 
ete) 208 (a+ 4) +2 
6 gat + Sot + 3xt + Qrt + 6xt + 6xt + 6 log (xt +1) + 3log(xt—1). 


2{4/(2a + 1) +.f/%—tan-/(22+1)—tan-1/2}. 


(10) ANSWERS 
8 2(1+x)8+3(1+a)t+1+2+8(1+2)§+2(1+2)F. 


—3 
9 sh-1 (+3). 10 syoh Bae 1}. 11 sin : 
Qe+1 
12 sin- =2 : 13 (a?+1)+2sh—«. 


“2+3 


14 .f/(v?+ 62+13)—3sh- 


15 8,/(2a + 4e—7)—4,/2 ch-? {4./2(a + 1)}. 


3 
16 6sin-} fet 2,(6—2—a4), 17 (x?—1)+ch-*z. 
18 }a,/(z?+1)—$sh-a. 19 4(22+1)#—/(2?+1)+sh-12. 
1 = 
20 —}sht-. 21 v4 (e+2)- 22 coat =! 
2x 2a 
1 a+9 x4/2 
h-1= sh-! ; — pint 
ee am Tae ee 24 in 2+1" 
25 ele 26 ba (a®—a?) — atch". 
25/3 | 
oe = 2. 
27 aa = + pg(6a — 5) ./(3a? — 5a). 


28 4(2”—5)./(a?— 5a +6) —4ch-1(2”—5). 

29 4(2u?— 6x +1)8+42(2a2—3) /(2u?-6x+1 TAP ona 
(x? + 9) —./5 1 _, (2 /fx?+9 

0 5 Berea EE 1 apt 

32 2(8—a)? fsin?6 cos*0d0, [2d0, 2(f —a) fain? Od6. 

33 2(a — 8) fsh?u ch? udu, fedu, 2(a — f) fsh? udu. 


Exercise 4(1), p. 156 


1 —cot4$z. timp 3 $tan-1(2 tan 32). 
4 Jglostan (b+ 4a) or sleep 

5 log(1+tan $2). 6 tan-1(tan $2+ 1). 

7 —Jog(sinz+cos2z). 8 47+ 4log(sinz+cosz). 

9 22+log(2cosx+sinz+3)+tan— (tan $a+ 1). 

10 —./2sh-1{(1/,/3) tan (47 — 4a)}. 11 xtan da. 

12 4sin’x—{sin® x. 13 —4cos*2+3cos' x —4 cos’ x. 

14 tanz—2cotx—4 cot a. 15 —cosecx—sina. 


16 $tan?2z+logcosz2. 17 4tan®4c—4 cot? 40+ 4logtan $a. 


27 


28 


ANSWERS (11) 
/2 tan- (,/2 tan x) —2. 19 4logcos 2a. 
35(5 cos 22 — cos 102). 21 36(3 cos 8x — 4.cos 62 — 12. cos 2x). 
—7z$o(15 cos 7x + 42 cos 5x + 35 cos 3z). | 
e(5 sin « —4 sin 34 — 2 sin 52 —4sin 72). 
R= (a*+ 6), «is given by cosa:sine:1=a:b:R. Pubu=x—-a. 
(iii) (1/6) cot $a. 


2 2ctanx+b . —1 
If b? < 4ac, ——_—_—_— -1________; if 6? = 4ac, ——_——_—_;; 
eed V(4ac— 6% {(4ac — 6?) ctanz+4b 
: 1 2c tan x +b — ./(b? — 4ac) 
if 6b? > 4ac, ————— log —______--_____ 
> “00, "(5 —dac) 2 2etana +6 +(b*—4ac) 


1 x 1] 


b 
SS, eee ES tan! —tan . 
nero 2(a?—b2) a®cos?a+b*sin?% 2ab(a?— b?) (; x) , 


, | ae 
ifa=b, Baqi (Sin 2a — 2a cos 2a). 


se | es 1, I 
(ii) de+7 sin 2me, to—7 ain ame, — Fp 008 Be: 


Exercise 4(m), p. 163 
1cos®a sin x +3 cos*x sin a + 3°; cosa sin x + 73a. 
—4tsin‘ x cosz—z;sin'? x cos x— > cosa. 
4cos* x sin’ x +5 cos x sin‘ x + #5 cos* x — & cos x. 
ip cos® x sind x +315 cos* x sin’ 2+ ys cosx sind 
— zee 8in® x cos —g8gsin x cosxt soqe. 
isin x sec’ x +7% sin x sec? x + 3% tan x. 


4 sin® x sec’ x — sin x sectx + yy sin x sec* x + yy log tan (4 +47). 


fs. 8 7. 9 37. 10 53>. 
$377, 12 $4. 13 B57. 14 sie7. 
izamtn, 16 $857. 17 +35. 18 0. 


Un = (1/a) {x e8* — nuy_y}. 

Uy, = (1/n) ch*® a sha+(1—1/n) uy_,. 

Uy, = (1/n) sh" 2 cha —(1—1/n) uy_y. 

8, = (1/a*) {a"—(n sin az — ax cos ax) —n(n—1) 8y_9}. 

Cy = (1/a?) {a" “(ax sh ax —nchazx) +n(n—1) cy_g}. 

8, = (1/a*) {a"—"(ax ch ax —nshax)+n(n—1)8y_9}- 

Uy, = {e** sin"—! ba(asin bx — nb cos bx) + n(n — 1) b?w,_»}/(a? +n*b?). 


If m +—1, Un n = {a™t1(log x)" — Nm, n—ut/|(m+ 1); 
ifn + —1, uy, = (logx)"+4/(n+1); u_y,_, = logloga. 


(12) ANSWERS 
28 ifs. 
sin™—1 ¢(n sin x cosna—mcosz sin nx) +m(m— 1) Uy 
29 jc 5 Sanur ) ( ) ‘m LN gis. 
30 —42. 34 Puty=7—2. 
Exercise 4(), p. 171 
[* means ‘the integral does not exist’} 
j ie 2 *. 3 47. 4 x. 
S 1. 6 4log3. 7 -1. 8 42. 
9 4r. 10 x. 11 3. 12 x. 
13 x. 14 47. 15 *. 16 ie. 
1 T 
17 2. a+b)" — bab" 
22 Ifb>a> 0, integral is 0; if b = a, *. 29 47. 
(m—1)(m—3)...2. (m—1)(m—3)...17 
atest EES Oy ila ee CTE 
(m—1)(m—3)...(2n—m—8)(2n—m—85)... 
’ d > fi 
33 "ano p ays °° ~~ m odd; same with factor 47 
if m is even. 
35 47(a+5). 
Miscellaneous Exercise 4(0), p. 173 
1 
1 w+ Hlog (22+ 1)—log(at +2) += tant, 2 143log2—4log65. 
1 
3 $log (x? + 4) —log(w—1)—-> +d tan™ 42. 4 in—-i. 
(x-1)? 1 Qn +1 
B_ = Ligon 
5 £—47. 6 47-4. 7 $108 teal iE a a ae 
z—-l_ 2 12 v+e+1 1 2¢+1 
ee es -1__ log ———_—__ + —tan-1 : 
8 aera Bd 3 ban wD 9 tlog Pal +75 n 3 
1 a | a+x 
-1_ <o = = 
AY oq Giga 8a x 
11 loga—}flog(1+2) —4log(1+2*)—}tan“'z. 
12 4log(x+2)—q;log(1—x) —4log (z+ 3). 
13 2log(x+1)—log(2x—1)—log(x—1). 
1 {v2 x 4/2 
14 log 32 [put 2 = ,/tan 6]. 15 ye" (5) [ put = =|: 


16 §—log2. 


2a4 +23 — a 


18 


4 tan—a+ 


17 era +(2 sein. 
3a 


19 asin-1(z/a)—./(a?—2*), 


20 


34 


73 


ANSWERS (13) 


4a*(m — 2) [put x? = a? cos 26]. 21 4n{1—./(b?—a?)/|b]}. 
ee 

(axe +2?) +alog{/a+./(a+x)} [putz=2]. 23 va +). 

4 log (#~—¢+1)—4flog (t+ 1) +55 ten" SS where #8 = <- 1. 

sh-! (a+ 1/x) [put ¢= 2+1/z]. 


(1/a*) {(a? — 2*)-4 + 40°8(a2 — 2?) “Hh. 


— 55 —tlog - aol sin x. 
46? — 0 tan 0 —logcos 6, where x = cot 0. 29 slog$. 
—ch-! {(1—2)/(x./2)}. 31 37. 32 log(1+.4/2). 
(1//2) log (1+./2). 34 4. 35 4¢e-*(2sin 22 —cos 22). 
3(1+e-78) = 0-405. 37 4(a*—1)log (1+?) —424 +427. 
logz(loglogz—1). 39 2—47. 40 1/./2+4log (tan 37). 
doa — it; sin 4x. 42 log2. 
(i) (1—logsin xz) cosa+logtan $2; (ii) log2—1. 44 1—%c?. 
4(7—1). 46 4log3. 47 (1/.,/2) log tan (4a — 47). 
— log (1—tan 42). 49 tlogé. 50 7/,/(ab). 
If « + 47, 48sec a log |tan(a—47)|; if a = 47, integral does not exist. 
1. 53 &. 
J4{3 ./2 log (1+ 4/2) — 2} [put cos 2¢ = tan? z]. 
(1/y/6) {tan-1 /6—tan-1 4/6} = (1/./6) tan- (4 4/6). 
4, 57 a= ies aye =" ot 0: 2ifa=0. 

a 2a? 
-—4log2. 59 47a’. 60 -§7a* [put « = asin? 6]. 
x(logx—1) = xlog(z/e). Put x = 1—ecos@. 
Zn’. 66 Ss. 
We have (m+n) J(m,n) = mJ(m—1,n—1)—cos 4nz, hence 


(m+n) (m+n— 2)I(m,n) = (n—2)sin 4na7 —m(m— 1) I(m—2,n—2). 


4. 69 nigr{(ng+p+1)(n—1g+p+1)...(¢+p+])(pt))}. 
t, = a i (x + arin Un—1 
n even, u, = ot +(—Dim; 
n odd, u, = ata weet (— 1H) 3 + ( — 1)K9+9) fh Jog 2, 
c = {ash ax cos bx +b chaz sin bx} /(a? + b?), 


8 = {ach az sin bx — b sh az cos bx}/(a? + b?). 


(14) 


74 


77 
719 


ANSWERS 


{ash ax sin bx — bch ax cos b2}/(a? + 6); 
{a ch ax cos bx + sh az sin bx} /(a? + b?). 
Put y = 47 —~z in the first integral. 78 n y (cos? x) da. 
(ii) 477 log 2. , 
Exercise 5(a), p. 178 
xlogxdy/dx = y. 
Tangent to a circle is perpendicular to the radius. 
y" =p*y. 6 y= 3ay’+y%y". 
Differential equation of all parabolas with Ox for axis of symmetry. 
y" — by” + lly’ — 6y = 0. 


Exercise 5(b), p. 181 


y = S23 +e. 2 y*(c— 6x?) = 1. 3 tany=2+¢e. 

y = taat+e. 5 yi = 2x40. 6 y=sh(r+0e). 

y = $a?—1/(2x?). 8 cosy = ccosz. 9 yY=142¢7-2'. 
vy =x+e. 11 logy=a2(logx—1). 13 x+y = tan(x+c). 
(x? + 2y+c) (y+ce?*) = 0. 15 y® = awy+e. 

zy = logr+e. 17 v>k. 


. Exercise 5(c), p. 185 
2ry = 2+. 2 v-—2ay—-y?= 9. 3 y? = x log (cz). 


(x—y)? = cay’. 5 2sin(y/x) = x. 
y = «sh (logx+c) = }(¢,2?— 1/c,). 7 (w—y)?(#—y’) =e. 


\o 


(c—y—2)? (x+y) =c. log(a+y) =x-y+e. 
4(%—2) = (x—y— 3) log {c(x — 2)}. 


2(a + 1)8 + B(aw-+ 1)? (y—2) +(y—2)9 =e 


Exercise 5(d), p. 189 


y= e*(x+c). 2 y = Zsin® +c cosec &. 

y = 2sinz log (sinx)+csin2. 4 y=1+el-*", 

yloga = (logx)?+c. 7 y%(1+ce?*) = 1. 8 y=—x2- fh. 

y? = ca’ — 27%. 10 xy? = c—cosz2. 11 y%(c—2tanz) = cos? 2. 
y = Axe'a, 13 y*(c— Sy) = a. 14 «=cev—jfe-%. 


y = a2+a+be-*. 16 y=ce+l1/c, y? = 4a. 

y =catJ(c+)), 2+y= 1. 

y = ca+e, 4234 27y? = 0; c= —1, —2, 3. 

y = cx +sinec; 8.8. given parametrically by x = —cosc, y = sinc—ccose. 


(y—px)? = —4pk*. 


ANSWERS (15) 


Exercise 5(e), p. 192 


1 y= ea eb, 2y = t+ Cos), 
2a c 

3 y=ae"*+be-"* = a, ch(nx+0,). 4 y=at+be**, 

5 y= 4et+1. 6 a—x= y> + by. 7 y=btch(z+a). 

8 y=1+2%, 9 y= 2". 10 uw= =~) cos +5. 

11 Ifp<f’,u = Zeon /(1-5)} ifp = h?,u =i 

itu > Mu =2en{o /(%-1)|. 

12 u? = = cost +4 otsin® 0, 
Exercise 5(f), p. 198 

1 y=Ae*+Be*, 2 y=Ac*#*+Be-**, 3 y= (Ax+B)e-™, 

4 y= Aec**+ Be-*, 5 y = Acos2z+ Basin 22. 

6 y = (Acos 3x2+ Bain 3x) e~**. 

7 y =e# {A cos ($x,/3) + Bain (40 /8)}. 8 y=A+Be*, 

9 A= 2h. 10 A=2, B= ¢. 

li A=-2,B=-10,C =-—-27 12 A=-7 

13 A~#,B=-}% 14 A=1,B=-}. 

15 A=}, B=— 3, C = hy. 16 A=1. 

17 A=1 18 A=}4,B=%4 19 A=34,B=%. 

20 A=34,B=-1. 21 A=} 22 A=-34,B=3,C=2i 

23 A=-4,B=-1,C=-2 24 A=). 
Exercise 5(g), p. 201 

1 y=Ae*+Ber%*+3. 

2 y=e*{Acos(x,/2)+ Basin (w,/2)} + 22+ 1. 

3 y= Ae**4+ Be-*+4(2Qy?— 27+ 3). 

4 y=Aect*+Bebr4 4%; y = 4(e2 + e7—Qelsy, 

5 y= (A+4q) e+ Be, 

6 y=e*(Acosx+ Bsin x) +4(6 cos 3x — 7 sin 32). 

7 y=e7*(Acosz+Bsinz) +-424(7cosx—2sin2z). 

8 y= Acos4x+(B+t+4z)sin4x; y = (A +42) sin 42. 

9 y= e-** (322+ Ax+ B). 10 y= A+Be-**+4(3y72—2). 

11 y= 34,;cos4v%+A cos 2v+(B+42) sin 22. 


(16) ANSWERS 
12 y= e!{Acos ($./7x) + Basin ($./7x)} + pye?* -—pye2*. 
13 y= Ae**+(B+ $2) e4*—A,(cos 2a — 3 sin 22). 
14 y=e-*(A—tsinz—4cosz)+ Be-**, 
15 y =e*(A +18” — 32% +4123) + Bete, 
16 y = e-** (473 + $224 Axvt+ B). 
17 y = e-4*{A cos (4,/3x) + Bain (4./3x)} +6” {4(a — 1) +p5(2 cosa + 3sinx)}. 
18 y = e?*{Ax+B+(3— 22?) sin 2x — 4x cos 22}. 


Exercise 5(h), p. 208 
1 (ii) x = a(cos pt—cos nt) /(n* — p?). | 2 (ii) & = (at/2n) sin nt. 
8 x = e-Ri2l (4 cosnt+ Bsinnt), where n? = 1/LC — R2/4L?. 
9 b= EC{(CLp?—1)?+ C?R2p}-4, tana = CRp/(CLp?—1). 


2 PES GIA COs at eat Gear OW aA ae = Cone) 


ed O(—a)}? +a°Gy(—a")y 
Exercise 5(i), p. 211 
1 w2=Ae'+Be,y=sint—-Ae+Be*. 
2 «=A+Be-*+ fet, y=A—Be*“*+tel. 
3 «=Ae*4 Betty = Ac *—Be-, 
4 w= $thet—et— dye, y = Ethel Bett dye 
5 «= Aec#+(B—t) ec —8et, y = 2e'-2A e'-(B42—F)e%. 
6 x= $(e-%*— e345) + sind, y = 2cost—3(6e-% + e-3t), 
T u=eta,v=tet+be-*, 
9 « =(A—4f)cost-+(B+})sint, y = (3A —3— #2) sint + (42¢— 3B) cost. 


—_ 
Oo 


u= Acoswi+ Bsinwi, v = E/H —Bcoswi+ Asin wt. 


Exercise 5(j), p. 216 


1 y= x{A+Blogz+ (log z)*}. 2 y= (A+ 4logz) + B/x*. 

3 y=2*(loga—6)+loga+6. 4 y= Axt+B/a—403—floga—$. 
5 y = (1+ 2a)? {A log (1+ 2x) + B}+ flog (1+ 2x) +4. 

6 2 = A+ B/t?+Ccos(2logt) + Dain (2log?), 


y = A#®+ B/#?®—C cos (2logt) — Dsin (2 log?). 
T y=AAJ(1—2?) + Bu—},/(1—2?) sin-1 2. 
8 y =i(shx)4+Ash2+B. 
1—2? x 1 
10 y= wala e-*+ Be-*), 


1 
11 n=—-2,a=4,b=0; y= patAt Bet + gy(48in x — cos x)}. 


16 
18 


ANSWERS (17) 


y = 2(A e-2/*# +4 B), 13 y= e*{A}/(v+1)+B}. 
y = e+ (Az? + B) e*. 15 y = 42? logr+Az* + Ba’. 
y = e*(4a@—141/x)+Ae-*(x+242/2)4+B/x. 


xy(x? +c) = 3x?+0. 
Exercise 5(k), p. 219 


y? = kx+e. 2 y= Aer, 3 y=keh{(x—c)/k}. 
zy =’. 5 a—AJ(2*+y?) =. 6 £+.4/(x?+y*) =. 
w—y=e. 8 x= y(c—klogy). 9 (x—a)*+y? = k?. 
ky = ch (kv +0). 11 2#?-y?= 6. 12 22727+y?= 6b. 
22? + By? = b. 14 yt = t+. 15 «°—3ay* = b. 
z+1= bert", 17 (i) Differential equation is y/y’ — yy’ = 2x. 


Given x and y, equation is a quadratic for dy/dx, giving the two directions 


through (zx, y). Condition for equal roots. 


19 


37, tan—}. 20 y=-1. 
Miscellaneous Exercise 5(/), p. 220 
a(1+y) = y(sh-ty’)?. 2 (1-2*)y” = ay’. 
Since A cos-!z+ Bsin—1z% = Acos—2+ B(47—cos—2) = A’cos12+ B’. 
xty’+y = 0. 5 y’=0. 
(xy’ —y)*? = + 2ay(1+y’?). 7 (ay’—y)? + 4y = 0. 
y = (x«+ce)/(1—ez). 9 y=cxre*. 
y =c+tan-!(7+y). 11 log {x*(a? + y*)} = 2tan—!(y/x) +c. 
tan-) (y/x) + 2log (a? +-y?) = ¢. 


2(x—y)* —2(38a+y) +log(2e—2y—1) =. 


x+y? = cy. 15 7x? — By? — 6xy + 4a —2y = c. 
tan (y/x) = log (¢/z). 17 log(1+y) = 42’ +<. 

xy = hatte. 19 y=a2+ce,/(1+2%). 

l/y? = $+22+4+ce, 21 Ife = 2—y*+ce-*, 

l/y = 1+cx+loga. 23 y = (e*+¢)sinz. 


Gs. y = ce+}c3, 5.9. 4x7 + 9y? = 0. 
G.S. y¥ = ca+e°, 3.8. y = xlog(—z/e). 


y = log(x+a) +6. 27 y=ash'2+06., 
y? = 2 +axr+b. 29 y? = alogx+b. 
y= Ae**+ Be-*, 31 y = (Av+B)e*. 
y = Av+B+Ce*, 33 y = (Aa? + Bu +C) e-*, 


y = Ae**+ Be-*— }(4cos 22 + 3gin 22). 
y = Ae®**+ Be®*+ e* (242+ 624+7). 


(18) ANSWERS 
36 y = Ae*+ Bed*+ 403 + Sn? 4 287 4 80, 
37 y = e5*(A cos 27 + Bain 2x) — fa e5*cos 22. 38 y= Az + Ba — ha. 
39 y= x2{logx+A cos (logz) + Bsin (log z)}. 
40 y= Axz+Bz?+3452%{cos (logx)+3sin(logz)}. 41 y= A+B/z. 
42 y=2,(logxz)4+A(logz)?+ Blogz+C. 43 y=Aesine+ Be-sine, 
44 y= (A4+ Boa) (1+22)-t—4a(14+ 27). 
45 x= 2Aet+ Be", y = 3Ae'-Be™. 
46 x = 3Acos2t+ 3Bsin 2¢, y = Asin 2¢— Bos 2t. 
AT x = 2Ace'— Be-*4+ Tet + e%4, y = Ae*+ Be" + ef + Ler. 
48 x= logi—At+Bt, y= Ae’'+ Be- 1. 
49 x = Aet+ Be-*cos($./3t+a), y = Ae’+ Be-tcos (4./3t+a + $7), 
z= Aet+ Be-tcos (4./3¢+ a+ $7). 
50 x = 24 e+ #{(B—2C)sint—(2B +C) cost} + De*, 
y = Ae*+ Boost+Csinié. 
51 y = e*(axv*+b). 52 y(l+a) = az+b. 
53 2°+z2=0; y=2-*(Acosz+Bsinz). 
54 n= —2, 2”74+22'4+22 = e-*cosa; y = x *e-* {A cosx+(B+ $a) sing}. 
55 For given (2, y), equation is a quadratic in p whose roots have product — 1, 
{y +(x" +y) — ca} fy +(x? +?) —¢} = 0. 
56 y’—(kt+l)y’+kly = Ae. 57 f(x) = e*/(a—e*). 


ad 
58 y' cos ne -+nysinne = | "7() cosntdt+ mB, 
0 


x 
y'sinne—ny cosne = | fe)sinnedt—nd. 
0 


59 y= Acosz+Bsinz+zsinz+cosz log(cosz). 


Exercise 6(a), p. 229 


1 1/(n+1). 2 ia, in. 3 4(2a+b). 
5 gin-1(2/m). 6 (1/n)ikn-D, rae 
8 h-{,/(a? + ah + th?) —a}. 9 h-log {(e* — 1)/h}. 
1, @&—1 
10 0< 7,08 i <i. 


11 f(z) is discontinuous ina < x <a+t+h, atx = 0. 


16 The points z = a, b, cof the curve y = f(x) are collinear; the curve generally 
has an inflexion somewhere between a, b. 


Exercise 6(b), p. 240 
1 2"-1cos(2a+4n7). 2 #sin(x+ 4n7) —(3"/4) sin (82+ 4n7). 
3 pe*+4(—1)"e-*. 4 #(—1)"n! {(2—1)-*-1 4 2(a@ 4 2)-*-j. 


nm 


~~] 


ANSWERS (19) 
e* {at + 4na® + 6n(n — 1) x? + 4n(n— 1) (n—2) a +n(n—1) (n— 2) (n— 3)}. 
(— 1)" e-* {x3 — 38na? + 8n(n — 1) x—n(n— 1) (n—2)}. 
4 6 4 1 . 


1 
— 1)\2-1lyt zi-n]_ 
(=rtniatel A 


2"-4[2a{3n(n — 1) — 427} cos (2% + 4n7) 
+n{12a?2 —(n—1)(n— 2)}sin (2x + $n7)]. 
2"-%{sin (22+ nm) + 2" sin (4a + dnm) — 3" sin (62+ 4n77)}. 
x— $23 + fa5—4y7+.... 
= 22"-1{(m —1)!}*, ag,_, = 0; Pras 2p ty 


fant. 
i —...4+(- ———_—— Oh). 
sinz+hcosx +(-1)" (an aire 1)* 7 Tan Veal ) 


an 2n+ 
cosz—hsinz—.. ec cma net ee pitin (e+ 6h). 


a* = 1+eloga+= (loga)*+.. Say =i ftoea)" +5 owe)" ae 


Exercise 6(c), p. 247 


1 max. 2 inflex. 3 min. 4 inflex. 
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nN = 


max. 6 inflex. 
First approximation x = $7 = 1-8849; second = 1-8955 = 1-895. 


Exercise 6(d), p. 252 


é=14,2,= 3 Sa = f. 2 124. 3 -2. 
1 5 log 10—J. 6 2a/b. 7 7/2e. 
2. 9 1. 10 1. 11 1. 
1 13 e?. 14 0. 15 —4. 
Miscellaneous Exercise 6(e), p. 252 

; 7 t. 8 —§. 9 jn. 

e7t, 13 (i) 9x) = 2, A(x) = 1; (ii) A(x) = 1. 
Exercise 7(b), p. 269 

(i) (a) 0°7750, (b) 0-7828; (ii) (a) 0-7833, (b) 0-7854. 


[o2) 
(i) Difference = i a 


—_ = dx fod aes ig 
10 1 +24 =|) sar (8) 1-075 (tt) 0-04; (iv) 1-11. 


Exercise 7(c), p. 275 
$a%. 2 37a. 3 +. 5 na’. 


a. 7 47a’. 8 p70". 9 2-47. 


(20) ANSWERS 
10 $a’. 11 4a*log3. 12 (i) pen 1); (ii) z (erro ot), 
13 (447 —./3) a. 15 abu. 16 4izab. 
17 37a’. 18 i. 19 48. 20 470°. 
21 pos7a*. 22 57a’. 23 Ay7l®(sec* 4a — 1). 
24 7%. 25 yn. 
Exercise 7(d), p. 279 
1 csh (2/c). 2 6a. 4 af{(1+9c/4a)t—1}. 
5 ae—#e, 6 tan—!,/2—47+4+./2. 7 $/3. 
8 8a. 10 (1/2a) {r, ./(a* +72) +a*sh-!(r,/a)}. 13 27a. 
14 (6+c)? = 1+2a/r. 15 a*y?—2Qlogy = 4a(x+b). 
Exercise 7(e), p. 286 
1 47a’. 2 47a’. 3 $7a?. 4 S8na’*. 
4a 4b 
2712(sec? La — acca 
5 271*(sec* 4a—1). an? Sy" 
11 (i) —, (ii) fa from the centre along the radius of symmetry. 
12 47a. 13 ($a,0), $7?a*. 14 (7a, $a), 847’. 
15 23,75, 16 227. 
Exercise 7(f), p. 292 
1 Ma’. 2 M(4a? +0?) sin? 0. 3 $M(a?+5?). 
4 4Moa’. 5 4Mh?. 6 3 Mr. 
7 (i) $Mab; (ii) $b. 8 4Mab. 9 $Mr*, 
10 2Ma?. 11 (i) 4$Ma?*; (ii) 2M@a?. 12 $M(a?+b?). 
13 4Ma?. 14 32Ma’*. 15 M(b? + 2a?). 16 3;Mh?. 
18 (i) M(da?+4h*); (ii) M(da®+ yh); (iii) M($a?+4h%). 
19 (i) 3Ma?*; (ii) 48Mo?*. 20 42Ma?. 
21 (i) 3Ma?*; (ii) 3;M@Ma?*; (iii) 48Ma?. 22 4n7Ma’. 
Miscellaneous Exercise 7(g), p. 293 
3 Jy7a*. 5 aia—th4a), a%(4a— th $e). 6 clogsiny. 
8 47c%{b—a+ $csh (26/c) — 4csh (2a/c)}. 
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4a 4a\_ 2a 8a a 
32 37)’ \a’ 382 2) ° 


(A7a./2,0). 12 22a(2a+7b), 47a*(4a+ 376). 13 4 71a?, 2,70°. 


. A 


ANSWERS ~ (21) 
14 ma®A(7 + 2s8in— A) + 377a9(2 +A2) ./(1—A?). 
15 37a, 470°; ($a,0). 17 (4$7,47a), 3Ma?. 
18 4Ma?. 19 3,M(r?+4h?). 20 $Ma*b?/(a? + 6%). 
21 42Ma?. 
Exercise 8(a), p. 300 
1 s = 8asin}(y — 4n), if s = 0 when 0 = 0. 
2 x= a(6+sin 86), y = a(1—cos9), where 0 = 2y. 4 y= logsecx. 
3 (x—a)?+(y—b)? = c?, where a, 6 are arbitrary. 
6 «= 2a(cosy+ypsiny), y = 2a(siny —y cosy). 
Exercise 8(b), p. 303 
1 nO0+42. 3 47. 4r=a"sinnO&. 9 r=ab+e. 
10 r(O+c)=a. 11 r=cet9, 12 r=asin(9+¢c). 
13 r= k(1—cos8). 14 P =k sin26. 15 r= k5sin 30. 
16 r= ksin 36 Jsin 0. 17 2?+y? = k(x+y). 
18 a?+y? = ky. 19 y(3x2+y?) = k(x? + y?)8, 
Exercise 8(c), p. 306 
1 1/p?—1/r? = 1/a?. 2 pr®t=a"*. 3 2/r = 1-—e? + 17/p?. 
4 pr= 4a’. 5 a*b*/p? = a? +b?%—r?, 6 7243p? = a3, 
7 r=asec?(40+c). 8 r=a{l+sin(@+c)}. 9 r=acos(O+e). 
Exercise 8(d), p. 312 
1 ¢. 2 atany. 3 s=asiny. 4 (1/c)sech? (2/c). 
5 4acos40. 6 4at(4 + 922)3. 7 x=cy,y =clogsecy. 
10 2r,/(r/a). 11 rcoseca. 12 a?/3r. 15 3./5. 
16 —38,/2. 17 2/2,—-2,/2. 18 —4$, 3/5. 
20 Circles of radius c. 21 4a. 
22 ay? = (axv+b)?* +k. 
Exercise 8(e), p. 318 
1 (48, 82). 2 (~—* cos d, — oo sin’ é) 2 5 1; 
6 $5 p at (0, —b). 7 3a. 8 }. 
Exercise 8(f), p. 326 
1 4e%y+1=0. = 2 4x94 9y2=0. 
3 y = 37/9 —492*/v?; bounding parabola for projectiles with initial speed v. 


(22) ANSWERS 
4 xt+yt = al. 5 xty=te. 6 xt+yt = at. 
7 (x?+y%—c?)2 = 4a%{x?2 + (y—c)%}. 8 r=a(l1+cos8). 
11 y = 0 (which is also a cusp locus). 
12 «=0, y = 0 (which are also cusp loci). 
14 x = — 4at?(9t? + 2), y = $at(32+ 1). 
15 w = 4e(3i*+1)/t3, y = $e(t4#4 3)/t; (x +y)t—(a—y)* = 2at. 
16 x = {(a?+b*)/a} ch*t, y = —{(a?+b?)/b}sh3¢; (ax)t —(by)* = (a? + b)8. 
17 x=at,y=acht; y=ach(z/a). 
18 x = acost(1+2sin?#), y = asint(1+2cos?t); (c+y)t+(a—y)t = 2ab. 
Miscellaneous Exercise 8(g), p. 326 
1 0,0+22, 0442. 2 0, tan-1./2, 7+tan-1,/2. 4 r=ael®, 
6 duldy = f(r) cosy, dy/dy = f(y) sin yy; 
& = 4a(5—tan? ty) /(tan dy), y = ga(tan gy)! 
7 48asin 80; 32a. 8 472 = 3p?+ 16a*; 127a?. 
10 x = a(sin 2t+ 2sint), y = a(cos 2¢—2cos?). 12 4a. 
14 {(1l—n2)r24 n2a%}8/{(1 —n2) r? + 2n20%}. 16 ap =r", 
17 x?+y?+ 2ax—i2ay+ 10a? = 0. 18 z4+y? =a’. 
19 x(1+cosd)—ysin§—aO(1+cos0) = 0; x = a(0—sin#), y = —a(1+cos@). 
21 («+a)?+y? = b?; y=ach(b+2/a). 
22 Cycloids x = b+ 4a(9—sin@), y = 4a(1 —cos 6); 
parabolas (x—b)? = 4a(y—a). 
23 ay? = 1+be*. 24 —3,/2, —45/5. 25 (u?+y?)? = 1éc*xry. 
Exercise 9(a), p. 337 
1 6e—2y,—244+10y. 2 I/y, —x/y*. 3 2axy?, Bx2y?. 
4 —ylaal(a®—y?), 1yl(w®—y"). 5 Qu /(a?+y2), 2y/(a+y2). 
6 6x-+ by, 6x, by. 7 —ysinx, cosy+cosx, —xsiny. 
8 y%e, (1+ xy) e*, xe, 9 cha chy, sha shy, cha chy. 
15 Ors = f'(2) a 16 2u. 
18 2 (w+) f"e+y). 20 erectus tee 21 oy 7, 
Ou oudv dudv 4 
22 aes op ae 25 Aeon, 
26 Ae’¥+ Be; u= i = (ev ey) sin x. 
27 Acosct+Bsinct. 28 A+Blogr. 
29 (ii) 0, 0; (iii) +1, —1; (iv) the mixed derivatives are not equal when 


x=0Oandy=0. 


F 


ANSWERS (23) 


Exercise 9(b), p. 341 


Of 4 Tv i 
R{—-— : 3 ——[dl—-dg}. 5 —0-006a. 
ie 7) ch g a Ee 
{(6—ccos A) 66 + (c— bcos A) dc}/,/(b? +c? — 2becos A); C = 4a. 


Exercise 9(c), p. 346 


y—(x+y)? a(2ay* — x*) 
1 360+ 246. —___<-_, 3 =. 
(et+y)?—x y(y® — 2ax) 
cos y — y COS & ou ou du du 
. sint+zsiny” a= Ue ? Sant Tay? Van t Oey’ 
ou =u ou ou du du ou ou 
10 x«——-y—. 11 — = ye — + 2a —, — = re™¥™_ + Qy— 
ay ae an OBE an’ ay ab Yan 
16 —y/r?, —rsin#@. 17 r/J(r?—y?), xsec? 0. 
Exercise 9(d), p. 351 
1 (i) 0; (ii) —3u; (iii) 0. 2 Use Euler’s theorem of second order. 
4 +1. 5 —3. 9 z= (1+cosz) cosy. 
10 z=f(x+y)+9(x—y) —4sin (x— y) cos (4+). 
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12 


Exercise 9(e), p. 357 


2fn— Xf, SetSeJx du = ou st _ 
fy Uhe : 1-f.gy : (jz) =» () =» b- 
au) (au) Ou) _ | yt 
(5). (Ge), = artes (GE) = ae 
32(x —2Z). 11.2; 1, 
Miscellaneous Exercise 9(f), p. 358 
xy(x+y) er, 4 2xry+e. 10 —3. 
—1yt-¥f’(z), 1t-1f (2). 13 (20—tan 0)/{(7 — 26) tan 6 — 1}. 
(1) (@— 2%) fal, 41) + (Y¥-Y) FU, Y1) = 93 


(%@— 21) fyl(%p. 41) = (Y—Y1) fal 21> Y1)3 
(ii) —Yfs[fo: —Yfelfy- 


du\? 1 /du\?2 1 
(*) +5 (5) , 21 — 720089, —u?cos 0. 
au du oH oF 
EE es - —_—_ = 0, — =. 
062 Or 2? ov ou : 
Derive ¢ = 0 partially wo x and wo y, then eliminate ¢,,: dy. 


(i) Use 11.43, Theorem I. 


25 . GPMI 


INDEX TO VOLUME I 


Numbers refer to pages. 


* means ‘Also see this entry in the Index of Vol. II’. 


Absolute value, 5 
Angle 
between curves, 218 
vectorial, 32 
A.P. = arithmetical progression 
Approximation to f(x) 
linear, 227 
polynomial, 231 
quadratic, 230 
Arc-length, 276, 278, 296 
Area, 95, 98, 255 
between curves, 269 
generalised, 270 
of closed curve, 270 
of conical surface, 280 
of sector, 271, 272 
of surface of revolution, 281 
sign of, 269 
Arithmetic mean, 8, 9 
Astroid, 279 
Asymptote, 17, * 
Auxiliary equation, 196 


Bateman, E. H., 247 
Bernoulli’s 
differential equation, 187 
inequality, 7 
Bound, lower, upper, 223 
Boundary conditions, 199 
Branch, principal, 24 


Cardioid, 33 
Catenary, 298 
Cauchy’s 
inequality, 14 
mean value theorem, 248 
remainder, 235 
Central orbits, 192 
Centre of 
curvature, 314, 323 
mass, 282 
Centroid, 283, * 
o.F., 193 
Circle of curvature, 314, 325 
Circular functions, 125 
Clairaut’s equation, 189, 322 


Coefficients of a differential equation, 


192 


Coincident points, 244 
Complementary function (c.F.), 193 
Complete primitive, 179 
Completing the 

definition, 48 

square, 11 
Compound interest law, 118 
Concavity, 242 
Constants, 3 

arbitrary, 94 
Contact of mth order, 243 
Continuity, 45, 47, 48 

at a point, 46, 329 

in an interval, 47 
Convergence to a limit, 40 
Coordinates 

cartesian, (x, y), 31 . 

polar, (7, 0), 32 
Curvature, 307, + 

centre of, 314, 323 

circle of, 314, 325 

mean, 307 

radius of, 308, 323 
Curve 

continuous, 45 

plane, 30 

unicursal, 30 
Cycloid, 30 
Cycloidal pendulum, 31 


D, 38, 201 
Degree of 
differential equation, 178 
homogeneous function, 27 
polynomial, 20 
Del, V, 349 
Derivative, 38, 60 
mixed, 334 
nth, 236 
notations for, 38, 70, 237, 331 
partial, 330, 332 
second, 70, 332 
total, 343 
Derivation, 61 
logarithmic, 120 
rules of, 62 
Derived function, 61 
Descartes, 31 
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Differential, 88, 352 
invariance of, 88, 353 
second, 89 

Differential coefficient(s), 88 
partial, 352 
principle of equating, 352 

Differential equation(s), 71, 177 
Bernoulli’s, 187 
Clairaut’s, 189, 322 
degree of, 178 
Euler’s, 211 
homogeneous, 182 
linear, 185, 192, 194 
order of, 178 
ordinary, 178 
partial, 178, 335 
Riccati’s, 217 
simultaneous, 209 

Differential geometry, 296 

Differential relations, 297, 300 

Differentiation 
and derivation, 89, 352 
of equations, 354 

Discontinuity, removable, 48 

Discriminant, of quadratic, 11 


e, 57, 112, % ‘. 
Electric circuit, 209 
Elimination, + 
of functions, 335 
of parameters, 177, 179, 335 
Ellipse, reflector property, 303 
Ellipsoid, 274, 291 
Envelope, 319 
of normals, 323 
Epicycloid, 37 
Equating coefficients, 137, + 
Equation(s) 
algebraic, 226 
differentiable, 354 
intrinsic, 298 
parametric, 30 
(p, 7), 304 
(p, ), 306 
Equations, approximate solution, 244, 
247, * 
Equiangular spiral, 302 
Equivalent operators, 204, 212, 349 
Error 
in Newton’s method, 245 
percentage, 341 
relative, 341 
Euler’s 
constant y, 123, * 
‘homogeneous’ differential equation, 
211 
theorem on homogeneous functions, 
348 


INDEX 


Evolute, 323 
arc-length of, 324 
exp, 208, * 


. Exponential 


function, 116 
limit, 122 
Extremum, 75 


Family of curves, 218, 318 
Function, 4, 329 
and formula, 4 
and graphical representation, 27 
defined parametrically, 68 
of a function, 63, 331 
of two functions, 342, 344 
Function (properties) 
bounded, 44 
continuous, 46, 223, 329 
derivable at a point, 60 
derivable in an interval, 61 
differentiable, 89, 339 
even, 22 
homogeneous, 27, 29 
increasing at a point, 74 
increasing in an interval, 83 
integrable, 258 
many-valued, 24 
monotonic, 55. 83 
odd, 22 
periodic, 23 
single-valued, 24 
unbounded, 44 
Function(s) (special) 
circular, 66 
elementary, 236 
exponential, 116 
growth, 118 
hyperbolic, 125 
inverse circular, 24, 66 
inverse hyperbolic, 130 
logarithmic, 113 
a™, 65 
Function (types) 
algebraic, 21 
explicit, 21 
implicit, 21, 67, 348, 354 
inverse, 22, 64. 72 
polynomial, 20, 90 
rational, 20, 90 
transcendental, 22 
Functional notation, 4, 330 
Fundamental theorem of the integral 
calculus, 264 


General solution (G.s.), 179 
Geometric mean, 8, 9 
G.P. = geometrical progression 


INDEX 


Graphs 
inadequacy of, 27 
polar, 33 
sketching of, 15, 19, 21 
a.s., 179 


Half-line, 33 
Hardy, G. H., 83 
Harmonic mean, 8 
Harmonic motion 
damped, forced, 208 
simple, 191 
Hermite, 142 
PHospital’s rules, 249 
Hypocycloid, 37 


Indeterminate forms, 249 
Inequalities, 6 
quadratic, 11 
and the mean value theorem, 228 
Inequality 
Bernoulli’s, 7 
Cauchy’s, 14 
logarithmic, 121 
of means (A > G > @), 8 
triangle, 5, 8 
thz < x < shz < chz (x > 0), 130 
2u/an < sine < x < tanz, 38, 84 
Infinity, tends to, 43, 45, 51 
Inflexion 
point of, 80, 242 
stationary, 80 
Initial 
conditions, 199 
line, 31 
Integer, 2 
Integrable (in sense of Riemann), 258 
Integral 
definite, 96, 258, 262 
generalised, 165 
indefinite, 93, 258 
infinite, 165 
improper, 165 
principal value of, 169 
Integrals, standard, 134 
Integrand, 93 
Integrating factor, 186 
Integration, 93, * 
approximate, 266 
by change of variable (see ‘by sub- 
stitution’) 
by decomposition, 94 
by parts, 105, 108 
by special method, 170 
by substitution, 100, 102, 170, 265 
limits of, 96 
of algebraic functions, 145 
of rational functions, 136 


‘ii 


of transcendental functions, 151 
range of, 96 
variable of, 97 

Interval, closed, open, 3 

Inverse curves, 304 

Involute, 325 

Iteration, 245 " 


Lagrange’s 

mean value theorem, 226 

remainder, 235 
Laplace transform, xvii 
Laplace’s 

equation, 349 

operator V2, 349 
Leibniz, theorem on nth derivative of a 

product, 237 

Lemniscate, 34 
Length of 

curve, 276 

normal, 217, 303 

tangent, 217, 303 
Limagon, 33 
Limit, 38, 41, 329 

attained, unattained, 39 
Limit of 

a”, 52 

a"/n, 53 

a"|n!, 54, % 

Ya, n'a", 55 


(”) a", 54 
n 


(1+1/n)", 57 
(1+2/n)", 122 
a-? log x, x? log x, 122 
sh2/xz, 130 
sinz/z, 39, 298 
tha/z, 130 
ame-®, 122 
Limiting 
intersections of a family, 322 
sums, 262 
Limits 
of integration, 96 
properties of, 41 
Logarithm, hyperbolic, 
natural, 113 
Logarithmic 
derivation, 120 
inequality, 121 


Napierian or 


Maclaurin’s theorem, 232 

Maximum, 74 

Mean 
arithmetic, 8, 9 
geometric, 8, 9 
harmonic, 8 
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Mean value theorem 
Cauchy’s, 248 
first, 82, 226 
second, 230 
for integrals, 229 
Means, theorem of the, 9 
M.1., 287 
Minimum, 75 
Modulus of x, |x|, 5 
Moment of inertia (M.1.), 287 
Monotonic 
function, 55, 83 
decreasing, 56 
increasing, 55 


nth derivatives, 236 
Nabla, V, 349 
Napier, 113 
Negative definite, 14 
Neighbourhood, 41 
Newton’s 

formula for p, 316 

law of cooling, 118 
Newton’s method of solving equations, 

244 

refinement of, 247 
Number, 1 

algebraic, 22 

complex, 197, * 

geometrical representation of, 1 

irrational, 1, 3, 22 

natural, 1 

rational, 1, 2 

real, 2 

signed, 1 

transcendental, 22 
Numerical value, 5 


O, 233 
Operator D, 201 
Orbits, central, 192 
Order of a differential equation, 178 
Order symbol O, 233 
Ordinary differential equation, 178 
Orthogonal trajectories, 218, 302 
Osborn’s rule, 128, * 
Oscillate finitely, infinitely, 44 
Oscillations, damped, forced, free, 
208 

Osculate, 313 
Osculating 

circle, 314 

line, 313 


Pappus, theorems of, 284 
Parallel axes, theorem of, 290 
Parameter, 30 

Parametric equations, 30, 68 


' Routh’s rule, 292 | 


Partial derivatives, 330 
of second order, 332 
Partial fractions, 136, * 
Particular 
integral, 179 
solution (P.s.), 179 
Pedal equation, 304 
Period, 23 
Periodicity, 22 
Perpendicular axes, theorem of, 291 
Point of inflexion, 80 
Polar 
coordinates (r, @), 32 
equation, 32 
subtangent, etc., 303 
Pole, 31 
Polynomial, 20, 90 
homogeneous, 26 
Positive definite, 13 
Positive tangent, 296 
(p, r) equation, 304 
(p. ¥) equation, 306 
Primitive function, 93, 258 
Principal 
branch, value, of a function, 24 
value of a definite integral, 169 
Proper parametric representation, 30 
Proportional parts, rule of, 253, « 
p.s., 179 


Quadratic 
function, sign of, 11 
inequalities, 11 


Radius 
of curvature, 308 
of gyration, 287 
vector, 32 
Range of integration, 96 
Ray, 33 
Recurrence formula, 59, 239 
Reduction formula, 107, 144, 158 
Remainders in  Taylor’s theorem, 
235 
Resonance, 208 
Riccati’s equation, 217 
Riemann, 258 
Rolle conditions, 225 
Rolle’s theorem, 224 
for polynomials, 90, + 


Schlémilch’s remainder, 235 
Separable 

solutions, 336 

variables, 180 
Sequence, 51 

terms of a, 51 
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Shift theorem, 202 
Sign conventions, 276, 296 
Simple harmonic motion, 191 
Simpson’s rule, 267 
Singular 

point, 320 

solution (s.s.), 179, 189 
Small changes, 85, 340 

superposition of, 341 
Spheroid, oblate, prolate, 274 
Spiral 

equiangular, 302 

of Archimedes, 302 
8.8., 189 
Stationary 

point, 77 

inflexion, 80 
Steadily decreasing, increasing function, 

55 


Subtangent, 217, 303 
Subnormal, 217, 303 
Sums 
lower, upper, 257 
limiting, 262 
Surds, 2 
Surface, 331, * 
of revolution, 281 
System of curves, 218 
Symbolic D, 201 


Tangent to a curve, 40 
Tangential polar equation, 306 
Taylor’s theorem, 231, 234 
Terms of a sequence, 51 
Torus, 285 
— Total 
degree of a polynomial, 26 
derivative, 343 
variation, 338, 341 
Touch, for curves, 243 
Tractrix, 279 


Transcendental 

functions, 22 

numbers, 22 
Trapezium rule, 266 
Trial exponentials, 197, * 
Triangle inequality, 5, 8 
Trochoid, 34 
Turning 

point, 75, 241 

value, 75 


Unicursal curve, 30 


Variable(s), 3 
dependent, independent, 3, 329 
of integration, 97 
Variation, total, 338, 341 
Vectorial angle, 32 
Volume of solid 
of known cross-section, 273 
of revolution, 274 


Wallis’s method, 264 
Wave equation, 350 
wo, xix, 61 
Wronskian, 222 


z—> 0+, 0—, 39 (also see ‘infinity ’) 
z>a+,a—, 40 (also see ‘infinity ’) 
|x|, 5 


y’, y”, ete., 38, 70 
Y, Y, ete., 71 
Yrs Ya, ote., 237 


